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PREFACE 


The present work is intended as a sequel to our EUmentarij 

Algebra for Schools. The first few chapters are devoted tn 

a fuller d.scuss.on of Ratio, Proportion, Variation, and the 

rogre-ssions, which in the former work were treated in an 

elementary manner; and we have here introduced theorems 

and examples which are unsuitable for a first course of 
readiniT. 

From this point the work covers ground for the most 
part new to the student, and enters upon subjects of special 

Hnporance .these we have endeavoured to 'treat minutely 

wUh hTt^f bookwork and examples 

with that fulness which we have always found necessary in 
^ air experience as teachers. ^ 

It has been our aim to discuss all the essential parts 
as completely as possible within the limits of a shide 

p ss ble to find room for more than an introductory sketch • 
all such cases our object has been to map out a suitable 

«:rTnS^^ -atises 

are ^’^rmutations and Combinations we 

are much indebted to the Rev. W. A. Whitworth for per- 

cL to make use of some of the proofs given in his 
Chouse and Chance. For many years we have used he e 

proofs m our own teaching, and we are convinced that tl s 
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part of Algebra is made far more intelligible to the beginner 
Viy a system of common sense reasoning from first principles 
than by the proofs usually found in algebraical text-books. 

The discussion of Convcrgoncy and Divergency of Series 
always presents great difficulty to the student on his first 
reading. Tlie inherent difficulties of the subject are no 
doubt '’considerable, and the.se are increased by the place it 
has ordiiiarilv occupied, and by the somewhat inadcipiate 
treatment it'has hitherto received. Accordingly we have 
placed this section somewhat later than is usual; much 
thought has been bestowed on its general arrangement, and 
on the selection of suitable examples to illustrate the text; 
and we have endeavoured to make it more interesting and 
intelligible by previously introducing a short chapter on 

Limiting Values and Vanishing Fractions. 

In the chapter on Summation of Series we have laid 

much stress on the “ Method of Differences” and its wide and 
important applications. The basis of this method is a well- 
known formula in the Calculus of Finite Differences, which in 
the absence of a purely algebraical proof can hardly be con- 
sidered admissible in a treatise on Algebra. The proof of the 
Finite Difference formula which we have given in Art.s. :39o, 
396, we believe to be new and original, and the development 
of the Difference Method from this formula has enabled us to 
introduce many interesting types of series which have hitherto 
been relegated to a much later stage in the students reading. 

We have received able and material assistance in the 
chapter on Probability from the Rev. T. C. Simmons of 
Christ’s College, Brecon, and our warmest thanks are due 
to him, both for his aid in criticising and improving the 
text, and for placing at our disposal several interesting and 

original problems. 

It is hardly possible to read any modern treatise on 
Analytical Conics or Solid Geometry without some know- 
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ledge of Determinants and their applications. We have 
therefore given a brief elementary discussion of Determi- 
nants in Chapter XXXlll., in the hope that it may provide 
the student with a useful introductory course, and prepaie 
him for a more complete study of the subject. 

The last chapter contains all the most useful propositions 
in the Theory of Equations suitable for a first reading. Tiic 
Theory of Equations follows so naturally on the study ot' 
Algebra that no apology is needed for here introducing pro- 
positions which usually find place in a separate treatise. In 
fact, a considerable part of Chapter xxxv. may be read 
with advantage at a much earlier stage, and may conveniently 
be studied before some of the harder sections of previous 
chapters. 

It will be found that each chapter is as nearly as possible 
complete in itself, so that the order of their succession can 
be varied at the discretion of the teacher; but it is recom- 
mended that all sections marked with an asterisk should be 
reserved for a second readin<i. 

o 

In enumerating the sources from which we have derive(.l 
assistance in the preparation of this work, tliere is one book 
to which it is difficult to say how far we are indebted. 
Todhunter’s Algebra for Schools and Colleges has been the 
recognised English text-book for so long that it is hardly 
po.ssible that any one writing a text-hook on Algebra at the 
present day should not be largely influenced by it. At the 
same time, thougii for many years Todhunter s Algebra has 
been in constant use among our pupils, we have rarely 
adopted the order and arrangement there laid down ; in 
many chapters we have found it expedient to make frequent 
use of alternative proofs; and we have always largely sup- 
plemented the text by manuscript notes. These notes, 
which now appear scattered throughout the present work, 
have been collected at different times during the last twenty 
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years, so that it is impossible to make definite acknowledge- 
ment in every case where assistance has been obtained from 
other writers. But speaking generally, our acknowledge- 
ments are chiefly due to the treatises of Schlomilch, Serret, 
and Laurent; and among English writers, besides Todhunters 
Algebra, we have occasionally consulted the works of Do 

Morgan, Colonso, Gross, and Chrystal. 

To the Rev. J. Wolstcnholmc, D.Sc., Professor of Mathe- 
matics at the Royal Indian Engineering College, our thanks 
are due for his kindness in allowing us to select questions 
from his uni<iue collection of problems; and the consequent 
gain to our later chapters we gratefully acknowledge. 

It remains for us to express our thanks to our colleagues 
and friends who have so largely assisted us in reading and 
correcting the [)ro(jf sheets; in j)articular we are indebted to 
the Rev. IT. C. Watson of Clifton College for his kindness in 
revising the whole work, and for many valuabhi suggestions 
in every part of it. 

H. S. HALL, 

May, 1887. S. R. KNIGHT. 


In the present reprint of this well-known text-hook, a few of the 
worked examples have been replaced by others, and some minor 
changes and corrections have been made. The general arrange- 
ment and the exercises of the familiar Hall and Knight's “ Higher 
Algebra” have not been altered. 

L. CROSLAND. 

1940. 
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HIGHEB ALGEBBA. 


CHAPTER I. 

RATIO. 


1. Definition'. Ratio is the relation whicli one quantity 
bears to another of the same kind, the comparison being made by 
considering what multiple, part, or parts, one quantity is of the 
other. 

The ratio of .d to ^ is usually written A : The quantities 

A and B are called the terms of the ratio. The first term is 
called the antecedent, the second term the consequent. 

2. To find what multiple or part A is of we divide A 
by B\ hence the ratio A : B may be measured by the fraction 
A 

-r , and we sliall usually find it convenient to adopt this notation. 

B 

In order to compare two quantities they must be expressed in 

terms of the same unit. Thus the ratio of £2 to 15s. is measured 

, - 2x20 8 

by the fraction — — or . 

lo o 

Note. A ratio expresses the number of times that one quantity con- 
tains another, and therefore every ratio ia an abatract quantity. 


\ 



Since by 


the laws of fractions, 


a ma 
b mb * 


it follows that the ratio a : 6 is equal to the ratio ma : mb ; 
that is, the valite of a ratio remains unaltered if the antecedent 
and the consequent are multiplied or divided btj the same quantity. 


H.H.A. 


A 
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4. Two or more ratios may be compared by reducing their 
equivalent fractions to a common denominator. Thus suppose 

a ay ^ x hx 

b ^ 

tlie ratio a : 6 is greater than, equal to, or less than the ratio 
X : y according as ay is greater than, equal to, or less than hx» 


a : h and x : ?/ are two ratios. Now , and • hence 

V Of/ 


5. 


The ratio of two fractions can be expressed as a ratio 

♦ Cl c 

of two integers. Tims the latio ~ - is measured by the 


a 


fraction 


c 

d 


, or ; and is therefore equi\'alent to the ratio 


ad : he. 


G. If either, or both, of the tei'ms of a ratio be a surd 
quantity, then no two integers can be found wind* will exactly 
measure tlieir ratio. Thus the ratio J'2 : 1 cannot be exactly 
expressed by any two integers. 


7. Definition. If the ratio of any two quantities can be 
expressed exactly by the ratio of two integers, the quantities 
are said to be commensurable ; otherwise, they are said to be 
incommensurable. 

Altliough we cannot lind two integers which will exactly 
measure the ratio of two incommensurable quantities, we can 
always find two integers whose ratio diflers from that required 
by as small a quantity as we please. 

jn 2-23G0G7... 


Thus 


and therefore 


4 


4 

559016 
1 000000 


= •559016... 


and < 


55901 


1000000 ' 


so that the difference between the ratios 559016 : 1000000 and 
^/5 : 4 is less than OOOOOl. By carrying the decimals further, a 
closer approximation may be arrived at. 


8. Definition. Batios are cornpoanded by multiplying to- 
getlier the fractions which denote them ; or by multiplying to- 
gether the antecedents for a new antecedent, and the consequents 
for a new consequent. 


Example. Find the ratio compounded of the three ratios 

2a : 36, 6a6 : 5c^, c : a 


RATIO. 


rrv • j *• 

The required ratio =s^ x 



4a 

oc 



0, Dkfinitiox. Wlien tlie ratio a : 6 is compounded with 
itself the resulting ratio is a" : 6®, and is called the duplicate ratio 
of a : 6. Similarly is called the triplicate ratio of a : b. 

Also a- : 6^ is called the subduplicate ratio of a : 


Examples. (1) The duplicate ratio of 2a : 3^ is 4a- : 96-. 

(2) The subduplicate ratio of 49 : 25 is 7 : 5. 

(3) The triplicate ratio of 2 j: : 1 is 8x* : 1. 


10. Definition. A ratio is said to be a ratio of greater 
ineqxialihj^ of les$ inequality^ or of equality^ according as the 
antecedent is greater tluin^ less iJtauy or equal to tlie consequent. 

11. A ratio of greater inequalihj is diminishedy and a ratio of 
less inequality is increased, by adding the same quantity to both 
its teimis. 


Ol^ 

Let 1 - be the ratio, and let be the new ratio formed bv 

b o + X 


adding x to both its terms. 


Now 


a 

b 


a->rx ax — bx 


9 ^ 






b + X b(b +x) 

x(a^h) . 

~b{b^S)'^ 

and a — h is positive or negative according as a is greater or 
less than b. 


Hence if a >by 


a a + x 
b ^ 6 + X ’ 


and if 


a <by 


a a + X 
b ^ 6 + X ^ 


wliich proves the proposition. 

Similarly it can be proved tliat a ratio of greater inequality 
is increased, and a ratio of less inequality is diminished, by taking 
the same quantity from both its terms. 


12. When two or more ratios are equal many useful pro- 
positions may be proved by introducing a single symbol to 
denote each of the equal ratios. 


4 


HlGIfEK algebra. 


The proof of the following important tiieorem will illustrate 
tiie )nctliO(l of procedure. 


It' 


each of these r///iVw = ‘ ' V 

Vpl.”+ qd"+ rf"+ ..J ' 

where p, q, r, ii are noy quantities whatever. 


Lot 


then 

whence 


ace, 

h =,7 =7= •••=''‘^5 

= hk, C = dk, e = fk , . . . ; 

q)a'' = = qd''k^^ re" = rf''k\ . . . ; 

poT^ q ff + rc" + ■ . ■ ^2>]ij£ + qd'k^ + rf'k^ + 

2)h" ^ qd:‘^r/''^ ... qyl- ^ qy-'fyfn ~ - 

= /. '* : 


/>a q c" + re" e- ...V' 
ph‘ + qd'‘+r/'‘-h...) 


— /. 

h d 


of l f'. 7. .nany particular cases 

proved indeiicndently by using tlie same method. For instance, 

jf ace 

b ■■■' 

oacii of those ratios . 

h -^d+f ^ ' 

a result of such frequent utility that the following verbal equi- 

T offractiZn. are efl, 

f to the sum of all the numerators divided by the 

^um oj alt the de^iomxnators. 


Example 1 




Let 


: shew that 

oV}-^-2c^e~Zac-f ace 
b^ + 2df~-6bfE-JJJf 

a _c e 

h-d-y=^’ 

a = hJ:, c^dk, e=fk\ 


then 


KATIO, 


5 


• + 2iiy'k^ - sow 

b'^ + 2d-/-~Sbj'-^ ~ b*~-^ -211-/^ Bbf'i 




ace 

bJf^ 


Kxampfe 2. If ^ ^ , prove that 

f 1±^ + + <■“ _ (- r + y + z )^ + („ 4- 6 + f)2 

j:+a 2/4-6 2 + c x4-2/4-2-i“<(4-64-c 

%t* ?y 5 

a: = <iA-, y = hh, z=zck\ 


then 


1 '* •> I •> •> 

.1" -J- (f _ «-/»•- 4- f/- 

X 4- <t uh 4- (I 


(/.• 24 -I) a 

k+1 ’ 


^ _ (^‘-+1) q (62+1) 6 

x + a 2/ + ^'^^ + c 6* + l >?; + l 


(62 + 1) c 
/c + 1 


(62 4-1) (« + 6 + c) 
6 + 1 


6" (<^t + 6 + c)2 4. (g 4- 2> 4- 
6(« + 6 + c)+<i + 6 + c 

(/ra + kb +6c)2 4- (a + c)^ 
(6a + Icb + kc) + a + 6 + c* 
(£+ y+_^)2 +(a + b + c)- 
x + 2/ + 2 + « + 6 + c* ~ ■ 


13. If an equation is homogeneous Avith respect to certain 
quantities, we may for these quantities substitute in the equation 
any others proportional to them. For instance, the equation 

+ vixifz + nifT^ = 0 

is liomogeneous in x, y, z. Let a, p, y be three quantities pro- 
portional to x, y, z respectively. 


Put /.■ = - = 

a 


y ^ 

a “ ~ * so that X = ak^ y =L z~yk'^ 




then 
that is, 


la^pk* + mapTyk^ + = 0, 

la?^ + 7n0.fi- y + nfi^y^ = 0 ; 


an equation of the same form as the original one, 
“j 7 hi tlie places of x, ?/, z respectively. 


but with 
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14. T)ie following theorem is important. 


IJ 


, a 

h 


a 

1) 


<a a. 


1, - ••••1, 


" /jr; xuierjvul fractions, of tvhlch the de- 

n 


7wminntors are all of the same sign, then the fraction 

a^ +;x_^ + a^+ ... 


1., +1, +1 


.1 




lies ia laagnitiale hetweeyi the grzatpst and least of them 


Suppose that all the denominatoi’s arepositi\' 
least fractiori, and denote it hv h * then 

to ^ 


a 


Let f he the 
b 


a 


' - ; 


— ' > / • 


a 


h 






"'2 > ; 


« • 


hy addition, 

+ao + « 4- 


and so on 


+ + bj h ; 


a a 4- . . . . a 

• •» M 

Similarly we may jirove tliat 


a 


b * 


a, + 4- a.^ 4- 


.^b 


whei'O is tlie greatest of the given fractions. 

In like manner the theorem may lie proved when all the 
denominators are negative. 

1 ready application of tlie involved 

such great value in all branches of mathematics, 
that the student should be able to use it with some freedom in 

any particular case that may arise, without necessarily introducing 
an auxiliary symbol. ® 


Example 1. If 


prove that 


b-\-c ~a 
x + y-^z 
a + b + c ' 


= y = ^ 

c4-a- b a + b~c ’ 

_ ^ (!t + ^ ) +y (z + x) -i-z (x + y) 
2 {ax 4- btj + C 2 ) 


RA.TIO. 
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Each of the given fractions = 


sum of numerators 
sum of denominators 


X + z 
a + 6 + c 


( 1 ) 


Again, if we multiply both numerator and denominator of the three 
given fractions by y + z, 2 +.r, x + y respectively, 


each fraction = 


_ X (y + z) 


y{z + x) 


z(.c + y) 


( 2 / + 2 )(b + c-a) (z + x) {c-\-a~b) (a: + y)(a + Zi 

_ sum of numerators 
sum of denominators 


-c) 


^ X (y + z ) + y (z + x) + 2 (ar + y) 
2«x + 26y + 2cz 


( 2 ) 


*. from (1) and (2), 


Xjyy-^rZ 

a + b + c 


y (^ + 3: ) +z (x + y ) 
2 (ax + by + cz) 


Example 2. If 


prove that 


y 


I {mb + nc - la) m (nc + la - mb) n (la-\‘mh - nc) * 
I m n 


X (by + cz-ax) y{cz + ax-hy) z{ax + by-cz)' 


We have 


X 

1 


y_ 

VI 


z 

n 


mb + nc - la nc + la — mb la + mb — 11 c 


y z 

i 4 - - 
m n 


• • 


2la 

= two similar expressions; 

vy + mz _Jz + nx _ vix + ly 
a ~ b' c • 


Multiply the first of these fractions above and below by x, the second by 
y, and the third by z; then 


nxy + mxz 
ax 


_ lyz + nxy _ vixz + lyz 
~ by ~ cz 

2lyz 


iy + cz - ax 

s= two similar expressions ; 


I 


m 


n 


X {by + cz - ax) y{cz + ax-hy) z(ax-¥by-cz) 
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16. If we liave two equations containing three unknown 
quantities in tlie Ih-st degree, such as 

0 (1)^ 

a^x + b^^ + c^z = 0 ( 2 ), 

we cannot solve tliese completely; but by writing them in the 
form 



X 


we can, by legarding ^ and ^ as the unknowns, solve in tlie 
ordinary way and obtain 


_ _ 




or, more syiniuetrically, 


X 


2f 


^.^2- V. 




(i.Ik — ah 


(3). 


J 2 


J I 


It thus appears that when we have two equations of the type 
represented by (1) and (2) we may always by the above formula 

write down the ratios x : 7j : z in terms of tlie coefficients of the 
equations by the following rule: 

Write down the coefficients of a;, - in order, beginning with 

those of 2 /; and repeat these as in the diagram. 





jMultiply the coefficients across in the way indicated by the 
arrows, remembering that in forming the products any one 
obtained by descending is positive, and any one obtained by 
ascending is negative. The three results 

aie proportional to a;, y, respectively. 

This is called the Rule of Cross Multiplication. 



* 


RATIO. 
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Example 1. Find the ratios ol x x y : z from the equations 

7.c = 4y + 8z, 3z = 12x + lly. 

By transposition we have 7 j: - 4y - 8^ = 0, 

12j: + lly - 32 = 0. 

Write down tlie coeliicieuts, thus 

- 4 - 8 7 - 4 

11 -3 12 11, 

whence we obtain the products 

(-4)x(-3)-llx(-8), (-8)xl2-(-3)x7, 7 x 11 - 12 x ( - 4), 
or 100, -75, 125; 

- ^ _L 

** 100 -75 125’ 

that is, 

4 -3 5 


Example 2. Eliminate x, y, z from the equations 


a^x + b^y + c^z = 0 (1), 

a.jX+Ky + c,^z = 0 (2), 

«3-'C+ +c.^ = 0 (3). 

From (2) and (3), by cross multiplication, 

^ _ y _ 2 . 


b._c.^ — b.jC., Cgrt.j — c.^a^ — (t_ib.^ ’ 

denoting each of these ratios by fc, by multiplying up, substituting iu (1). 
and dividing out by A, we obtain 

fli {b.jC.^ — h.jC.2) + (tvfa “ (^2^3 “ "3^2) = 0. 

This relation, is called the climinant of tlie given equations. 


Example 3. Solve the equations 

ax + 5y + c2 = 0 (1)^ 

x+ y+ 2 = 0 (2), 

hex cay + abz {h ~ c) {c - a) {a - h) (3). 

From (1) and (2), by cross multiplication, 

^ _ 2/ _ -2 


h^c-7:ra = = suppose ; 

■'* (^-c), ?/ = A (c - a), 2 = A: (a- 6). 

Substituting in (3), 

k {hc{b~c) + ca {c-a) + ah {a-h)} =(6-c) (c-a) (a - 6), 
/; { - (5 - c) (c - a) (a - 5) } = (5 - c) (c - a) (a - 5) ; 

A- = -l: 

x=c-b, y = a’-c, z = b-a. 


whence 
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17. If in Art. 16 we put «= 1, equations (1) and (2) become 

«,,'c + h,y + c, = 0, 

= 0 ; 

and (3) becomes 



or 


ITence any 
knowns in the 
multiplication. 






c/i 


I 



two simultaneous equations involving two un- 
first degree may be solved by the rule of cross 


Example. Solve 
By transposition, 


whence 


5j;-3y-l = 0, x-\-2y = 12. 

ox~Z)j~ 1=0, 

x-{-2ij - 12 = 0 ; 

^ V _ 1 

36 + 2 -1 + 60 10 + 3’ 

38 50 

'*'“ 13 * ’‘^' 13 * 


EXAMPLES. I. 


1. Find the ratio compounded of 

(1) the ratio 2a : 36, and the duplicate ratio of 96^ : ab. 

(2) the subduplicate ratio of 64 : 9, and the ratio 27 ; 56. 

(3) the duplicate ratio of ^ , and the ratio 3a.i7 : 26y. 


2. If.r+7 : 2(x+14) in the duplicate ratio of 5 : 8, find .r. 
e..ceeds th so that the greater 


4. What number must be added to each term of the ratio 
to make it equal to 1 : 3 ? 

5. If.r ; y = 3 ; 4, find the ratio of 7x-4y : ar+y. 

6. If 15 (2^-2 -y 2 ) ^ of .27 : y. 


u ; 04 


RATIO. 


7. If 


prove that 


a 


8 . If? = ^ 

0 c 


h‘~d~ /' 

2 «^ 6 - + — ot'y 

= ^ , prove that ^ is equal to 


■J 


9. If 

shew that 


,v 


4 * 4 - a''c“ 

64^ + c/4 + • 


y 


q-\-r—p r^2)~q ^ 4 -^ — ?•’ 

(^ _ ,.) .r 4 - (r - ;?) y + (i? - ^y) 2 = 0 , 


10. If = - , find the ratios of a' : v ; s. 

'"■’zy 


,v — z 


11. If 


shew that 


12. If 


shew that 


,y +2 


2 4 -.V 


.r+y 


'pb-^-qc pc-\-qa pa-^qh'' 

2 (-''+y + 2) (i4-c)a*+ (c4-«).y4-(«4'Z>)2 


a 4 6 + 0 


tc* 4- c'a 4- 


a b 


a^-\-a^ (■v 4 -^ 4 - 2 )^ + (ct 4 -^ 4 *c)^ 


4 


x^-\-d^ ' y'^ + b'^'^ (.3;4-y 4£)-4-(« 4 6 4 c)2 

2j/4-22 — .r __ 22 4 2.t; — y 2.t’4-2y -2 


13. If 


shew that 


a 

X 


26 4 2c - a 


2c 4 2a - 6 


2a 4-26 — 0 * 


14. If (a-4 62 4 -c 2) (.c2 4 -^^ 4 - 2 -) = (a.r4-6j/ 4 czY, 

shew that x : a=y : 6 = 2 : c. 

15. If ^ {iny 4 nz — lx) — m {nz 4- lx — my) = n {lx 4 my 

y + z-x _z+x—y _ x-^y — z 


-nz) 


prove 


I 


m 


n 


16. Shew that the eliminant of 

a.r 4- + 62 =s 0, 0^4-6^4-02 = 0, 644-0^4-02=0, 
ia 4- 6^ 4- 0 ^ — 3a6c = 0. 

17. Eliminate a*, y^ 2 from the equations 

ax + hy+ffz — Oy Ar 4- 6^ 4-/2 = 0, gx-^-fy + cz^O. 
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18. If 


shew that 


x = c^ + hzy y — az-\-c.Cy z — b.v-{a^. 


.1-2 




^2 


l-a2 1-^,2 i-c2' 


10. Given that a{i/ + i)—Xy h{z + x)=^y c{.v + y)—Zy 
prove that he -{■ ca + ab-\-^ahc— 1. 


Solve the following equations : 

23. Z.r-4^^j + lz= 0, 

2x~^~~2z= 0, 


21 . 


X -r >/= Z. 


3.f-2y+172= 0, 

.i''* + 3y + 2r^=:lG*7. 


22 . 


24. If 


7//* ^ 32.f — 4.?y, 
21//5-3--.f = 4.ry, 
.r4-2^ + 34= H). 

I 


23. 3.6-2 -oyjq. 5.2 

7.r2-3y-’- lo:2==.o^ 
hx — -j- t z = h. 


11 


- ^Ib sfb — — ^fa 

l_ ' “I n _ 

s,fa + ^^} b + ^ V' + a ’ 


shew that 


I 


m 


n 


(a — 6) (c — V alS) (/; — v) (it — \/ be) {o — a) (6 — \/ ac) 

Solve the eejuations: 

a.v -f hi/ + cz = 0, 
hex + ca^ -{- abz = 0, 

.j y- + a be {u\v + b^^ + c^z) = 0. 

a^v + b^ + c’2 = a^x + b-^ + c-2 = 0, 

X + y + z + {b - c) (c - a) (a — b} = 0. 

®(y+^)— ^ =y» o(x+9/)^z, 

_ .y- 2- 

as,i-bc) b{l-ca) c(i^ab)' 


To. 


26. 


27. 

If 

prove 

that 

28. 

If 

prove 

that 


(1) 


(2) 


•V- 




•t 


bc-p ca-p ab-k-‘ 


CHAPTER II. 


PROPORTION. 


18, Definition. When two ratios are equal, the four 
quantities composing them are said to be proportionals. Thus 

if - = - then rt, h, c, d are proportionals. This is expressed by 

h d 

saying that a is to 6 as c is to d, and the proportion is written 

a \ h \ \ c d] 

Qi* a \ h = c d. 

The terms a and d are called the extreniesy h and c llie means. 


19. If fonr quantities are in 'projioriiony the 'product of the 
extremes is equal to the product of the means. 

Let ot, 6, c, d be the proportionals. 


Then by definition 


a r 

b^d’ 

ad = he. 


wlience 

Hence if any three terms of a proportion are given, the 
fourth may be found. Thus if c, d are given, then h = —. 


Conversely, if there are any four quantities, a, b, c, </, such 
that ad = be, tlien a, 6, c, d are proportionals ; a and d being the 
extremes, b and c the means; or vice versa. 


20. Definition. Quantities are said to be in continued 
” proportion when the first is to the second, as the second is 
to the third, as the third to the fourth ; and so on. Thus 
a, by c, dy are in continued proportion when 

a ^ _ 

b c d 
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If three quantities a, Z>, c are in continued proportion, then 

a \ h : c ; 

[Art. 18.] 

In this case /> is said to he a mean proportional between a and 
c ; and c is said to he a third proportional to a and 6. 


21. // thrre f/naiUt/ies are j)t'o/)ortionals the first is to the 

third 171 the duplicate ratio of the frst to the second. 


Let the thrt'e (piantities be />, r. ; then - ^ 

b c 


Now 


a a b 

= - X - 

c 6 c 


that is, 



It will be seen that this i)roposition is the same as tJie definition 
of duplicate ratio given in Euclid, Look v. 

22. If rt : 6 - c : d and e • f-y : h, then will ae : bf - cy \ dh. 


For 




if 

h 




ne c(f 

ae ; bf = cy : dh. 


COK. If 

a : b ~ c : dy 

and 

b : x = d : y, 

then 

a \ x~ c \ y. 

This is the tlieorem 

known as ex cequali 


-3. If four quantities a, by c, d form a proportion, many 
other proportions may he deduced by the properties of fractions. 
Lhe results of tliese operations are very useful, and some of 
tlieni are often quoted by the annexed names borrowed from 
'G cometry. 
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(1) li a :h = c : dy then h \ a~d : c. 


[ Invertendo. ] 


For ? = ; tlierefore 1 r 

hd o 


= 1--, 


that is 


or 


6 \ a — d i c. 


(2) If a : 6 = c : then a \ c — h \ d, 

ad he 

For ad=^hc’, therefore ^ ^ 5 

a h 

that is, - = 2’ 

or a \ c — b \ d. 


\^AUe'i'na7idoJ\ 


(3) If a : 6 = c : tf, then a + 6:6 = c + c?:c?. [Coniponendo.'^ 

For r = ; therefore ^ + 1 = -, + 1 ; 

h d b d 


that is 


or 


‘^6 d ’ 

a + h c-\-d 

b~ ^~d~ '' 

a b \ b = c d : d. 


(4) If a \ b = c \ d, then a — b\h = c~d\d, \Dimdendo.^ 


For T = ; therefore ^-1 =-,-1) 

h d b d 


that is, 


or 


a — 6 c — d 

~b~ ^ ~dr ’ 

a — b : b = c — d : d. 


(5) If a : b — c : dj then a + b :a — b = c + d:c — d 

^ a + b c + d 

For by (3) ^ ' 

and by (4) ; 

, . a + b c + d 

♦ *. division^ , “ ' j } 

or a + b : a — b = c + d:c — d. 

This proposition is usually quoted as Comjyonendo and Divi- 
dendo. 

Several other proportions may be proved in a similar way. 
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-4 The re.milts of tne preceding article are tlie algebraical 
C(|uivalonts of some of tlie proposition.s in tlie fiftli book of Euclid 
aiu the •^t'ldent rs advised to make himself familiar with tlieni 

bdlmvr' (^xamjile, dividendo may be quoted us 

TI hpu (hr re are foar proporfiomih, the excess of (he frst above 

(hr srcoud rs (o^ (hr secood. as (he excess of (he third above the 
Jifffvth 7s f(> fhe jh^n^fh. 

2o. A\e shall now compare the algebraical definition of i)ro- 
portion with that givrm in Kuciid. 

iMiclid s definition is as follows : 

Four quantifies are said to be irr-opor-tionals when if aaa equi- 
7Nul(,p/rs ,rha(rrrr be taken of tl.e first and third, and also aay 
eqou.udt.pirs ichafrrrr oi the second and fourth, tire multiple of 
the thii-d is greater than, e(|ual to, or less than the multijrle of the 
fourth according as tl,e multiple of the first is greater than eoual 
to, or le.ss than tla^ multijrle of the second. ' ’ 

Tn alg.-brairal syinl)ol.s tlie definition may be tliu.s stated ; 

I'onr <inantitie.s n, h, r, d are in proportion wlien ],c = qd 

according as y, and ,, being in,,, p„.dlire n-halever. 


t ll( 


I To dcdiu-c the geometrical definition of jiroportion from 
^ algebraical definition. 


o • r 

rsince . . 1 


p. by multiplying both sides by we obtain 

pa pc 

qb qd ^ 

lienee, fiTun the pi'()perties of fractions, 

;,)c= qd according as pa.^qb, 
wliich j>ro\ es tlie ju'oposition. 

ir. To deduce tlie algebraical definition of proportion fr 
the geometrical definition. 

Given tliat - qd according as jxi i qb, to prove 


om 


a 


c 

d 
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If 


is not equal to — , , one of them must be the greater. 
0 a 

Suppose ^ then it will be possible to find some fraction ~ 

which lies between them, q and p being positive integers. 


Hence 


and 


a q 
b p 
c 


7 

d p‘ 

From (I ) 2 }a>qb -, 

from (2) pc<qd\ 

and these contradict the liypothesis. 


( 1 ). 

( 2 ). 


Cl 0 Cl c 

Therefore t and , are not unequal; that is ^ ; which proves 

f) CL O (JL 


b d 

the proposition. 


26. It should be noticed that tlie geometrical definition of pro- 
portion deals M'itli concrete magnitudes, such as lines or oreas^ 
represented geometrically but not referred to any common unit 
of measurement. So that Euclid’s definition is applicable to in- 
commensurable as well as to commensurable quantities ; wliereas 
the algebraical definition, strictly speaking, applies only to com- 
mensurable quantities, since it tacitly assumes that a is the same 
determinate multiple, part, or parts, of b that c is of d. But the 
proofs which have been given for commensurable quantities will 
still be true for incommensurables, since the ratio of two incom- 
mensurables can always be made to difier from the ratio of two 
integers by less than any assignahle quantity. This has been 
shewn in Art. 7 ; it may also be proved more generally as in the 
next article. 


27. Suppose that a and 6 are incommensurable; divide h 
into m equal parts each equal to /3, so that h = w/?, where m is a 
positive integer. Also suppose ^ is contained in a more than n 
times and less than n + 1 times; 


then 
that is, 


and 

~ lies between — and ; 

0 mm 


so that T differs from — by a quantity less than — . And since we 
6 m ^ m 
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can choose^ (oui unit of measurement) as small as we please, ?«can 

be made as great as we please. Hence — can be made as small 

as we please, and two integers n and m can be found whose ratio 
^MlI exj)ress that of a and b to any required degree of accuracy. 

28. The propositions proved in Art. 23 are often useful in 
solving problems. Jn particular, the solution of certain equa- 
tions i.s greatly facilitated by a skilful use of the operations com- 
poHcndo and dividcudo. 

1. 

I f {2ma + Gm/; 4- 3«c 4- ( 2m(i ~ Cun h - 4- 

^ {2mn - C)mb 4 - 3nc - Und) {2ma + - 3iic ~ 9/xd)» 

prove that b, r, d are proportionals. 

^Ve liave + ihul _ 2ma 4 - Gm?; - 3iic - Owrf 

2ina ~ Citnb 4 - Hue - \)ud 2ma - (jmb^Huc^Jrid ’ 
coinponendo and dividendo, 

2 (2wa 4 - Hue) 2 {2uui ~~ 3»r) 

2 {Gmb 4 - 9/id) “ 2 ((im6 - {hid) * 

Alternando, 2nu, + 3nc _ r„nh + <.h,d 

2nia — H}tc C»nb — \)u(i' 

Again, componendo and dividendo, 

4ma __ 12mb 
Cue iHiid * 

whence ? — 

c d* 

a : b = c : d. 

Example 2. Solve the cciuation 

^ ~ ^ 

^X4-1— 2 

We have, componendo and dividendo, 

\/^+ 1 _ 4x4- 1 

. .T4-1 _ 16x^4- 8.r4-l 

‘'x~i 1Gx2-24xT9* 

Again, componendo and dividendo, 

2x_ 32x2 -10x4-10 
~2 ~ 


X = 


32x- 8 
16x® — 8x4-5 


whence 


16x — 4 * 

16x^ - 4x = IGx^ — 8x 4- 6 ; 

6 
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?LES. 



1. Find tlie fourth proportional to 3, 5, 27. 

2. Find the mean proportional between 

(1) C and 24, (2) 3(i0a* and 250a"6’ 

CO V CO 

3. Find the third proi>ortional to - + and - . 

y ^ y 

\i a \ b — c d, prove that 

4. a^c + ac^ : b’d-\-hd^ — ia-\-cY : {h-{-dj\ 

5. pa--{-qh‘^ : pa^ - ^ p<? ^ qd^ : pc^-qdK 

6. a — c : h- d — sj d- 

7 . V d' : •\lh--Srd^— yy/ ac + — ; ^ hd-¥ 

If a, 6, c, d are in continued pi oportion, prove that 

8. a \ h-\-d=d‘ ; dd-\-d^. 

9. 2a + Zd : 3a — 4<2 — 2a^ + 36‘* : 3a^-46‘*. 

10. (a2 + + C^) (62 + c2 + rf2) = (ab + be + cdjK 

11. If 6 is a mean pro^jortional between a and c, prove that 

a2_62-f-c2 

12. If a : 6 = c : cf, and e : : /<, prove that 

ae + bf : ae-bf^cg-^-dh : cg — dh. 

Solve the equations : 

n/io 2.r'’- 3^2 +0^4-1 3.r^ — .1*2 + Sa- — 1 3 

2Ti?^3x2 - X - i ” 3j;‘-J,*2-5a:+13 * 

/ 3 + -r2 — 2.r — 3 5.x*^ 4- 2.i;2 _ 7.^ 4- 3 

3:74 _ 4- 2.^ 4- 3 “ - 2a*2 4* 7.i* - 3 ‘ 


(?n4-?0.y — (g - 6) _ (?n4-«).'c + a4-c 

{771 - n) X — {a b) {m — n)x-\-a-c' 

16. If a, 6, c, c? are proportionals, prove that 

a + cZ=6 + c+<'^-Mi^. 

a 

17. If a, 6, c, (2, e are in continued proportion, prove that 

(ab-^bc+cd-^ de)^ — (a^ + b + c^ + d^) (b^-\-(^-\-d^-\-e^). 
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18. If the work done by .)* - 1 men in .r -\- 1 is to the work done 
by .r+2 men in .v - 1 days in the ratio of 1) : 10, lind .r. 

19. Find four pr-oportionals sucli tliat tlie sum of the extremes is 
21, the sum of the means 19, and the sum of the squares of all four 
numbers is 442. 


20. Two casks .1 and /J were filled with two kinds of sherry, mixed 
in Hie caslc A in the ratio of 2 : 7, and in tlie cask B in the ratio of 
1 : 5. W hat quantity must l)e taken from each to form a mixture 
wliich .shall consist of 2 gallons of one kind and 9 gallons of the other? 


21. Nino gallons are drawn fr-om a cask full of wine; it is then 
filled with watt*r, tluai nine gallons of the mixture are drawn, and the 
cask is again tilhal with water. If the quantity of wine now in the cask 
he to tlie (juantitv of water in it as 10 to 9, how much does the cask 
hold ? 


22. Tf four j)ositive quantities arc in continued proportion, .shew 
that the dilfercnce between the first and la.st is at least three times as 
great as tlie ditference between tlie otlicr two. 

23. In Kngland the ]H)pnlation increased ir)'9 per cent, between 
1871 and 1881; if the town poiiulation increased 18 per cent, and the 
country poiailation 4 per cent., compare the town and country iiopiila- 
tions in Es7 1 . 


24. In a certain country the tronsuinption of tea is live time.s the 
consunqition of coli’oe. if per cent, more tea and h ])cr cent, more 
coffee were consumed, the aggregate amount consumed would he 7c pci- 
cent, more; Imt if A per cent, more tea and a ]>cv cent, more coffee 
wore consumed, the ag-^regate amount consumed would he Ac per cent, 
aiorc : compare a and h. 


25. Ilrass is an alloy of co])per and zinc ; bronze i.s an alloy 
containing 80 per cent, of copper, 4 of zinc, and 10 of tin. A fused 
mass of bi’ass and bi-onzc i.s foun<l to c«>nfaiii 74 per cent, of copper, 10 
i)f zinc, and 10 of tin : find the ratio of copper to zinc in the composition 
of brass. 


26. A crew can row a certain course up stream in 84 minutes; 
they can row the same course down stream in 9 minutes less than 
th<*y could row it in still water : how h»ng would they take to row down 
with the stream ? 
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VARIATION, 


29. Definition. One quantity is said to vary directly 
as another when the two quantities depend upon each other in 
such a manner that if B is changed, .1 is changed la the same 
ratio. 

Note. The word dircctl't is often omitted, and is said to vary 
as B. 

For instance: if a tiain moving at a uniform rate travels 
40 miles in GO minutes, it will travel 20 miles in GO minutes, 
80 miles in 120 minutes, and so on; the distance in eacli case 
being increased or diminished in the same ratio ;is the time. 
This is expressed hy saying tliat when tlie velocity is uniform 
the distance is proportional to the timCy or the distance varies as 
the time. 


30. The symbol a: is used to denote vai iation ; so that 
A a. is read ‘‘/I varies as B.’’ 


31 ■//'A varies as B, then A i** equal to B multiplied hy some 

constant quantity. 

For suppose that a, 6, 6^, 6^, h^... are corresponding 

values of A and 71. ® 


Tlien, by delinition, — = ~ • — 


bah 

i~ y “ = r j *^iid so on 
0. a. 6_ 


• • 


Hence 


that is. 


11 - .a 

T- = ^ ~}^ ’ " ’ being equal to ~ . 

^2 ^3 h 

any value of . 

tl»e corresponding value of B^^ ^ ways the same , 

y, = ???, wiiere m is constant. 

y> 


A = mB. 
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If any pair of corresponding values of A and 7? are known, 
the constant 7)i can be determined. For instance, if = 3 when 

7?- 12, 

we liave 3 = ?/i x 12; 





J 

4» 




32. Dekin'itiox. One quantity -I is said to vary inversely 
as another B, when A varies directhj as tlie reciprocal of 7?. 

m 

= -r, > where vi is constant. 

Ji 

The following is an illustiation of inverse variation : If 6 men 
do a certain woik in 8 liours, 12 men would do the same work in 
4 houi s, 2 men in 24 hours ; and so on. Thus it appears that 
when tlie number of men is increased, the time is proportionately 
decreased; and vice-versa. 


Thus if A varies inversely as 7>, A 


J'.xampJe 1. Tlie cuhe root of x varies inversely as the square of y; if 
x=8 when — find x when ^ = 1^. 


VI 


By supposition ^x= — , , where m is constant 


m 


Putting x — 8^ 2/ = 3» 've have 2 = - , 

«/ 


and 


8 


hence, by putting 2 / = ,-. , we obtain x 


7«=18, 
IS 

512. 




Example 2. The square of the time of a planet’s revolution varies as 
the cube of its distance from the Sun; find the time of Venus’ revolution, 
assuming the distances of the Earth and Venus from the Sun to be 911 and 
60 millions of miles respectively. 

Let P be the periodic time measured in days, D the distance in millions 
of miles; we have i'-a Z)-^, 

or p-^ = hD^, 

where k is some constant. 


For the Earth, 
whence 


365 X 365 = A X x 9U x 91^, 



4x4x4 

~365“ 


> 

>4 



4x4x4 



365 
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For Venus, 
whence 




4x4x4 


36; 




P = 4x66 


X 66 X 66 X 66 




= 264 x^/-7233, approximately, 
= 204 X *85 
= 224-4. 


Hence the time of revolution is nearly 224^ days. 


33. Definition. One quantity is said to vary jointly as a 
number of others, when it varies directly as their product. 

Thus A yexries jointly as 7J and C, when A For in- 

stance, the interest on a sum of money varies jointly as the 
principal, the time, and the rate per cent. 


34. Definition. A is said to 

n 


versely as C, when A varies as 


C' 


vary directly as B and in- 


If A varies as B when C is constant, and A varies as C 

when B is constant, then will A var// as BO when both B and C 
vary. 

The variation of A depends partly on that of B and partly on 
that of C, Suppose these latter variations to take place sepa- 
rately, each in its turn producing its own eflect on A ; also let 
fit, 6, c be certain simultaneous values of A, B, C, 

1. Let C be constant while B changes to b tlien A must 

undergo a partial cliange and will assume some intermediate value 
a', where 

A B 

a’=-b (1)- 


2. Let B be constant, that is, let it retain its value b while C 
changes to c; tlien A must complete its change and pass^from its 
intermediate value a' to its final value «, where 


a 

a 




From (1) and (2) 


A a 

X - 

a a 


B C 

-7- X — 


that is, 



A varies as BC, 


or 
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36. The following are illustrations of the theorem proved in 
the last article. 

Tl)e amount of work done by a given number of men varies 
directly as the number of days they work, and the amount of 
work done in a given time varies directly as the number of men; 
therefore when the number of davs and tlie number of men are 
both variable, the amount of work will vary as tiie product of 
the number of men and the number of days. 

Again, in Geometry the area of a triangle varies directly as 
its base when tlie height is constant, and directly as the height 
when the base is constant ; and when both the heiglit and base 
are variable, the area varies as the product of the numbers 
representing the height and the base. 


Example. The volume of a right circular cone varies as the square of the 
radius of the base when the height is constant, and as the height when the 
base is constant. If the radius of the base is 7 feet and the lieight 15 feet, 
tlie volume is 770 cubic feet; find the height of a cone whose volume is 132 
cubic feet and which stands on a base whose radius is 3 feet. 


Let h and r denote respectively the height and radius of the base 
measured in feet; also let V be the volume in cubic feet. 

Then V=mr-h^ where m is constant. 

By supposition, 770 = m x 7* x 15 ; 


whence 




by substituting 132, r = 3, we get 



X 9 X /i ; 


whence /j = 14; 

and therefore the height is 14 feet, 

37. The proposition of Art. 35 can easily be extended to the 
case in which the variation of A depends upon that of more than 
two variables. Further, the variations may be either direct or 
invei’se. The principle is interesting because of its frequent oc- 
currence in Physical Science. For example, in the theory of 
gases it is found by experiment that the pressure (p) of a gas 
varies as the “absolute temperature’^ (^) when its volume (r) is 
constant, and tliat the pressure varies inversely as the volume 
when the temperature is constant; that is 

p oc f, when v is constants 


I 


t 



I 
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and o oc - , when i is constant. 

^ V 

From these results we should expect that, wlieji both t and v are 
variable, we should have the formula 

oc — , or/>v = /:/, where k is constant; 


and by actual experiment this is found to be tlie case. 

Example. The duration of a railway journey varies directly as the 
distance and inversely as the velocity; the velocity varies directly a.s the 
square root of the quantity of coal used per mile, and inversely as the 
number of carriages in the train. In a journey of 25 miles in lialf an hour 
with 18 carriages 10 cwt. of coal is required ; how much coal will be 
consumed in a journey of 21 miles in 28 minutes with 16 carriages? 


Let ( be the time expressed in hours, 
d the distance in miles, 

V the velocity in miles per hour, 
q the number of cwt. of coal used per mile, 
c the number of carriages. 


We have 

I4r 

and 

c 

whence 

cd 

t cc - , 

sl^l 

t — , where k is constant 

or 


Substituting the values given, we have ^since q = 

1 /c X 18 X 25 X 5 
_ _ 


Jio 


that is, 




Hence 


t = 


125 X 50 ’ 
.JTO . cd 


125 X 3G »^/q ' 

Substituting now the values of c, d given in the second part of the 
question, we have 

28 ViOx 16x21 

G6“ 125x36 * 


that is, 


whence 


s/q = 


JlOx 16x21 4 

VlO; 


75x28 


32 


3 = n 


125 


21 X 32 

Hence the quantity of coal is = 5 jV? cwt. 

X 
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EXAMPLES, in. 


1. If .r varies as ?/, and .r=8 when find x when ?/=10. 

2. If /’ varies inversely as and P=7 when <? = 3, find 7* when 
V 

3. If the square of .r varies as tlie cube of and x = 3 when y = 4, 
find the value of ?/ when x = -^ 

4. .1 varies as /J and C jointly ; if d =2 when /?=? and (7= — 
find Cwhcn J =5-1 and /;=.3. 

5. If A vanes as T, and /J varies as C, then A + /J and 's/XlJ will 
each vary as C. 

6. If \aries as Ij(\ then /] varies inversely as-- . 

.aI 

7. P varies directly as Q and invei-sely as It; also P=- when 

3 

3 f) 

Q = ^ and /<■* = j j : find Q when /' = v4« and 

8. If a- varies as y, prove that a-+^- varies as x^-yf-. 

9 If y varies as the sum of two (piantities, of which one varies 
directly as ,v and tlie other inversely as .v ; and if 7 / = G when .r = 4, and 
y — d;. wlieii .f — ,3; find the equation between x and y. 

10 If 7/ IS cfiual to the sum of two quantities one of which varies 
as .r directly and the other as inversely; and if y=l<) when .i- = 2, or 
3; tmd y m terms of.?-. 

as the square root of /; and invei-sely as 
the cube of (, and if A =3 when 7/ = 25G and C'=2, find JJ when A =24 

and C= - 
2 

12. Given that x + y varies as 2 -f-l , and that x-y varies as ^r- - , 
find the relation between x and provided that z~2 when .r=3 and 

y=i. 

13. If d varies as /> and C jointly, while IJ varies as />’, and C 
vanes inversely as d, shew that .1 varies as l>. 

14. y varies as the sum of three quantities of which the first is 
constant, tlie second varies as .r, and the tliird as and if y = 0 when 

lty=I "lien .r=2, and y = 4 when a*=3; find ^ when a’= 7. ' 

15. hen a body falls from rest its distance from the starting 
point \ arics as the square of the time it has l)ccn falling : if a body falls 
through 402^ feet in 5 seconds, how far docs it fall in 10 seconds? 
Also liow far does it fall in the second? 


VARIATION. 


27 


16, Givr^n that the volume of a spliere varies as tlie cuIk? of its 
radius, and that when the radius is 3h feet the volume is 171)5 cubic 
feet, find the volume when the radius is 1 foot 9 inches. 


17. The weight of a circular disc varies as the square of the radius 
when the thickness remains the same; it also varies as the thickness 
when the radius remains the same. Two discs have their thicknesses 
m the ratio of 9 : 8; find the ratio of their i*adii if the weight of the 
fii’st is twice that of the second. 


^ 18. At a cei'tain regatta the number of i'aces on e^ich da}' \'aried 

jointly as the number of days from the beginning and end of tlie regatta 
up to and including the day in question. On three successive "^davs 
there were respectively (5, 5 and 3 races. 'Which days were these, and 
how long did the regatta last? 

19. The price of a diamond varies as tlie square of its weight. 
Three rings ot etjual weiglit, e;ich comi>osed of a diamond set in gold, 
have values £a^ £h, £cy the diamonds in them weigliing 3, 4, 5 carats 
I'espectivcly. Shew that the value of a diamond of one carat is 


^ - ‘) . 

the cost of workmanship being the .same fur c<icii ring. 

20. Two persons are awarded pensions in pi-oportion to the square 
root of the number of years they have served. One has served 9 years 
longer than the other and receives a pension greater by .£50. If the 
length of service of the fimt had exceeded that of the second by 4^ years 
their pensions would have been in the proportion of 9 : 8. How long 
had they served and what were their respective pensions? 


21. The attraction of a planet on its satellites varies directly as 
the mass (^l)ot the i>lanet, and inversely as the square of the distance 
(D); also tlic .square of a satellite’s time of revolution varies directly 
as the distance and invei-sely as the force of attraction. If wq, 

that ^ 2 ) ^ 2 ) simultaneous values of T respectively, prove 


Hence find the time of revolution of that moon of Jupiter whose 
distance is to the distance of our IMoon as 35 : 31, having given 

that the mass of Jupiter is 343 times that of the Earth, and that the 
Moons period is 27*32 days. 

_ 22, The consumption of coal by a locomotive varies as the square 
Ot the v^ocity ; when the speed is 16 miles an hour the consumption of 
coal \>er hour is 2 tons : if the price of coal be 10s. per ton, and the other 
expenses of the engine be 1 Is. 3c?. an hour, find the least cost of a iourney 
of 100 miles. 


CHAPTER IV. 


AlUTtniKTICAL PKOGRKSSION. 

38. Dmi'imtion. Quantities are said to he in Aritlimetital 
Profession wiien they increase or decrease hy a co/n/non dif- 
ference. 

Tims eacli of the following series forms an Aritlunetical 
Progression : 

3. 7, 11, 15, 

8, 2, -4, -10, 

rt, a + d, a + 'Id^ a + 3t/, 

The common diilerence is found by subtracting any term of 
the series from that wliicli it. In the first of the above 

examples the common diilerence is 4; in the second it is — G ; in 
tlie third it is d. 

39. If we examine the series 

a, a + </, a + 2(/, a + . . . 

we notice that in any term the cof^fficieat of d is always less hy one 
than the numhf.r of the term i}i the series. 

Thus the term is « + 2d ; 

C*’‘ term is a + 5d * 

20^'' term is a + 19d ; 

and, generally, the term is 1) d. 

If 71 be the number of terms, and if I denote the last, or 
71^^ term, we have l=^a-h {n~ \ ) d. 

40. 2’o find the sum of a number of terms in Arithmetical J 

Pro'jression. ^ 

Let a denote the first term, d the common difference, and w 
the number of terms. Also let I denote the last term, and s 
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the required sup ^ then 

S — + 

and, by writing the series in tlie reverse order, 

s — I + {I ~ d) + {I ~ 2d) + ... + (« + 2d) + (a + d) + a. 
Adding togetlier these two series, 

25 = (a + ^) + (a + 1) + (a + 1) +.. . to ?i terms 


~ w (a + ^ 

s = |(a + 0- — ' (1); 

and Irs a (71 — 1) d (2), 

5 = ^ {2rt + (/i — 1) r/} (3). 


+ (a + 2d) + ... 4- (^ - 2d) + (l~(f) + l; 


41. Ju the last article we liave three useful formuhe (1), 
( 2 ), ( 3 ) ; in each of these any one of tlie letters may denote 
the unknown quantity when the tliree otliers are known. For 
instance, in (1) if we substitute given values for s, n, /, we obtain 
an equation for finding a; and similarly in tl>e otlier formula). 
But it is necessary to guard against a too mechanical use of these 
general formuhe, and it will often be found better to solve simple 
questions by a mental rather than by an actual reference to the 
requisite formula. 

Example 1. Find tue sum of the series 5.^, GJ, 8, to 17 terms. 

Here the common dillerence is 1^; hence from (3), 

the sum = |2 x ^ + 10x1^ 

= ^(11 + 20) 

17x31 
“ 2 

= 2G3i. 

2. The first term of a series is 5, the last 45, and the sum 
^ 400: find the number of terms, and the common dillerence. 

If n be the number of terms, then from (1) 

400 = |(5 + 45); 



whence 


n=16. 
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If d be the comraon dilTereuce 


4o = thc 1C‘^ term = 5 + 15d; 
svhence d = 2*. 


42. If ail}/ two terms of an Arithmetical Progression be 
given, the series can he completely determined ; for the daha 
fuinish ttco simultaneous equations, the solution of which will 
give the first term and tlie common difierence. 

K.Tniuplc. The 54"* and 4*“ tenns of an A. P. are -61 and C4 ; find the 
23'‘ term. 


If a be the first term, and d the common difference, 

- 61 = the 54''* terra = a + 53d; 
04 = the 4'^ term = a + 3d; 


whence \ve obtain 
and the 23’' term = « + 2‘>d = 10^. 


5 


d=-5, a = 71i; 


43. Definition. A\ lien three quantities care in Aritlinietical 
Progression Die middle one is said to be tlie arithmetic mean of 
the other two. 


Thus a is the aritlimetic inenn between a d and a + d. 

44. Jojlnd the UTitlnnetic inecnn between two given gncintities* 

Let a and b be the two quantities ; A the arithmetic mean. 
Then since A^ b are in A. P. we must Iiave 

b ~ A = A ~ a, 

each being equal to the common difference; 

whence A = — ^ ^ 

2 • 

45. Between two given quantities it is always possible to 
insert any number of terms sucli that the whole series thus 
formed shall be in A.P. ; and by an extension of the definition in 
Art. 43, the terms thus inserted are called the airitlunetic means. 


Example. Insert 20 arithmetic means between 4 and 07. 

Including the extremes, the number of terms will be 22 ; so that we have 
to find a senes of 22 terms in A.P., of which 4 is the first and 67 the last. 

Let d be the common difference ; 

then 67 = the 22*'* term = 4 + 2Id ; 

whence d=3, and the series is 4, 7, 10, 61, 64, 67; 

and the required means are 7, 10, 13. 58, 61, 64. 
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46. To insert a given number of arithmetic meaits between 
two given quantities. 

Let a and b be the given quantities, n the number of means. 

Including the extremes tlie number of terms will be n + 2- 
so that we have to find a series of n + 2 terms in A.P., of wldcli 
a IS the first, and b is the last. 

Let d be tlie common difference ■ 
then 6=the(/i4-2)*>‘ term 

= a + ( n + 1 ) (/ ; 

b — a 


whence 


d = 




and the required means are 


a + 


h — a 
n + 1 ’ 


a + 


{’> - «) 


n 


n + 1 


a + 


(b~a) 


+ 1 


theifsSsVs 2^7 them 

Let a be the viiddle number, d the common difference ; then the three 

numbers are a — d, a, a + d. 

a-rf4-a + a + d = 27: 

whence a = 9, and the three numbers are 9 - d, 9, 9 + d. 

(9-d)2+81 + (9 + d)2=293; 
d=±o: 

and the numbers are 4, 9, 14. 


whose 


« term is 3n - 1. 

By putting 71= 1, and 71 =p respectively, we obtain 

first term = 2, last term = 3p- 1 ; 

8um=| (2 + 3i)-l)=| (3p + l). 






EXAMPLES. 

Sum 2, 3], to 20 toms. 
Sum 49, 44, 30,... to 17 terms. 

^ 3 2 T ^ 

4 ^ 3 > Y^,..^tol9 terms. 
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4. Sum 3, Ipj,.., to 71 terms. 

o 


5 . 


6 . 

7 . 

8 . 

9 . 

10 , 

11 . 

12 . 

13 . 


Sum 3'7.5, .3 o, .3'25,... to IG terras. 

Sum -7, to 24 terms. 

Sutn 1-.3, -3-1, — to 10 terms. 

Sum , , 3s'3, to 50 terms. 

v3 

Sum , n' 5,... to 25 terms. 

s'o 

Sum a - 35, 2a - 55, 3a - 75,... to 40 terms. 
Sum 2a — 5, 4a - 35, Ga — 55,. . . to n terms. 


Sum — ^ , a, 


3a — 5 
2 


,... to 21 terms. 


1 


Insert 10 arithmetic means between - nnd ^ 

•1 


-n 


14. Insert 17 arithmetic means between 3l and --4li. 

15. Insert 18 arithmetic means between - 3.5.r and 3.r. 

16 . Insert .r arithmetic means l>ctween .r^ and 1. 

17. Find the sum of the first-j^ odd numbers. - 

18. In an A. P. the first term is 2, the last term 20, the sum 155; 
find the dirtcrence^J;*^jv^'>v>. cm 

19. The sum of 15 terms of an A. P. is COO, and the common differ- 
ence is 5 ; lind the first term. 

20. The third term of an A, P. is 18, and the seventh tenii is 30 ; 
find the sum of 17 terms. 

21. The sum of three numbei’s in A. P. is 27, and their product is 
504 ; find them. 

22. The sum of three numbers in A,. P. is 12, and the sum of their 
cubes is 408; find them. 

k Find the sum of 15 tei*ms of the series wliose term is An + l» 

24. Find the sum of 35 terms of the series whose jo*** term is^-t-SZi 

25. Find the sum of p terms of the series wliose term is “ + 5. 

26. Find tlie sum of n terms of the series 

2a2-l ^ 3 6rt2_5 

, 4a , 
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47. In ail Arithmetical Progression when a, d are given, 
to determine the values of n we have the quadratic equation 

when both roots are positive and integral there is no diliicultv 
in interpreting the result corresponding to each. In some cases 
a suitable interpretation can be given for a negative value of it. 

Example. How many terras of the series -0, -0, -3,... must be 
taken that the sum may be CG? ' 

Here ” {-18 4-(u-l) 3J =CG; 

that is, 7^-- 7/1 -44 = 0, 

or (//-11)(7/ + 4) = 0; 

n= 11 or - 4. 

If we take 11 terms of the series, we have 

- 9, - 6, - 3, 0, 3, G, 9, 12, 15, 18, 21 ; 
the sum of which is 66. 

If we begin at the last of these terms and count backwards four terras, the 
sura is also 66; and thus, although the negative solution does not directly 
answer the question proposed, we are enabled to give it an intelligible meaning, 
and we see that it answers a question closely connected with that to which 
the positive solution applies. 


48. "NVe can justify this interpretation in the general case in 
the following way. 

The equation to determine n is 


dn~ + (2a — d) n ~ 2s = 0 (1). 

Since in the case under discussion the roots of this equation liave 
opposite signs, let us denote them by and - n.,. The last 
term of the series corresponding to is 

a 4- ('/i, - 1) d ; 

if we begin at this term and count backzvardsy the common 
difference must be denoted by - (/, and the sum of n terms is 

« 

and we shall shew that this is equal to s 
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For t}ie expression = 


n 


\a+ (2«j - rij- 1)(/| 




= ^ - 2a-(l .n 


.)] 


= ^ (4.V - 2s) = s, 


Kinc-O Siitisfies ,hr + (2a - ,!) n ~ 2 h = 0, ;incl ~un is the 

pmtluct of the roots of this equiitioii. 

•19. A\ hen the vjilue of ')i is fnictionjil there is no exact nuni- 
Imt of terms which corr(\spoiKls to such a solution. 


K-raviple How many terms of the series 2G, 21, 16,. ..must he taken to 
amount to 7-4 ? 


Here 


71 


n {52 + 0i-l)(-5)} = 7t. 


2 


that is, 
•or 


5a2-57;i_,. 148-0, 

(n-4) (5«-37) = 0; 

« = 4or7;^. •'* 

^ Xlius the number of terms is 4. It will be found that the sum of 7 terms 


as greater, while the sum of 8 terms is less than 74. 


nO. '\Ve add some Miscellaneous Examples. 


J-.xanipIe 1. The sums of terms of two arithmetic series are in tlie 
ratio of 7a + 1 : 4« + 27 ; lind the ratio of tlieir 11‘‘* terms. 


Tjet the fir.st term aud common difference of the two series be u,, d, and 
fio, dj respectively. -n 

2ni + (n-l)ff, ^ 7 h + 1 f '- 
2a.^+ {n - 1) rfj “ 4n + 27 * 


We have 


Isow ^^e liave to lind the value of i / J hence, by putting — 21, we 
• obtain 


2fi, + 20d, 148 4 


202 + 20^2 111 3 ’ 

thus the required ratio is 4 : 3. 


Example 2. If .9,, S^, are the Bums of n terms of arithmetic 

I series^ whose first terms are 1, 2, 3, 4,... and wdiose common differences are 
.1, 3. o, 7,... ; find the value of 




S| + ^2 + + ... + S,. 
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We have 


S, = :i{4 + („-l)31=’ii5^1). 
ic + („-!) 51 

S, = .J (2/) + («-l) (2i)-l))=2 ((2^-l)„ + lj; 


the required sum= ^ { («+ i) + (3n + 1) + . n + ])} 

U« + 3/i + 5;i+ ...2j3 — 1 . Ji) + p} 


n 


— 2 “ ^) ■I'P} 

= ‘2 + 


EXAMPLES 


Qiveii a— —2, c?=4 and 160, find n. 


ma 



How many terms of the series 12, 16, 20,... must be taken to 

In an A. P. the third term is four times the first term, and the 
rmisl?; find. the series. 

4, The 2"'*, 31’*, and last terms of an A. P. are i and - 6^ 
resjiectively ; find tlie first tenn and the number of terms. 

5. The 4**’, 42"**, and last terms of an A. P. are 0, - 95 and — 125 
resj^iectively ; find the first term and the number of terms. 

A man arranges to pay oflf a debt of £3600 by 40 annual 
instalments which form an arithmetic series. When 30 of the instal- 
ments are paid he dies leaving a third of the debt unpaid : find the 
' •valu^f the first instalment.- — . - ^ „ 

I'Eetween two numb ers whose sum is 2J an ^ven num ber of 
,.,itic^meettJ5*is insert^; the sum of these means excels thmr 
umo^ l>»ainitst4-^\v~Tnany means 



he sum of n terms of the series 2, 6 , 8 ,... i.^DSO : find n. 
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9. Sum the series 


1 


1 


l-.r’ 


, ... to n terms. 


10. If tlie sum of 7 terms is 49, and tlio sum of 17 terms is 289, . 
rind the sum of n terms. •- 


11. If the r*** terms of an A. P. are «, c respectively, shew 

that (q — r) a -i- (r-p) h-^{p - q) c = 0. 


12. 'J he sum ofp terms of an A. P. is q, and the sum of q terms is 
p; lind tlie sum of p a terms. 

(IS 4 "Iho sum of four integem in A. P. i.s 24, and their product is 
0-lvT7 liiid tlicm. 


14. Divide 20 into four parts which are in A. P., and such that the , 
product of the first and fourtli is to the ja-oduct of the second and thii^d' 
in the ratio of 2 to 3. 



•)/ 


erm of an A. P. is qy and the term is p; find the 


16. How many terms of tlie series 9, 12, 15,... must be taken to 
make 30 () ! 


17'), ^ If t)ie sum of n terms of an A. P. is 2n + 3H2, fmd the 7-''' term. 


8. If the sum of in terms of an A. P. is to the sum of n terms as 
> 11 - to n-y .shew that the term is to the tcim as 2 m - 1 is to 27i - 1. 


19. Pi ove that the sum of an odd nurnher of terms in A. P. is equal 
to the middle term multiplied by the number of terms. 


'^0. If s = n (~in - 3) for all values of Uy find the jo"' term. 


21. The number of terms in an A. P. is even ; tlie sum of the odd 
tei’ius is 24, of tlic even terms 30, and the last term exceeds the fii*st hy ^ • 
lOA : hud the number of terms. 



There are two .sets of numbers each consisting of 3 terms in A. P. 
ana me sum of each set is 15. The common difference of the fii*st set 
is greater by 1 than the common difference of the second set, and the 
product of the first set is to the product of the second set as 7 to 8 : ffnd 
the numbers. / 


23. Pind the relation between .r and y in order that the 7 '*^ mean 
between x- and 2y may be the same as the ?•'’* mean between 2.r and y, 

being insert^ in each case. 

^ If the sum of an A. P. is the same for p as for q terms, shew 
thatits sum for p-\-q tenus is zero. ' 

1 
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51. Definition. Quantities are said to be in Geometrical 
Progression when they increase or decrease by a constant factor. 

Thus each of the following series forms a Geometrical Pro- 
gression : 

3, G, 12, 24, 

1 1 _1 

3’ y’ 27’ 

a, ar, ar*, ar®, 

The constant factor is also called tlie common ratio, and it is 
found by dividing any term by tliat which immediately precedes 
it. In the first of the above examples the common ratio is 2 ; in 

• 1 

the second it is — ; in the third it is r. 

<5 


It 



be* 


. 52. If we examine the series 

a, ar, ar', ar**, a/*"*, 

we notice that in any term the index of r is always less by one 
tluin the number of the term in the series. 

Thus tlie 3*'‘^ term is ar*; 

the term is ar'; 

the 20“^ term is ar’“; 

and, generally, the jt?*^** term is ar^“‘. 

If n be the number of terms, and if I denote the last, or 
term, we have l~ar'^~^. 


53. Definition. When three quantities are in Geometrical 
Progression the middle one is c^alled the geometric mean between 
the other two. 
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To find the geometric mean between two given q-nantilies. 


Let a and h he the two quantities; G the geometric mean. 
Tlien since a, G, h are in G. P., 


G 


G 


a 


eacli }>eing etjual to tlie common ratio; 


wlience 


G = ^ab, 


o4. Jo hisert a given number of geometric means between 
two given q7iantities. 


Let a and b })e the given quantities, 7 i the number of means. 

In all tljere will he n+2 terms; so that we have to find a 
senes of n + 2 terms in (h R, of wliicli a is tlie first and b the last. 

Let 7' he the common ratio; 

b = the (fi + 2)'^' term 


= nr "*^ ; 


a 


- -ey 


+ I 


(!)• 


Hence the lequired means are 
value found in (1). 


ary ar®,...ar'’, where r has the 


JCxawpIe. Insert 4 geometric means between ICO and 5. 

ICO is the first, and 6 the 


Let r be the common ratio ; 

then 5 = the sixth term 
= lGOrS; 

1 


r' = 




•JCh 9 
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whence 


1 


and the means are 80, 40. 20. 10. 
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■ 55 . To find the mm of a number of terms in Geornetrical 

Progression. 


Let a be the first term, r the common ratio, n tlie number of 
terms, and s the sum required. Then 

s = a + ar ar' -f + a?*"”' + ar”"* ; 

multiplying every term by ?•, we liave 

rs — ar + c/r® + + ar''~^ + + ar". 


Hence by subtraction, 

rs — s = ar’* — a ; 

.*. (r — 1) s = a (r" — 1 ) ; 

a{T’* — 1 ) 

s = = — 

r — 1 

Changing the signs in numerator and denominator, 

a(l — r") 

\-r 




Note. It will be found convenient to remember both forms given above 
for «, using (2) in all cases except when r i&positioe and greater than 1. 

Since ar^~^ = l, the formula (1) may be written 


rl-a 



a form which is sometimes useful. 


2 3 

Example. Sum the series ^ , - 1, to 7 terms 

o 2 


The common ratio = — - ; hence by formula (2) 

2 



the sum 
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56 . Consider the series 1 , , ^3, 


riie sum to n terms = 


1 ' 




_ o 


1 


•)»* — 1 • 


iMom this lesult it appears tliat Jiowever many terms be 
taken the sum of the above series is always less tliau 2 . Also we 
'■ee tliat, by making u sufficiently large, we can make the fraction 

o-.-i small as we please. Thus by taking a sufficient number 

f*f terms tlie sum can be made to differ by as little as we please 
from 2. ^ 

In the next article a more general case is discussed. 

From Art. 00 we have .v ^ ~ ^ ^ 

1 — ?• 


) / . 


a 


ti 


1—7’ 


ar 
1 - y ■ 


Suppose /■ is a proper fraction; then tlie greater the value of 
ft the smaller is tlie value of and consequently of J 

therefore by making 71 sufficiently large, we can make the sum of 


a 


ft terms of the series differ from - by as small a quantity as 
we please. 

This result is usually stated thus : i/ie tsurn 0/ afi htfinile 

number of terms of a decreasiruj is -- ; 

1 - r 



or more briefly, the sum to infinity 

Example 1. Find three numbers in 
product is 216. 

Denote the numbers by^,a. ar; then - x a x ar = 216 ; hence a = 6, and 

g ^ 

the numbers are , 6, 6r. 

r 


^ sum is 19, and whose ^ 


whence 


^ + 6-f6)*=19; 

r 

.*. 6 - 13?--i-67“ = 0 ; 

3 2 

^ “2°^ 3* 

Thus the numbers are 4, 6, 9. 

Example 2. The sum of an infinite number of terms in G. P. is 15, and 
the sum of then* squares is 45 ; find the series. 

Let a denote the first temi, r the common ratio; then the sum of the 

terms is r ; and the sum of their squares is z . 

1 - r 1 - 

Hence -^=15 (1), 

1 - r 

, 0 = 45 (2). 

1 - ? - 

Dividing (2) by (1) 1+7-^^ 

1 + r 

and from (1) and (3) 137-“^ 5 

2 

whence , and therefore a=o. 

O 

Thus the series is 5, ^ 

«5 \f 


EXAMPLES. V.a. 


112 

1. J Sum to 7 terms. 

2. Sum —2, to 6 terms. 

Sum^, Ij, 3,... to 8 terms. 

4. Sum 2, -4, 8 ,... to 10 terms. 

5. Sum 16*2, 5-4, 1*8,... to 7 terms. 
Sum 1, 5, 25,... top terms. 

16 

7. Sum 3, — 4, to 2n terms. 


Sum 1, i^3, 3,... to 12 terms. 


Q> 

1 8 

9. Sum^, -2, -7^,... to 7 terms. 


V2 
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10. Sum 7 terms. 



Insert 3 geometric means l>etween 2^ and - . 


2. Insert 5 geometric mecans between 3j and 40k 



Insert 6 geometric means between 14 and - ~ . 
" 1 

iiji tlie following series to infinity: 

14 - - 1 ? 

• o’ 




15. -lo, -015, *0005,... 


17. 3-«, 3“2, 3 


-3 


I GG.'), - Ml, -74,... 

18^ 3, x/3, 1,... (i^V, v^42, 6,... 

ft *^*’^*' terms of a G. P. is 9 times the sum of 

tlie^Trst 3 terms; find the common ratio. 

21. The fiftli term of a G. P. is 81, and the second term is 24; find 
tlie senes. 

22. The sum of a G. P. wlioso comtiion ratio is 3 is 728 and the 
last term is 48G; find the first term. 

terra is 7, the last term 448, and the sum 

o8.) ; fina the common ratio. 

numbers in G. P. is 38, and their i)ro<luct is 
1/28; find them. * 

ft ^"^"timied product of three numbers in G. P. is 216, and 

the^um^ ot the productsof them in paii-s is 156; find the mimbei-s. 

(2fi^^If *S'^, denote the sum of the series 1 H-rP + r^P-p ... ad m/!, and 
•V tl«rsum ot tiio series 1 -r^ + r^p- ... ad inf., prove that 


4 

# 



^ 2*S'o . 


^ they/'*, terms of a G. P. be a, h, c resi/ectively, itrove 

tha'tr^ ^ ^ 

sura of an infinite number of terms of a (J. P. is 4, and the 
sum of their cubes is 192 ; find the series. 

58, Recurring decimals furnish a good illustration of infinite 
Geometrical Progressions. 

Example. Find the value of -423. 


•4232323. 


4 

23 


10 

^1000 


4 

23 

23 

10 


10* 


23 


+ 


-f- 
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that is, 



28 

10 ^ 



1 1 
10^ io*'*' 


4 , 23 1 

~Ib^ 10^' 1 

1()2 



_ 4 23 100 

_ 4 ^ 

“ 10 990 

_^9 

~ 990 * 

which agrees with the value found by the usual arithmetical rule. 


59. The general rule for reducing any recurring decimal to 
a %'ulgar fraction may be proved by the method employed in tlie 
last example; but it is easier to proceed as follows. 

7'o Ji'iid the value of a reciirring decimal. 

Let P denote the figures which do not recur, and suppose 
them p in number; let Q denote the recurring period consisting of 
q figures; let D denote the value of tlie recurring decimal ; then 

I>-'PQQQ i 

\0'' ^D^P-QQQ ; 

and \0^^^y<D = PQ*QQQ ; 

therefore, by subtraction, \0^')D — PQ — P; 

that is, \(y'{W-\)D=^PQ~P-, 

. n = - 

‘ ■ ( 10 '- 1 ) 10 ''* 

Now lO'^— 1 is a number consisting of q nines; therefore tlie 
denominator consists of q nines followed by p ciphers. Hence 
we have the following rule for reducing a recurring decimal to a 
^'ulgar fraction : 

For the numerator subtract the integral number consisihig of 
the non-recu'i'ring fgures from the integral nuruher consisting of 
the non-recurring and recu'i'^'ir.g figures ; for the denominator take 
a number consisting of as many nines as there are recurring figures 
followed by as many ciphers as there are non^ecu'rring figures. 
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CO. To find the sum of n terms of the series 

a, (a + d) r, (a + 2d) r*, (a + 3d) r*, 

iu \ohich each term is the product of corresponding terms in an 
arithmetic and geometric series. 

Denote the sum by iS' ; then 

.9 = a + (a + d)r-h(a + 2d)r^+ (a + n- Id) r""' ; 

*’* (a + d)7'-+ . . . (a+ n-2</)r''"'+ (a + 7 i -Idjr" 

By subtraction, 

S{\-r) = a + {Jr + dr^+ ...+c/r’-‘)- ^a+ir^ld}r- 

dr(l-r-') , 

- (a + 71-1 d) r* ; 


,S'= " , -y" "') (a + 71 - Id) r' 

l-»- (1-r)-’ \-r • 

Cor. Write S in the form 

“ + (a + 7l^ld)r'‘ 

1-7- (l-r)» (1-r)' lir;. ; 

make »•" as small as we please by taking 7i 
suthciently great. In this case, assuitiirig that all the tert/is v:hich 
xnvo ve i can he made so small that they may he neglected^ we 

obtain ^ for the sum to infinity. We shall refer 

to this point again in Chap. XTT 

In summing to infinity series of this class it is usually best to 
proceed as m the following example. 

Kxumplel. If x<l, sum the series 

1 + 2 + 3x- 4- 4 + to infinity. 

5 = 1 + 2x + 3x24-4x3+ ; 

xS= .r4- 2x2 + 3x3+ 

5 (1 -x) = 1 + x + x2 + j:34. 

1 

1-i' 

^ “ /I • 

iX — Xy 


\ 
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Example 2. 

4 7 

Sum the series 1 + + r;, 4* 

5 5- 

10 

^ 4* ... to 71 terms. 
5-* 

Let 


, 4 7 10 



3/7-2 

■+ ^n-l J 


1 0 

14 7 

S)i - 5 871-2 


•** 5‘^“ 

T + ra 4- -34- 

5 5^ O'* 

0'‘-i 5,i » 



, /3 3 3 

3 \ 3r? - 2 




5“-^ ) 5™ 


_ 3 1 1 1 \ 371-2 

" ^ 5 V 5 

3 ^ 3/7-2 

~ ^ 5 * 1 5^ 

5 

3 / 1 \ 3/7-2 

*“^*^4V 5" 

_ 7 I2nj- 7 
“ 4 ” T. 5 * ’ 

35 12// + 7 

**• *““ iG IG. 5"-^’ 


EXAMPLES. V. b. 


ij — Sum 


2-S 


15 31 


25G 


+ ... to infinity. 


3. Sum 1 + 3.t’ + + 7.r^ + + . . . to infinity a: being C 1 

— — 2 3” 4 

4. Sum 1 + 2 + 92 + ^3 + • • * ^rma^_ - 


\ 


5. Sum 1 + ^ + I + 5 + - ‘ . to infinity. 

' 2S~ ^ O 

. — Sum -1 + 3a‘ + 6 j;- 4 


1 . 


7. Pi ove that the (?t + 1)*** term of a G. P., of which the first term 
is a and the third term 6, is equal to the (2/7+ 1)‘^ term of a G. P. of 
which the first term is a and the fifth term 6. 


8. The sum of 2?i terms of a G. P. whose first term is a and com- 
mon ratio r is equal to the sum of of a G. P. whose first term is b and 
common ratio Prove that b is equal to the sum of the first two 
terms of the fii-st scries. 
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9, Find the sum of the infinite series 
r and b l)eing proper fractions. 

10. The sum of three numbers in G. P. is 70; if the two extremes 
^ be multiplied each by 4, and the mean hy 5, the products are in A. P. ; 
find the numbers. 


11. The first two terms of an infinite G. P. are together equal to 5, 
and every term is 3 times the sum of all the terms that follow it; find 
the series. 

Sum the following series : 

! ^ 

v/l2. .v + <7, .v2 + 2a, + to a terms. 

13. .r (.r + _y) + .r2 (.1-2 + ^2^ + ... to n terms. 

14. « + , 3a 5a + to 2p terms. 

o 0 12 * 


15. ? 


2 3 2,3 2.3. * . r 

+ + 33 + ^ + .ji + ^;+ ••• infinity. 


3‘' 




+ to infinity 


17^ If a, 5, c, cZ l>e in G. P., prove that 

(6 _ c)2 + (c - a)2 + (d- 5)2 = (a - cl)K 

' / 

/ 

18^ If the arithmetic mean between a and b is twice as great as the 
geometric mean, shew that a : 5 = 2 + v^3 : 2-^/3. 

19. Find the sum of n terms of the series the tenn of which is 

(2r+l)2^ 

20. Find the .sum of 2/i terms of a series of which every even term 
IS a timas the term before it, and every odd term c times the term 
befi^’e it, the first term being unity. 


/ 21. If denote the sum of n terms of a G. P. whose first terra is 
a, and common ratio ?•, find the sum cf 

22. If Syy are tho sums of infinite geometric series, 

whose first terms arc 1, 2, 3,...j3, and whose common ratios are 


111 
2* 3’ 4 


1 

J3+ 1 


respectively, 


prove that ^\ + + V' 



If r 


1 


. Hence shew that 


and positive, and wi is a positive integer, shew that 
(2)a + l)r"‘ (1 -r) < 1 - r2”* + i. 

is indefinitely small when n is indefinitely great. 


CHAPTER VI. 


HARMONICAL PROGRESSION. THEOREMS CONNECTED WITH 

THE PROGRESSIONS. 


61. Definition. Three quantities a, 6, c are said to be in 

Hannonical Progression when - = ^ ^ 

c b “ c 

Any number of quantities are said to be in Jlarinonical 
Progression when every three consecutive terms aie in Jlar- 
monical Progression, 


62. The reciprocals of quaatitifis in llarnwnical Troyression 
are in Arithmetical Progressioyi. 

By definition, if a, 6, c are in Hannonical Progression, 

a a — h 
c 6 — c ^ 

a (6 ~ c) = c (« — h)y ^ 



dividing every tenn hf^dSc, 

( -tri 

\ c b 

which proves the propo^tioii. 


1 n 

b a' 


y 


03. Hannonical properties aie cliiefly interesting because 
of their importance in Geometry and in the Theory of Sound : 
in Algebra the proposition just proved is the only one of any 
importance. There is no general formula for tlie sum of any 
number of quantities in Harmonical Progression. Questions in 
H. P. are generally solved by inverting the temis, and making use 
of the properties of tlie corresponding A. P. 
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M. To fi/nd the harmonic mean between two given quantities, 

«, b he tl.e two quantities, II their harmonic mean 
tlK-n , ,r » , ''LK! in A. P. ; 

a // b ^ 

1 1 1 1 

4 

~lr 

2 _ 1 

11 h' 

y/= 

a + o 

Kxttmple.. Insert 40 harmonic means between 7 and 

6 * 

Iloro r. is tl.o rr- term of an A. V. whoso first term is J ; let d bo the 
Ooniinon difference ; then 

h = _ + 4 1 f/ ; whence d — - , 

* 7 

Thus the aritlimotic means are | '*^1 . and therefore the har- 

7 

monio ineanH arc 34 2’, 

2 * J • • • • ^ ^ . 

05 If A, (,\ // he the aritlimetic, geometric, and liarmonic 
inoiins i)otw’ 0 (Mi a und 6, wc Imve proved 

. a b 

2 (!)• 

^ = ( 2 ). 

tr 

( 3 )- 

Thereforo J // = " ^^6 = 0^; 

J a -h b ^ 

that IS, 6' is t he geometric mean between A and 11. 

From tliese results wo see that 

.!-(? = " + * _ a + b -2jab 


HARMONIOAL PROGRESSION. 
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vhich is positive if a and b are positive ; therefore tJte aHthmetic 
fiiean of anif tivo positive quantities is greater than their geoineti'ic 
mean. 


Also from the equation G*—AITy we see that G is inter 
mediate in value between A and H] find it has been proved that 
A >■ Gy therefore G -> II that is, the ariihmeticy geometricy and 
harmonic means between ang two positive quayitities are in descending 
order of magnitude. 



66. Miscellaneous questions in the Progressions adoi d scope 
for skill and ingenuity, the solution being often Jieatly effected 
by some special artifice. The student will find tlie following 
hints useful. 



If tl»e same quantity be added to, or subtracted from, all 
an A P., the resulting terms will form an A.P. witli 
same common difference as before. [Art. 38. 



2. If all the terms of an A.P. be multiplied or divid('d by 
the same quantity, tlie resulting terms will form an A.P., but 
with a new common diflerence. [Art. 38.] 




3. If all the terms of a G.P. be multiplied or divided by the 
same quantity, tlie resulting terms will form a G.P. with the 
same common ratio as before. [Art. 51.] 


a, by Cy d... are in G.P., they are also in co'ntinued pro- 
poHitmy shice, by detinition. 


a 





Conversely, a series of quantities in continued proportion may 
be represented by Xy xr, 

Example 1. If a-, 6-, c- are in A.P., shew that 6 + c, c + a, a + 2> are 
in H. P. 


By adding ah + ac + he to each term, we see that 

+ ah + ac + hCy h^ + ha + bc + aCy c'^+ ca + cb -i-ah are in A.P.; 
that is (a + 6) (a + c), {h + c) (fc + a), (c + a) (c + 2*) are in A. P. 
dividing each term by (a ■i-h){h + c) (c + a). 


D + c* c + a* a + b 


are in A. P. ; 


b + Cy c + ay a + b are in H. P. 


that is, 
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Example 2. If I the last term, d the common difference, and s the mni 
of n terms of an A. P. be connected by the equation Sc!g=(d + 2l)^^ prove that 

d = 2a. 

Since the given relation is true for any number of terms, put n = l; then 

a = l=8. 

Hence by substitution, 8ad = (d + 2ay, 
or (d-2a)2 = 0; 

. d — 2a. 

Example 3. If the r'\ q'\ r'\ s'" terms of an A. P. are in G. P., shew that 
V~2t aie ia G.P. 

"With the usual notation we have 

a + {p^l)d_a + ( 7 -l)rf a + (r~l)d 

a + {q-l)d a + (r- 1) d “ a^{s - l)"d [Art. 66. (4)J; 
each of these ratios 

\a + {q-l)di~ {a + {r-l) d] {rt+'(r-l)d} - {a + (s-l)d} 
q - r r - s' 

Hence p - q^ q - r ~ s are in G.P. 


67. The numbers 1, 2, 3, are often referred to as the 

natural numbers \ tl»e w*'* term of tlie series is n, and the sum of 



68. To find the sum of the squares of the first n natural 
numbers. 

Let the sum be denoted by S'^ then 

^=P+2* + 3*+ 

We have n? _ _ 1)3 ^ 3 ^^* _Sn+l ; 

and by clianging n into — 1, ‘ 

(n - ly-in- 2y = 3(71 - 1)* - 3(7j - 1) + ). ; 
similarly (ti- 2)^-'(?z - 3)? = 3(« ^ 2)* - 3(n - 2) + ^ ; 

3®- 2^= 3. 3*- 3.3+1; 

. 2®- 3. 2*-3. 2+ 1 ; 

l®-0®=:3. l*-3. 1 + 1. 


THE NATURAL NUMBERS. 
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Hence, by addition, 

n^=3(l“ + 2* + 3"+ ... +n“)-3(l + 2 + 3 + + 7i) + n 


= ss + n. 


3*S' -71^—71 + 


3vi (?i + 1 ) 


= 71 (/I + 1 ) (/t — 1 + y) ; 




71 {fl+ 1) (2fl + 1) 


6 




69. 2'o find the stem of the cubes of the first n natural 

numbers. 

Let the sum be denoted by S ; then 

l"+2"-f3*'’+ +7t". 

We have 7l* — (n ~ 1)* = 4?i'* — G/r + 4/i — 1 ; 

ly _ _ 2)" = 4 (ti _ I)" _ G - If + 4 (;i - 1) - 1 ; 

(n _ 2)^ - (n - 3)^ = 4 (h - 2f - 6 (« - 2)* + 4 (■/* - 2) - 1 ; 


3*-2* = 4.3^-G.3" + 4.3-l; 
2^-l^-4.2"-C.2=-f4.2-l; 

1^_0^ = 4. 1"-G. 1- + 4. 1 -1. 

Hence, by addition, 

71*=. 4.S-C* (l* + 2=^+ ... +7*=^) + 4 (1 + 2 + ... +?^)-7^; 
4*S = 7i* + 7i + C(l" + 2"+ ...+w«)-4(l +2 4-...+7^ J 


-c 


+71 + 71 (Jl. + 1 ) ^271 + 1 ) — 271 (71 + 1 ) 

= n (7 t + 1 ) (jf — 7t + 1 + 2?i + 1 — 2) 

= 7l'"(7l + .1 ) (?r + 7t) ; 

^ 7.*(7t+lf |'7^(7l+l))^ 

4 t 2 i* 

Thus the 8117)1 of the cubes of the first n natural numbers ^8 
equal to the square of the 8U7)i of these 7iumber8. 

The formulre of this and the two preceding articles may be 
applied to find the sum of the squares, and the sum of the cubes 
of the terms of tlie series 

a, a + d, a + 2£^, 
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70. In referring to the results we have just proved it ^vill 
be convenient to introduce a notation wliicli tlie student will fre- 
quently meet Avitli in Higher IMathematics. "We sliall denote the 
series 


1 + 2 + 3+ ...+vi by j 
H + 2*+3"+...+n^ by 
V + 2^+3^+ ..,+n^ hy 

whei e ^ placed before a term signiiies the sum of all terms of 
which that tenn is the general type. 




Kxaniplc 1. Sum the series 

1 . 2 + 2 . 3 + 3 . 4 + .. .to H terms. 

The term = H (h + 1) = ;(2 + 7i ; and hy writing down each term ia a 
similar form we shall have two columns, one consisting of the first n natural 
numbers, and tlie other of their squares. 

.*. the sura = + Zin 


_ 71 (a + 1) (2/f + 1) _ »i(7i + l) 

_ ^ + _ 


_ 9t {ll + 1) (277 + 1 


<277 +1 
( ^ 


+ 1 


\ 


7 

y 


_ 71 (77 + 1) (n + 2) 


3 


Example 2. Sum to n terms the series whose term is 2'*~^ + 8/t’ 
Let the sum be denoted by S ; then 

.S = 2 2'»-i + 827i»-G27i2 


- Cti®. 


2»* 


1 , 877H« + 1)® C;7 (/t + 1) (2;t + l) \ 

2-1 4 6 


f 


= 2" - 1 + 77 (n + 1) { 2/7 (77 + 1) - {2n + 1) | 
= 2'*-! +77 (71 + 1) (2/72-1). 


EXAMPLES. VI. a 


Find the fourth term in each of the following series 

(1) 2, 2i, 3J,... , 

(2) 2, 2i, 3,...^ 

(3) 2r2|:3J,... 

Insert two harmonic moans between 5 and 11. ’ 




2 2 

Insert four harmonic means between and • 

3 13 


EXAMPLES ON THE PROGRESSIONS. 
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4. If 12 and 91 are tlie geometric and harmonic means, respect- 
ivel^^tweeu two mimbers, find them. 

If the hai-monic mean between two quantities is to their gco- 
meaus as 12 to 13, prove that tlie quantities are in the ratio 



f a, 6, c bo ill H. P., shew that 

a : a — b = a + n : a- c. 

s 

7. If the »i“‘ term of a PI. P. be equal to n, and the 7^*’' term be 

equal to m, prove that the term is equal to - . 

_ ^ ?7i + n 

•50 ^ ^ terms of a PI. P. be a, &, c respectively, pr 

that'^ii— (f/ — r')hc-\- ()' — - d) ra 4 -( n — n\ fih = C\ i \ - 



9. If b is the harmonic mean between a and c, prove tliat 


1 1 
+ 


_ _ 1 1 

b — a ' b — c a~^ c ' 


Find the sum of 71. terms of the scries whose term is 


10, — 71, 

13. n^{2ii-\-3). 


11. a^ + 5 n. 


14. 3« - 2\ 


12. 7i(7i + 2). 

15. 3(P* + 27i2)_4^i3 


16. If the (77t+l)‘'‘, (7i + l)‘'', and (>•+!)*** terms of an A. P. are in 
U. 1., and 771, 7ij 7* are in PI. P., shew that the ratio of the common 

diflerence to the first term in the A. P. is - - . 

/ n 

y'lT. If «i, n are three numbers in G. P., prove that the first term 

whose 771’*^, and 71**^ terms are in 11. P. is to the common 
aitterence as 771+1 to 1. 

18. If the sum of 71 terms of a series be a + 67i + c?t^, find the n 
term and the nature of the series. 

19, Find the sum of 71 terms of the scries whoso 7i*'‘ term is 

; 47l(7i2+l)-(67t2+l). 

X^O, If between any two quantities there be inserted two arithmetic 

-^^ 2 ) I-wo geometric means (7., Ghj harmonic means 

Jhl shew that : JlJf.^ = A^ + A^ ; + 

aritlmietic means between two numbers, 
^ ana q the fii-st of 71 harmonic means between the same two numbei's, 

pro^ e that the value of q cannot lie between p and p, 

??• . ^’*^d the sum of the cubes of the terms of an A. P., and shew 
at it IS exactly divisible by t!.e sum of the terms. 
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PiLKs OF Shot asd Shells. 


71. 7'o find the ytuinher of shot arranged in a complete 

jigraniid on a square base. 

Suppose tiuit each side of the base contains n sliot ; then the 
number of shot in the lowest layer is rr; in the next it is 
in the next (yi — 2)"; and so on, up to a single shot at the 
top. 

X + (m - 1)- -1- (h — 2)- + ... + 1 


‘it (?i 4- 1 ) (2n + 1 ) 

G 


[Art. GS.] 


72. 7V> find the mnnhcr oj shot arranged in a comjdele 

pgrataid the base of n hieh is an equilateral triangle. 

Suppose that eacli side of tlie base cojitains n shot; tlien the 
mimber of shot in the lowest layer is 


tliat is, 


(n - 1) + - 2) + 4- I ; 

n{H+\) 1 

- or + 


In this result wi*ite — 1, — 2, 

the number of shot in the 2nd, 3rd, 


for and we thus obtain 
layers. 



-f 2>0 


n (714- 1 ) (71 4- 2) 

G 


[Art. 70.] 


73. find the nyunber of shot ary'anged in a complete 

pgraniid the base of which is a I'ectangle, 

Let m and n be the number of shot in the long and short side 
respectively of the base. 

The top layer consists of a single row of 7 a — ( 74 — 1), or 
m — 74 4 - 1 shot ; 

in the next layer the number is 2 (m — 77 -f- 2) ; 

in the next layer tlie 7iumber is 3 (m — 74 4 - 3) ; 
and so on ; 

in the lowest layer tlie nund>er is n (m — 7 i -F w). 


PILES OF SHOT AND SHELLS. 


DO 








//!' 






\ s = 


(m — n 4- 1) + 2 (711 — n + 2) + S(7fi — ti + 3) + 

(jii — n){\ + 2 4- 3 + ... + n) + (1* + 2" + 3" + 

(m — 7i) n (n + 1) n (n + 1 ) ( 2?i + 1 ) 

2 6 


. . + 7l(fil — 71 + 71 ) 

0 \ 

. . + 71') 


7l{)l+l) 


6 


{3 (m — n) + 2?i + 1 } 


71 (71 + \ ) (3m — + 1) 

"" 6 * 

74. 7^0 find the 7i7iinhe7' of shot ai'ramjed in an incomplete 

pip'a7nid the base of which is a 7'ecta7xrjle. 

Let a and h denote the number of shot in the two sides of the 
top layer, 71 the number of layers. 

In the top layer the number of sliot is ah ; 

in the next layer the number is (a + 1) (6 + 1) ; 

in tlie next layer the number is (a + 2) (/> + 2) ; 

and so on : 


in the lowest layer the number is (a + 7i — 1) (6 + ?i — 1) 
or ah -k- (a -v h) (n — 1 ) + (m — 1 )^ 

. aS' ahn + (rt + 6) 2 (ji — 1 ) 4- 2 (n — 1)^ 


, (?i. — 1) 7^ (rt + 6) (?i — 1) 71 (2 . 71— 1 + 1) 

— tlOlX 4 - ZZ + r% 

2 6 

= ^ {6a6 + 3 (« + 6) (n- 1) + (n - 1) (2»i - 1)}. 

75. In numerical examples it is generally easier to use the 
following method. 

Example. Find the number of shot in an incomplete square pile of 16 
courses, having 12 shot in each side of the top. 

If we place on the given pile a square pile having 11 shot in each side of 
the base, we obtain a complete square pile of 27 courses; 

27 X 28 X 56 

and number of shot in the complete pile= ^ = 6930 ; [Ait. 71.] 

, , 11 X 12x23 

also number of shot in the added pile= 5 = 606; 


6 


number of shot in the incomplete pile = 6424. 
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EXAMPLES. VI. b. 

Find the number of «hot in 

1. A square pile, having 15 shot in each side of the base. 

2. A triangvilar pile, liaving 18 shot in each side of the base. 

3. A rectangular pile, the length and the breadth of the base con- 
taining 50 and 28 shot respectively. 

4. An incomplete triangular pile, a side of the base having 25 shot, 
and a side of the top 14. 

5. An incomplete square jiile of 27 courses, having 40 shot in each 
side of tlie biisc. 

6. The number of shot in a complete rectangular pile is 24395 ; if 
there are 34 sliot in the breadth of the base, how nitany are there in its 
length I 

7. The number of shot in the top layer of a square pile is 1G9, 
and in the lowest layer is 1089; how many siiot does the pile contain ? 

8. I'iiul the number of shot in a complete rectangular jale of 
15 courses, having 20 shot in the longer side of its base. 

9. Find the number of shot in an incomplete rectangular i)ile, 
the number of shot in the sides of its upper course being 11 and 18, 
and the number in the shorter side of its lowest course beine 30. 

10. hat is the number of shot required to complete a rectangular 
pile having 15 and 0 shot in the longer and shorter side, respectively, of 
its upper course? 

11. The nunil>cr of shot in a triangular pile is greater by 150 than 
lialf the number of shot in a square pile, the nunjber of layei*s in each 
I'cing the same; find the number of shot in the lowest layer of the tri- 
angular pile. 

12. Find the number of shot in an incomplete square pile of 16 
courses when the number of shot in the upper course is 1005 less than 
in the lowest course. 

13. Shew that the number of shot in a square pile is one-fourth the 
number ol shot in a triangular pile of double the number of courses. 

14. If the number of shot in a triangular pile is to the number of i 
shot in a square [>ile of double the number of courses as 13 to 175; find 
the number of shot in each pile. 

15. The value of a tiiangular pile of 16 lb. shot is ; if the 
value of iron be 10«. 6d. per cwt., find the number of shot in the 
lowest layer. 

16. If from a complete square pile of n coui-ses a tiiangular pile of - 
the same number of courses be formed ; shew that the remaining shot 
will be just sufficient to form another triangular pile, and find the 
number of shot in its side. 


CHAPTER VII. 


SCALES OF NOTATION. 


76. The ordinary numbers \vith ^vlliclll we are acquainted in 
Arithmetic are expressed by means of multiples of powers of 10 ; 
for instance 

25 = 2 X 10 + 5; 

4705 = 4 X 10" + 7 X 10= + 0 X 10 + 5. 

This method of representing numbers is called the common or 
denary scale of notation, and ten is said to be the radix of the 
scale. The symbols employed in this system of notation are the 
^nine digits and zero. 

In like manner any number other than ten may be taken as 
the radix of a scale of notation ; thus if 7 is tlie radix, a number 
expressed by 2453 repi'esents 2 x 7" + 4 x 7= + 5 x 7 + 3 ; and in 
this scale no digit higher than 6 can occur. 

Again in a scale whose radix is denoted by r the above 
number 2453 stands for 2r" + 4?*® + or + 3. More generally, if in 
the scale whose radix is r we denote the digits, beginning with 
that in the units’ place, by a,, then the number so 

formed will be represented by 

ar^ + a ^r^^’ + a //•"*“=+...+ a + «//• + a , 

where the coefficients a , a are integers, all less than ?% of 

winch any one or more after the first may be zero. 

Hence in this scale the digits are r in number, their values 
ranging from 0 to r- 1. 

77. The names Binary, Ternary, Quaternary, Quinary, Senary, 
Septenary, Octenary, Nonary, Denary, Undenary, and Duodenaiy 
are used to denote the scales corresponding to the values tivoj 
three^... twelve of the radix. 
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In tlie uiulenaiy, duodenary,... sealers we shall require symbols 
to represent the digits which are greater than nine. It is unusual 
to consider any scale higlier tlian tliat with radix twelve; when 
necessaiy we shall employ tlie symbols e, T' as digits to denote 
‘ten’, ‘eleven’ and ‘twelve’. 

It is especially wortliy of notice tliat in every scale 10 is the 
symbol not for ‘ten but for the radix itself. 

78. The ordinary operations of Arithmetic may be performed 
in any scale ; but, bearing in mind that the successive powers of 
the radix are no longer powers of ten, in determining tlie can't/imj 
fiijur<>8 we must not divide by ten, but by the radix of the scale 
in question, 

K.ramplc 1. In the scale of eight subtract 371532 from 530225, and 
multiply the difTerence by 27. 

53022.5 136473 

371532 27 


136473 1226235 

275166 

4200115 

Explanation. After the fir.st figure of tlie subtraction, since wc cannot 
take 3 from 2 we add H ; thus we have to take 3 from ten, which leaves 7 ; then 
6 from ten, which leaves 4; then 2 from eight which leaves 6; and so on. 

Again, in multiplying by 7, we have 

3 X 7 = twenty one = 2x 8-1-5; 
we therefore put down 5 and carry 2. 

Next 7 X 7 -I- 2= fifty one = 6 x 8 -i- 3 ; 

put down 3 and carry G ; and .so on, until the multiplication is completed. 

In the addition, 

3 -f- 6 = nine = 1 x 8 -H 1 ; 
we therefore put down 1 and cany 1. 

Similarly 2 + G+ 1 = nine=l x S-t-l; 

and 6 -t- 1 1 = eight= 1 X 8 + 0; 

and so on. 

Example 2. Divide 15c/20 by 0 in the scale of twelve. 

9 )15g/20 

lee96..,6. 

Explanation. Since 15 = 1 x 7’ + 5 = seventeen = 1 x 9 + 8, 
we put down 1 and carry 8. 

Also 8 X r -f « = one hundred and seven = c x 9 + 8 ; 
we therefore put down e and carry 8 ; and so on. 
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Example 3. 


Find the square root of 442641 in the scale of seven. 


44264i(o4G 

34 


134 


1026 

602 


1416 


12441 

12441 


EXAMPLES. VII. a. 

1. Add together 23241, 4032, 300421 in the scale of live. 

2. Find the sum of the nonary numbers 303478, 150732, 204305. 

3. Subtract 1732765 from 3673124 in the scale of eight. 

4. From 3?e756 take 2c46^2 in the duodenary scale. 

5. Divide the difference between 1131315 and 235143 by 4 in the 
scale of six. 

6. Multiply 6431 by 35 in the scale of seven. 

7. Find the product of the nonary numbers 4685, 3483. 

8. Divide 102432 by 36 in the scale of seven. 

9. In the ternary scale subtract 121012 from 11022201, and divide 
the result by 1201. 

10. Find the square root of 300114 in the quinary scale. 

11. Find the .square of tttt in the scale of eleven. 

12. Find the G. C. of 2541 and 3102 in the scale of seven. 

13. Divide 14332216 by 6541 in the septenary scale, 

14. Subtract 20404020 from 103050301 and find the sq\iare root of 
the result in the octenary scale. 

15. Find the square root of ee^OOl in the scale of twelve. 

16. The following numbers are in the scale of .six, find by the ordi- 
nary rules, without transforming to the denary scale : 

(1) the G. 0. M. of 31141 and 3102; 

(2) the L. C. M. of 23, 24, 30, 32, 40, 41, 43, 50. 

79. To express a given integral 'nuinher in any proposed scale. 

Let iV be the given number, and r the radix of the proposed 

scale. 

Let Oq, cq, be tbe required digits by which N is to be 

expressed, beginning with that in the units* place ; then 

... + aar* -p Ojr + o». 

We have now to find the values of 
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Divide .y by r, tlien the remainder is and tJie quotient is 




If tliis quotient is divided by the remainder is a ; 
if tlie next quotient 

and so on, until there is no further quotient. 

Thus all the required digits «,, a^,...a are determined by 
successive divisions by the radix of tiie propo.sed scale. 

Jlxawple ]. Express the denary number 0213 in the scale of seven. 


7)5213 

7)7-li. 

7)100. 

7)15. 


f) 

o 


1 

1 


Tims 5213 = 2 x 7-* + 1 x 7^ + 1 x 7- + 2 x 

and tlie number required is 21125. 


7 + 5 ; 


hxainple 2. Transform 21125 from scale seven to scale el«iven. 

C)2112r> 

c)l244 t 

r)01 0 

3; t 

the required number is 3/Of. 

Explanation. In the first line of work 

21 = 2x7+1= fifteen = 1 x + 4 ; 
therefore on dividing by e we put down 1 and carry 4. 

Next 4x7 + 1 = twenty nine = 2 x c + 7 ; 
tlierefore we put down 2 and carry 7 ; and so on. 


?■ Uweh-e to scale ten by working 

scale ten, and verify the result by working in the scale twelve. 

7215 07215 

0874 1 

...0 


In scale 
of ten 




8G 

12 


1033 

12 


/)/4 

/)10 

1 


4 

2 


In scale 
of twelve 


12401 

Thus tlie result is 12401 in each ca.se. 

twelve means 7x12^+2x122+1 x 12 + 5 i 

in r ^ readily effected by writing this expressic 

Ldd 2 ,0 .T. f + 2) J X 12 + 1] X 12 + 5 ; thus we multiply 7 by 12. an 

1 multiply 86 by 12 and add 1 to the Vo^uci 
then 1033 by 12 and add 5 to the product. 




SCALES OF NOTATIOX. 



80. Hitherto we have only discussed wJtoIe numbers ; but 
fractions may also be expressed in any scale of notation ; thus 

2 5 

*25 in scale ten denotes ^ + — ; 

10 10 - 


’25 in scale six denotes Z r- : 

G 6" 


2 5 

’25 in scale r denotes — i — 5 . 


Fractions thus expressed in a form analogous to that of 
ordinary decimal fractions are called radix-fractions, and the point 
is called the radix-point. The general type of such fractions in 
scale r is 




where 6 ,, are integers, all less tlian 1 *, of wiiich any one 

or more may l)e zero. 


81. 7^0 express a given radix fraction in any 2 )roj)osed scale. 

Let F be the giv^en fraction, and r tlie radix of the proposed 
scale. 

Let 6 p h^y b^y... be the required digits beginning from tlie 
left ; then 



We have now to find the values of 6 ^, b^y b.^y .. 
Multiply both sides of the equation by r , then 






Hence 6 ^ is equal to the integral part of rF ’y and, if we denote 
the fractional part by F^y we have 


F.^ 


-^ 4 - 


Multiply again by r; their, as before, b„ is the iiitegi’al part 

of rl ^'y and similarly by successive multiplications by ?*, each of 

the digits may be found, and the fraction expressed in the pro- 
posed scale. 
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If in the successi\e multiplications by r any one of tlie 
products is an integ(*r the process teiininates at this stage, and 
llie given fraction can be exjx'essod by a Lnite nunil^er of digits. 
JUit if none of the products is an integer the process will never 
tei'iuinate, and in tliis case the digits recur, forming a radix- 
fraction analogous to a recui i ing decimal. 


1 *> 

KxampU 1. Express as a radix fraction in scale six. 

13x3 , 7 

7 7x3 1 

h"'’= + C 

1 1 X 3 ^ 1 

-^x0 = -- =1+*^; 

1 r u 
: X 0 = 3. 


*i • 1 r *• 4 5 13 

the rcMjuired fraction - + .... + 

() 0" (r* 0* 

= •4513. 


Kxaviple 2. Transform 1G0(54‘24 from scale ei-'lit to scale five. 
We must treat the intcj;ral and the fractional parts separately, 


llfioot 

•24 

&120U...0 

5 

5)1 10. ..4 

1*44 

5)71. ..3 

5 

5)13. ..2 

2^r 

2...1 

5 


4*01 


5 


0-24 


After this the di;;its in the fractional part recur; hence the required 
number is 212340-i2l6. 


- <>J iiotatio'ih of which the radix in r, the sutn 

oj the dajttn of a,.,f whole 7iumher divi^M. bf/ v- 1 toUl leave the 
sa7)ie Toiiainder an the xehole 7tiiniber divided by r — 1. 

Let .V denote the number, a,, a tlie digits begin- 

ning witli that in the units’ place, and ,V the sum of tlio digits: 
then ® ^ 


A = + a^r a »•* + 


S - + «i + + + a 


+ a _ r" ' + a^r ” ; 


' • ^ ~ (r ~ 1 ) + rt (r® — 1 ) + 




r"-* - 


l)-0« 


SCALKS OP NOTATION. 


G3 


Now every term on the right liaucl side is divisible by ?• — 1 ; 


that is, 



— can iiiteg<‘r ; 



where / is some integer; whicli proves tlie pioposition 

Hence a number in scale r will bo divisible by ?• — 1 wh(*n tlie 
sum of its digits is divisible by r — 1. 


83. ]>y taking ?•— 10 we learn fiom tlie above jiroposition 

that a number divided by 9 will leave the same remainder as the 
sum of its digits divided by 9. The rule known as “casting out 
the nines” for testing the accuracy of multijilication is founded 
on this property. 

Tlie rule may be thus exi>lained : 

Let two numbers be representcal by 9(t + 6 and 9c + </, and 
their product by then 

P — 81ac + 96c + 9a(^ -f hd. 


II \ *1 

Hence ^ has tlie same remaincler as — - ; 
%/ 0 


and theiefore the 


sum of live digits of /*, when divided by 9, gives the same 
remainder as the sum of the digits of 6t/, when divided by 9. If 
on trial this should not be the case, the multiplication must have 
been incorrectly performed. In practice h and d are readily 
found from the sums of the digits of the two numbers to be 
multiplied together. 


Kxample. Can the product of 31256 and 8427 be 2G3305312? 

The sums of the digits of the multiplicand, multiplier, and product are 17, 
21, and 34 respectively; again, the sums of the digits of these three numbers 
are 8, 3, and 7, whence i>d = 8x3 = 24, which has 6 for the sum of the 
digits; thus we have two different remainders, 6 and 7, and the multiplication 
is incorrect. 


84 . If N denote any nuniber in the scale of r, and D denote 
the difference^ supposed ]) 0 sitivey between the sums of the digits in the 
odd and the even places ; then N — D or N + D is a mxdtiple of 
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Let rt-Q, , denote the digits beginning with that 

in tlie \inits’ place; then 

X = a + a, r + ar' + a,r^ + + a ,?•"“* + a ?•’*. 

.V- + r/, - + ..-=«,(’•+ 1) + (r' -}) + a^ {r^ + 1) + 

and the last term on the right will be (?•"+!) or «^(7*">-l) 
accordin'^ as ?i is odd or even. Thus every term on tlie ri^ht is 


divisible by ?• + 1 ; lienee 

X - (a^ -a + a - a + ) 

• * * — = jin mte 

r + 1 

I^ow ^^0 “■ ^2 ~ = =t Z>; 

X^JJ . , . 


— IS an integer; 

?• 4- 1 

wliich proves tlie proposition. 

Con. If the sum of the digits in the even places is equal to 
the sum of tiie digits in the odd places, /) = 0, and X is divisible 
by ?• + 1 . 


Example 1. Prove that 4*41 is a square number in any scale of notation 
whose radix is greater than 4. 

Let r be the radix ; then 

r H \ r) 

thus the given number is the square of 2-1. 


Example 2. In w'hat scale is the denary number 2*4375 represented by 
213? 


Let r be the scale ; then 

2 +- + ^. = 2-4375 = 2 ^ : 
r r* Id 

whence 7r-- lGr-48 = 0 ; 

that is, (7r + 12) (/•-4) = 0. 

Hence the radix is 4. 

Sometimes it is best to use the following method. 

Example 3. In what scale will the nonary number 25607 be expressed 
by 101215 ? 

The required scale must be less than 9, since the new number appears 
the greater; also it must be greater than 5; therefore the required scale 
must be 0, 7, or 8; and bij trial we find that it is 7. 
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Example 4. By working in the duodenary Bcale, find the height of a 
rectangular solid whose volume is 304 cub. ft. 1048 cub. in., and the area of 
whose base is 40 scj. ft. 8 sq. in. 

The volume is 364|i*-| cub. ft., which expressed in the scale of twelve is 
264*734 cub. ft. 

The area is 46p|^ sq. ft., which expressed in the scale of twelve is 3/-0S. 

AVe have therefore to divide 204*734 by 3^*08 in the scale of twelve. 

3/08)2G473*4(7-e 

22^48 

30274“ 

302y__ 

Thus the height is 7ft. llin. 


EXAMPLES. VII. b. 


1 . 

2 . 

3 . 

4. 

5 . 

6 . 

7. 

8 . 
9. 


10 . 

11 . 

12 . 

13 . 

14 . 

15 . 

16 . 

17 . 

18 . 


Expre.ss 4954 iu the scale of seven. 

Express 624 in the scale of five. 

Express 206 iu the binary .scale. 

Express 1458 in the scale of three. 

Express 5381 in powers of nine. 

Transform 212231 from scale four to .scale five. 
Express the duodenary number 398c in powei*s of 10. 
Transform 6^12 from scale twelve to scale eleven. 


Transform 213014 from the senary to the nonary scale. 
Transform 23861 from scale nine to scale eight. 
Transform 400803 from the nonary to the quinary .scale. 
Express the septenary number 20665152 iu powers of 12 
Transform tttcee from scale tweh e tti the common .scale. 


Express — as a radix fi*actioii in the septenary scale. 


Transform 17T5625 from .scale ten to scale twelve. 

Transform 200*211 from the ternary to the nonary scale. 
Transform 71*03 from the duodenary to the octenary scale. 

loo*^ 

Express the septenary fraction as a denary vulgar fi*actiou 


^ in its lowest terms. 


19. Find the denary value of the septenary numbers *4 and *42. 

20. In what .scale is the denary number 182 denoted by 222 ? 

25 

21. In what scale is the denary fraction s— denoted by *0302 ? 
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22. Find the radix of the scale in wliich 554 represents the square 
of 24. 

23. In what scale is 511197 denoted by 1746335 f 

24. Find the radix of the scale in which the mimbei*s denoted by 
479, 698, 907 are in arithmetical progression. 

25. In what scale are the radix-fractions *16, *20, *28 in geometric 
progression ? 

26. The number 212542 is in the scale of six; in what scale will it 
be denoted by 17486? 

27. Shew that 148*84 is a perfect square in every scale in which the 
radix is greater than eiglit. 

28. Sliew that 12.34321 is a perfect square in any scale whose ra<lix 
is greater tlian 4; and that the square root is always expressed by the 
.san^e four digits. 

29. Prove that 1*.331 is a perfect cube in any scale whose radix is 
greater than three. 


30. Find which of the weights 1, 2, 4, 8, 16,... lbs. must be used to 
weigh one ton. 

31. Find which of the weights 1, 3, 9, 27, 81,.., lbs. must be used 
to weigh ten thousand lbs., not more than one of each kind being used 
but in eitlier scale that is necessary. 

32. Shew that 1367631 is a i)ei’fect cul)e in every scale in which the 
radix is greater than seven. 

33. Prove that in the ordinary scale a number will be divisible by 
8 if the munber fonned by its last three digits is divisible by eight. 

34. Prove that the square of rrrr in the scale of a is m'^OGOl, where 
Qy r, s are any three consecutive intcgeis. 


35. If finy number X be taken in the scale r, and a new number N' 
be formed by altering the order of its digits in any way, shew that the / 
difference between X and X' is divisible by r— 1. 

36. If a number has an even number of digits, shew that it is 
divisible by r-h 1 if the digits equidistant from each end are the same. 

37. If in the ordinary scale S, be the sum of the digits of a number 
X, and 3>SV be the sura of the digits of the number SA””, prove that the 
difference oe tween iSi and i.s a multiple of 3. 

38. Shew that in the ordinary scale any number formed hy 
.vritiiig down three digits and then repeating them in the same order 
is a multiple of 7, 11, and 13. 

39. In a scale whose radix is odd, shew that the sum of the 
digits of any number will be odd if the number be odd, and even if 
the number be even. 

40. If n be odd, and a number in the denary scale be formed 
by writing down n digits and then repeating them in the same order, 
shew that it will be divisible by the number formed by the n digits, 
and also by 9090... 9091 containing n - 1 digits. 


CHAPTER VIII. 


SURDS AND IMAGINARY QUANTITIES. 

85. In the Elementary Alyehra, Art. 272, it is proved that 
K tlie denominator of any expression of the form - — can he 

rationalised by multiplying the numerator and the denominator 
hy Jb - Jcj tlie surd conjugate to the denominator. 

Similarly, in the case of a fraction of the form — 

where the denominator involves three quadratic suixls, we may hv 
two operations render that denominator rational. 

For, first multiply both numerator and denominator by 
+ Jc - denominator becomes {Jb ^ Jcf - {Jdf or 

b^c~d-^2 Jbc. multiply both numerator and denominator 

^ by (J + c - rf) — 2 Uie denominator becomes (6 + c — <f)* — 46c 
which is a rational quantity. * 

12 

3+-v/5-~V2' 

_ 12 <. 3 + ^5 + 2 ^ 2 ) 

(3 + ^ 5 )— ( 2 ^ 2 ;« 

^ 12 ( 3 + ^ 5 + 2 ^) 

6 + 6^5 

_ 2 (3 + <^ 54 - 2 * y 2 ) (^6 » 

(^5 + 1) (^5 - 1) 

- ^± V 5 + 2^10 - 2 J 2 

2 

= 1+^6 +^ 10 - yJ 2 . 


ExampU, Simplify 
The expression 
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86. To find the factor which will rationalise any given bino- 
mial surd. 


Case I. Suppose the given surd is - ^h. ^ 

Let Ua = a:, i/b=y, and let n be the l.c.m. of p and g- ; then^ 
x" and 7/” are both rational. 

]So'.v a;" - if is divisible hy x - y for all values of n, and 


x" — if (x - ?/) (x" ’ + x'* V y ^ ■^2/" ’)• 


Thus tlie rationalising factor is 


x' ' -h X 


C 
« - 2 


y + X- 


rt — 3 .2 




y 


rt^\ 


and the rational product is x" ~y'‘. 


Case TI. Suppose the given surd is j^Ja + ^6. 

Let X, yy n have tlie same meanings as before; then 
(1) If 71 is even, x" — y" is divisible by x + y, and 

x" — y" = (x + y) (x"~* — x"~^y -f + xy'‘~* — f~^) 


Thus the rationalising factor is 


x"-‘ -x""-?/ + 




and the rational product is x" — y'*. 


(2) If 71 is odd, x” + y is divisible by x + y, and 

a;" -f. y = (x + y) (x""' - x""*// 4- - xy""* + y''“'). 


Thus the rationalising factor is 


x" * — x” *y 


-xy" * + y" 


and the rational product is x" + y". 


Example 1 . Find the factor which will rationalise <^ 3 + 4 ^ 5 , 
1 1 

Let a; =5 3 *, t/ = 5 ^ ; then x** and j/® are both rational, and 

X* - T/* = (x + y) (x* - x*y + x^if - x~tf + xif - j/’) ; 

thus, substituting for x and i/, the required factor is 

541 3233 14 5 

32-32.53+3^. 53-32 . 53 + 32,5^-5% 

6 13 3 14 5 

32 _ 3 . 53 + 33 . 51 _ 15 + 39 . 53 _ 53 ; 


or 


6 


and the rational product is 32 — 52 = 32 — 52 = 2. 


yj 
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Example 2. Express ( 5 ^ + 9® ) -!■ (s^-gs) 

as an equivalent fraction with a rational denominator. 

11 1 

^ To rationalise the denominator, which is equal to 6^-3*, put 6^= 
3* — y; then since x*^y*=(x^y) {x^ + x^y-^-xy^ + y^) 


Jie required factor is 


9 1 


52 + 52.34 + 52.34 + 34 . 


and the rational denominator is 5^ - 3* = 5* - 3 = 22. 


, t ♦ V "T 

the expression = 


/I / ? ? 2 i ? ?\ 

_U-* + 3V V5^ + 52. H-i + S®. S-^ + SV 


4 

5'- + 2 


3-‘ + 2 


5^ 8* + 2 
22 


3^ + 3^ 


_ 14 + 52 . 3^ + 5. 3-'+ 52 . 3< 

“ 11 ^ 

87. We have shewn in the Elementary Alychra, Art. 277, 
how to find the square root of a binomial quadratic surd. We 
may sometimes extract the square root of an exjiression contain- 
ing more than two quadratic surds, such as a Jb Jc + Jd. 

Assume Ja+Jb-\-Jc-\- Jd — Jx + Jy + Jz ; 

a + ^/c +^d = a: + y + 2 + 2jxy + 2 ^/x 2 + ^Jyz. 

If then ‘^Jxy=jh, 2jlcz^Jc, 2jJz=Jd, 

and if, at the same time, the values of x, y, 2 thus found satisfy 
x + ^ + 2 = a, we shall have obtained the required root. 

Example. Find the square root of 21 - 4>/5 + 8^y3 - 4^15. « 

Assume v/21 - 4^y5 + 8^/3 - 4^1.5 + ^/v - ../z : ‘ 




Put 


Assume - 4^/5 + 8v'3 - 4v'15 ^ ‘ 

21 — 4y^ 5 + 8^/3 — 4.yi5 = x+ y+ 2 + 2 ^ xy —2.»Jxz — 2^yz, 

Put 2 s/^ = 8V3. 2v^^^ = 4V15, 2 Vy2 = 4V5; 

by multiplication, aryz =240 ; that is ^^=4^16 ; 
whence it follows that ^^ = 2^3, Vy = 2 , ^z=^5. 

And since these values satisfy the equation x + i/ + 2 = 21. the required 

root IS 2^3 + 2 -^6. i' * h 
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88. -//* + ^/b = X + t1ip,7h will = x — ^/y. 

For, by cubing, we obtain 

a + Jb = + 3x* Jy + + y ^ y. 

E<juating rational and irrational pai*ts, we lia\ e 

a = a'" + Zxy, Jb = 3.t' Jy + y Jl/ i 

a - Jb =. a:'* - 3a;® Jy + ^xy-y Jy ; 

is, Ija- Jb = x- Jy. 

Similarly, by the help of tl»e Binomial Tlieorem, Chap. XIIL, 
it may he proved that if 

'Ja Jb = x + Jy, then Ja - Jb^ x — Jy, 
wliere n is any positive integer. 


89. By the following method the cube root of an e.\i>iession 
of the form a^Jb may sometimes be found. 

Suppose Ja -^Jb=^+Jy> 

IJa — Jb = x-~ Jy 

Ja^ — b (1). 

Again, as in tlie last article, 


cc = a^ + 3a;y 



The values of x and y have to be determined from (1) and (2). 


In (1) suppose that Jd^ — 6 = c ; 
(2) wo obtain 


then by substituting for y in 


that is, 


Cl —oif + {of — c) i 

— 3ca; = a. 


If from this equation the value of x can be determined by 
trial, the value of y is obtained from y = ix? — c. 

vNote. We do not here assume for the cube root, as in the 

extraction of the square root; for with this assumption, on cubing we should 
have 

a+,^h^x^x-^Zx,Jy->rZy^x-\-y^y, 

and since every term on the right hand side is irrational we cannot equate 
rational and irrational parts. 
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Example, Find the cube root of 72 - 32^/5. 
Assume ^ 72 - 32j^5 = x—^ly\ 

then ^72 + 3^5 = -r + , 

^ By multiplication, - 1024 x 5 = x- - y ; 


By multiplication. 


that is, 


4=x- - y 


(!)• 


Again 

whence 


72 - 32^5 = - 3x\/y -+■ 3xy - y^/y ; 

72 = x*4-3.ry 


(2) 


Frorit (1) and (2), 72 = x^ + 3x(x“-4); 

that is, a!:3-3x=18. 

\/ Ihj triaL we find that x = 3; hence y = 5, and the cube root is 3 


/5. 


V 90. Wlien the binomial whose cube root we are seekin 
consists of two quadija tic surds, we proceed as follows. 


Example. Find the cube root of 9yy/3 + 11,^2. 

y 3^/3 (3 + ' 

= s'3^3+ 


By proceeding ars in the last article, we find that 


•V^® + T\/5 = ^ + \/l’ 


the required cube root =,^/3 ^1 + -y/f) 


/ 




91. We add a few harder examples in surds. 


Example 1> Express with rational denominator ^ 


vy 

The expression 


4/9-4/3 + 1- 


b 


33-33 + 1 
4 (3^ + 1) 

(33 + 1) (3^- 35 + 1) 
4(33+1) 1 ^ 








3+1 


=33 + 1. 
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Example 2. Find the square root of 


The expression - 3 + 2sJ{2x + 1 ) (:c - 4)} 


=^, { (2j- + 1 ) + (X - 4) + 2 V (2x + 1 ) (a: - 4)}. 


hence, by inspection, tlie square root is 




Example 3. Given ^^5 = 2-23607, find the value of 

J'i- v /r> 

s/2 -+-^7^ 3^' 

Multiplying numerator and denominator by s/2, 

• v/e - 2vr> . ; ' 

the expression = — — -- 

2 + V14-6s^5 

-t 

_ s/5 - 1 ^ 

“2^3-~/5 ^ 




tu 




EXAMPLES. VIII. a. 


Express as equivalent fractiems with rational denominatoi i 

1 ^ rt 


H-s/2-V3 * 


t / * ^ 

ct^ 1) ^ \ ci^b 

. s/104-s/5-s'3 « 

s/3 + s/10-s^5* 

Find a factor which wiU rationalise: 


s/2 + s/3 - s/5 ' 

2 \/a+i 

sj a — X — sj2a-\-tsl a-^\ 

(s/3 + s/5) (s/5 + \/2) 

s '2 + s /3 + s ^5 


7. 4/3 -s/2. 
10. 4'3-l. 


8. 4y5 + -y2, 

11 . 2 + 4 / 7 . 


9 . 

12. 4/5 -4^3. 


SURDS AND IMAGINARY QUANTITIES. 73 


Express with rational denominator : 


13. 

3/3-1 

14. 

^/9 - 

6'8 

15. 

33 + 1 


;/8 

3/3 -f V2 

16. 

3/3 

17. 

\^8 "T 

V4 

A 

« '27 

18. . 


v/3+ «'9‘ 

n'8 - 

■;/4 

3 - ;/9 

Find 

[ the square 

root of 




19v- 

16-2^/20 

- 2^/28 + 2v/35. 


20 . 

24 + 4^15 - 4^21 - 2V35. 

21 . 

6 + .^/12 - V24 - a/8 . 


22 . 

5 - v/10 “ v/lb + v/O. 


23 . a + 36 + 4 + 4 - 4 ^^36 - 2 J^ab. 

24. 21 -i- 3v/8 - 6^/3 - 6^7 - \^24 - ^56 + 2»,/21. 


Find the cube root of 

25. 10 + 6s/3. 26. 38-rl7s'5. 27. 99-70v^2. 

28. 38^/14 - lOOs/2. 29. 54^3 + 4K^5. 30. 135^3-87^^6. 


Find the square root of 
\/3i, a+x + J2ax-k-x^. 

33'-^ 1 +a2 + (l +a2+a*)i 

1^- ‘-2Tb’ 




32. 2a-V3a--2«6-62. 

34. l+(l-a=ri ^ 

find the value of 7a^ + 1 la6 - 76^ 


36. 




V 3 + v /2 ’ ^ v /3 - v /2 


\/3 + ^2 


, find the vaiue of 3x* - ^xy + 3^“. 


Find the value of 


37. 


^/26 - 1 5^/3 
5^2 - ^38 + 5 V 3 




/ 6 + 2 s /3 

V 33 - 19v/3 * 



(28-10V3)^-(7+4s/3) i 40. (26 + 15^3)? - (26 + 15^3)“! 

Given =2-23607, find the value of 

10\/2 \''10 + .^/18 

\/18 — + \/8+i^3 — ^5 

Divide + 1 + Zx^2 by x - 1 + ^2. 

Find the cube root of 9a6^ + (6^ + 2^a^)Jb^ - 3a*. 

•Jx^ — 1 1 

Evaluate , when 2x = ^a H . 

x - -s/x* - 1 s/a 
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Imaginauy Quantities. 

92. Although from the rule of signs it is evident that a 
negative quantity cannot have a real square root, yet imaginary 

quantities represented by symbols of the form a, 1 are of 
frequent occurrence in mathematical investigations, and their 
use leads to valuable results. Wo therefore proceed to explain 
in what sense such roots are to be regarded. 

When the quantity under the radical sign is negative, we can no 
longer consider the symbol .^as indicating a possible arithmetical 
operation ; but just as may be defined as a symbol wliich obeys 

the relation x = a, so we shall define J—a to be such that 

J — a X ^ — a — — a, and we shall accept the meaning to which this 
assumption leads us. 

It will be found that this definition will enable us to bring 
imaginary quantities under the dominion of ordinary algebraical 
rules, and that tlirough their use results may be obtained which 
can be relied on with as much certainty as others which depend 
solely on the use of real quantities. 

93. By definition, J— 1 x 1 = - 1. 

yja . J- 1 X Ja . ^—1 = rt (— 1) ; 

that is, {Ja.J—\y = ~a. 

Thus the product Ja , ^—1 may be regarded as equivalent to 
the imaginary quantity a, 

94. It will generally be found convenient to indicate the 
imaginary character of an expression by the presence of the 

symbol 1 ; thus 

= 74 X ( - 1) = 2 7 - 1 . 

7- 7a' = J7a^x{ - 1) = a 7" 7-1 

V 

> 

95. We shall always consider that, in the absence of any 
statement to the contrary, of the signs which may be prefixed 
before a radical the positive sign is to be taken. But in the use 
of imaginary quantities there is one point of iinj>ortance which 
deserves notice. 
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Since (— a) x (— 6) = ah, 

by taking the square root, we have 

^ ^ s/~ 6 = ± Jab. 

TIius in forming the product of J^^ and J— b it would appear 

that either of the signs + or — might be placed before Jab. 
Thi^ is not the case, for 

J’-a'Aj—b = Ja. J~ \ X \/6. ^/— 1 

=JahU-^\y 

= — Jab. 

96. It is usual to apply the term ‘ imaginary ' tc all expres- 
sions which are not wholly real. Thus a + bj^l may be taken 
as the general type of all imaginary expressions. Here a and b 
are real quayitities, but not necessarily rational. 

97. In dealing with imaginary quantities we apply the laws 
of combination which have been proved in the case of other surd 
quantities. 

Example 1. a + 6 J^X ± (c + d J^\) = a ± c + ± d) ^ ^1. 

Example 2. The product oi a J ~-i and c + d J~^ 

= (a + 6 ^- 1 ) (c + tZ J^^) 

= ac — bd + (hc + ad) J — X. 

98. 7/" a + b ^ — 1 = 0, then a = 0, and b = 0. 

^ For, if a + h J = 0, 

then hJ—\= — a\ 

a*-i-6* = 0. 

Now a* and 6"^ are both positive, therefore tlieir sum cannot 
be zero unless each of them is separately zero ; that is, a = 0, 
and 6 = 0. 

>j 99. .^a + b^— l=c-l- d^— 1, then a = c, and b = d. 

For, by transposition, a — c + (6 — d) J"^\ = ; 

therefore, by the last article, a — c = 0, and 6 — = 0 ; 

tliat is a = c, and h-d. 
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1 hus 171 order (hut tn',o loutfjfyionj exp^'esslons 'tiuiy he equal it 
ir necessary and saflirAenU that the real parts should be equal, a^id 
Hie imaginary jiarts shoidd be equal. 


100. I)kfimtiox. 

only in tlio sign of 

conjugate. 


lien two imaginary expressions clifTer 
tlie im/iginary part they are said to be^ 


llius a — hJ— \ is conjugate to a + 6 ^/— 1. 

Similarly J'l -v 3 J — 1 is conjugate to ^/2 — 3 

101. The sum and the product of tiro conjugate hnaqinary 
e.v27res'<ious ai'c. both real. 


For 


Again 


n + hJ- \ +a~h J- \ = 2a. 

(a + l>J-\){a-b J ~\ ) = (_ 

= a“ + b\ 



102. Defixitio.v. Tlie positive value of tlie S(iuare root of 
b IS railed the modulus of each of the conjugate e.xpressions 

n + b J — \ and n — b J — 1 . 

103. Tho. nwrluhis of the product of two hoamnnr,, expres- 
sions xs equal to the product of their lood^di. 


Let the two expressions be denoted by a + bJ- \ and c + dJ-\. , 

Then their pyoAxxct - ac -bd + (ad ^bc) J~\, which is an 
imaginary expression wiiose modulus 

— J (/o; - bd)- -1- (^ad 4 - 6c)’' 

X 4- h-\t- + aAT~-h b^c- 


= J{a'^ -h 6^’) (c^‘4- d^) 

^ Jd- + IT X Je~ f f/- ; 

which proves the ]>ioposition. 



^ denominator of a fraction is of the form a 4 - 6^—1, 

1 may be rationalised by multiplying the numerator and the 

denominator by the conjugate expression 
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For instance 

c + dy j— 1 _ (c + dj — i)(a-b »J^l) 
^ 1 (ct + h tj — 1) — 6^— 1) 

ac-^hd+ {ad ~ 5c) ^ — 1 
"" a" + 6" 


in 


ac + bd 
+ 6' 


ad - 5c 
a" + 5* 



Thus by reference to Art. 97, we see that the sum, difference, 
'product, and quotient of t'wo imaginary expressions is in each case 
an imaginary expression of the sa7ne form. 


105. To find the square root of a 4 -b\/— 1, 


Assume s/a + 5 V— 1 = ic + y V— 1, 

w}iere x and y are real quantities. 


c: 

0I;5 


p}- 


A ^ 


at 


By squaring, a + 5 J- 1 = a;* - y* + 2a;y J- 1 ; 
therefore, by equating real and imaginary parts. 


2 9 

X — If =. a 


(1). 

2a--y = 6 (2); 

(x^ + yT = (^’-yT + (2x-y)' 

-a" + 6-; 

x' + y^ = J^m? (3). 


From (i) and (5), we obtain 


2 Ja^ + b^ + a Jd^ + b^-a 

X = = , 


2 


X — 


'\Jcd+ 5*+ a 


2 


y 


= ± -i 


o 


Thus the required root is obtained. 

Since x and y are real quantities, j:2 + j/2 is positive, and therefore in (3) 
^ the positive sign must be prefixed before the quantity + 

u product xy must have the same sign as 6; 

lU hence a: and y must have like signs if b is positive, and unlike signs if 6 is 
negative. ^ 
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Example 1. Find the square root of - 7 — 24 »y - 1. 
Assume 

then - 7 - 24 = x’^-y^ + 2xy J 

x2_y2= -7 

and 2xy=-24. 

{x'^ + yY = {x'^-y‘^)^ + {2xy)‘^ 
= 49 + 576 
= 625; 

.*. x“ + ?/* = 25 

From (1) and (2), x2=z9 and t/’^=16; 

x=±3, y— ±4. 

Since the product xy is negative, we must take 

x = 3, y=-4; orx=-3, y = 4. 

Thus the roots are 3 - 4 - 1 and -3 + 4 

that is, ^/ - 7 - 24,/rr= ± (3 - 4 ^ ^). 


Example 2. To find the value of i/ — Oia-*. 

— 2rt ^ 2 mJ — 1* 

It remains to find the value of 

s/ + \/-l = x + y^ - 1 ; 

l=ar-y2^2xy ,y~l; 

x 2 -y 2 _Q 2xy = l ; 


Assume 

then 


whence 


Similarly 


X — 


J-2' 


ri 


riA> 


V2 


>/->/-! = 




.y±s/-l=±i(l±^-l)r 

^ - 64(1-*= ± 2a (1 ± 


a&d finally 
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106. The symbol ,/ — 1 is often represented by the letter i ; but 
until the student has had a little practice in the use of imaginary 

quantities he will find it easier to retain the symbol »J It is 

useful to notice the successive powers of 1 or t ; tlius 



• • 

% = %\ 

(N/-ir=-i, 

i® - - 1 ; 


1 

II 

= 1 , 



and since each power is obtained by multiplying tlie one before it 
by or {, we see that the results must now recur. 


107. We shall now investigate the properties of certain imagi- 
nary quantities which are of very frequent occurrence. 

Suppose X = ; then a:* = 1, or a:* — 1 = 0 ; 

that is, + x+l) = 0. 

, •. eitlier a; — 1 = 0, or a;® + a; + 1 = 0 ; 


whence 


«= 1, or 


X = 




2 


It may be shewn by actual involution that each of these 
values when cubed is equal to unity. Thus unity has three cube 
roots, 

, - 1 + 7 ^ 

2 ’ 2 ^ 

two of which are imaginary expressions. 


Let us denote these by a and ; then since they ai’e the roots 
of the equation 

a;® + a: + 1 = 0, 

their product is equal to unity ; 
that is, a/3 = 1 ; 

tliat is, y3 = a®, since a® — 1, 

Similarly we may shew that a = yS*. 

108. ^ Since each of thx inuiginary roots is the square of the 
otlier^ it is usual to denote the three cube roots of unity by 1, w, a>*. 
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Also CO satisfies the equation x^^x + l=0; 

1 + CO + CO* = 0 ; 

that is, the sum of the three cube roots of unity is zero. 

Again, co . co* = co^ = 1 ; 

therefore (I) the -product of the two imaginary roots is unity ; 

(2) every integral power of co^ is unity. 

109 It IS useful to notice that the successive positive 
integral powers of co are 1, co, and co* ; for, if n be a multiple of 3, 
it must be of the form 3o/ ; and co” = co^'" = l. 

If n be not a multiple of 3, it must bo of the form 3m + 1 or 


At ^ — + co" = CO^^ + l =CO^"‘ . CO = CO. 

If w = 3m + 2, co" = co*"‘+2 = co3'« . co2 = co2. 

. every quantity has three cube roots, 

two ot which are imaginary. For the cube roots of o=* are those 

n ^ therefore are «, aco, nco*. Similarly the cube roots 

of 9 are ^ co2^^9, where ^/9 is the cube root found by the 

or inary arithmetical rule. In future, unless otherwise stated, 

? X o will always be taken to denote the arithmetical 

cube root of a. 


Example 1. Reduce 
The expression 


(2+3^-!)* . / 

~T - to the form A bJ 

2 f V-1 ^ 

_ 4-<) + I 27 ~1 
2 1 

= + (2- J ~1 ) 

{■i + J-l) (2-J^Y)~ 

_ - 10 + 12 + 29v/~I 

4 + 1 


-1 


2 29 /— 

=H + if '/-i; 

o o 

which is of the required form. 

Example 2. Resolve +y3 into three factors of the first degree 

^ = {x +y){x^ ~ xy Hy») 

* * ^ + 3^ = (^ + y) (-a^ + wy) (x + co*y) ; 

oi + = — 1, and = 1. 


Since 





for 
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Example 3. Shew that 

(a + ojb + tt>*c) (a + oj^b + coc) =q~ -‘rh^ +c^ —he —ca — ah. 

In the product of a wb + oj^c and a + oj^b + a>c, 

“S the coefficients of 6- and c* are a>^ or 1 ; 

the coefficient of 6c = a»^ + = a>“ 4- a> = - 1 ; 

the coefficients of ca and a6 = + a> = - 1 : 

{a + ojb 4- co^c) (a 4- oj^b + ojc) =a^ 4-6^ + — 6c — ccr — a6. 

Example 4, Shew that 

( ' + a>-aj2)®-(l -aj + w2)3^0. 

Since 1 4- oj 4- a>® = 0, we have 

(1 4- OJ - Oi^)^ -(1 - a> + = ( - 2a)^)^ - ( - 2oj)^ 

= -8aj« + 8o>3 

" =-84-8 

= 0 . 

v/ 

EXAMPLES. VIII. b. 





1 . 

2 . 

3. 

4. 


Multiply 2 \/-^ + 3 by 4 \/ -3-5\/-2. 

Multiply 3 V - 7 - 5 by 3 

Multiply e>/“^ by — e 


Multijily X — 


1 4-^-3 
2 


by j;- 


l-V-3 


Express with rational denominator: 

5. . 6. 

3-\/-2 

^ 34-2 . 3-2\/~l 

• ♦ T ■ + / ‘ — • O* 

2-5V-1 24-5V-1 

9. _ (WElI“ 10 

07— V — 1 A'd- V - 1 


3 — 2 4-2^ — 5 

3 V^2-2 V-'S ■ 

a-h.v^ I _ a-x\^l 

a-x^~^ a4-jV^ 

(a - 

(a 4 - V^)- - (a - ' 


11. Find the value of ( - V - 1 ^ when w is a positive integer. 

12. F iud the square of ^9 4- 40 V 4- - 40 V ^1. 
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Find 

the square 

root of 



13. 

-5 + 12s/ 

-1. 

14. 

-11-607-1. 15. - 

47 + 87-3. 

16. 

-SV-l. 


17. 

a® - 1 + 2a7- 1. 


18. 

4a6 - 2(o3 

-63)7 

-1. 



Express in the form A 

-¥iB 



19. 

3+5i 

• « 


20. 

<s/3 — 1**/2 22 

1 + i 


2-3i 



2^/3-^V2* 

1-7 

22. 

(1+0^ 

- • • — - • ^ 


23. 

(a + i6)3 (a - i6)* 



3-i. 



a -ib a + ib 


If 1, 

o), a»3 are the three cube roots of unity, prove 


24. 

{l+(o^y = 

CO. 


25. (1 -a> + a>3)(l +C0 

-w3) = 4. 


26. (1 -a>)(l ~co^){l -co*){l -w5)=9. 

27. (2 + 5a> + 2o^2)« = (2 + 2oj + Sco^)® = 729. 

28. (1 -a) + a>’*)(l -w^ + ct)^)(l -tt>* + cu®)... to 2n factors = 2*”. 

29. Prove that 

+ y3 + 23 _ 3x^2 = {x y -h z) {x -i- ya> zw^) {x + yco^ + zw). 

30. If x=a + b, y = aco -hbco^f 2 = CEco* + 6a), 

shew that 

✓ 

( 1 ) ^xyz = a® + 6 *. 

( 2 ) X’- + + 2 ^ = 6 «/». 

(3) x3 + 2/3 + 23 = 3(0=* + 63). 

31. If ax + cy + bz = Xf cx-hby + az=Y, bx-\-ay -\-cz = Zf '* 

shew that (a* + 6* + - 6c - ca - a6) (x* + y* + z* - yz - zx - xy) 

=jt3+ y2+z3- y^--yz-ZP. 


CHAPTER IX. 



THE THEORY OF QUADRATIC EQUATIONS. 



111. After suitable reduction every quadratic equation may 
be written in the form 

aa^ + 6x + c = 0 (1), 

and the solution of tlie equation is 



— 6 ± — 4ac 



We shall now prove some important propositions coiuxected 
with the roots and coefficients of all equations of wliich (1) is 
the type. 

112. A quadratic jqiuUion cannot have more than two roots. 

For, if possible, let the equation aa;® + 6aj + c = 0 have three 
different roots a, /?, y. Then since each of these values must 


satisfy the equation, we have 

aa? -r6a + c = 0 (1), 

a/3“-f6/3 + c-0 (2), 

ay* + 6y + c = 0 (3). 

From (1) and (2), by subtraction, 


a(a*-jS*) + Z>(a-/?) = 0; 

divide out by a — ^ wliich, by liypothesis, is not zero ; then 

a (a 4* y3) + 6 = 0. 

Similarly from (2) and (3) 

a (y3 + y) + 6 = 0 ; 

by subtraction a (a - y) = 0 ; 

which is impossible, since, by hypothesis, a is not zero, and a is 
not equal to y. Hence there cannot be three different roots. 
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113. In Art. Ill let the two roots in (2) be denoted by a and 
0, so that 

_ — h + - 4ac 


a = 


2a 






ac 


2a 


then we Iiave the following results : 

I ’I ^ (tlie quantity under the radical) is positive, 

jet and p are real and unequal. 

I (“) If ^ — 4ac is zero, a and (3 are real and equal, each 


'reducing in this case to -- 


2a 


(o) If b 4ac is negative, a and /? are imaginary and unequal. 

(4) If i — 4ac is a perfect square, a and jS are rational and 
-inequaL 

By ^^ppiyhig these tests the nature of the roots of any 
Utidratic may be determined witliout solving the equation. 

Example 1. Shew that the equation 2x^-Gx + 7 = 0 cannot he satisfied 
by any real values of x. 

Here a = 2, b= -G, c = 7; so that 

_ 4«c = ( - G)2 - 4 . 2 . 7 = - 20. 

Therefore the roots are imaginary. 

Example 2. If the equation + 2 (A + 2) a: + 9/: = 0 has equal roots, find k. 
The condition for equal roots gives 

(A + 2)»=9A, 
ok + 4 = 0, 

(A-4)(A-1) = 0; 

A = 4, or 1. 

Example 3. Shew that the roots of the equation 

X* - 2px +p^ - + 2qr - r‘ = 0 

are rationaU 

The roots will be rational provided ( ~ 2p)^ ~ 4 + 2qr ~ r^) is a 

perfect square. But this expression reduces to 4{q^ -2qr + r^), or 


Hence the roots are rational. 


114. Since a = r = 

2a » ^ 2a * 


we have by addition 

_ — 6 + ^Jb^ — 4ac ~h — Jb^ — 4ac 


A 


+ /? = 


2a 


2a a 


( 1 ); 
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and hj multiplication we have 



{—b + Jb* — ^ac) (— 6 — Jb* — 4ac) 

4 ^* 


(_ ly _ (6* _ \ac) 
4cr 


4ac c 
4a® a 


By writing the equation in the form 


* ^ ^ A 

a: + ~ a; + - = 0, 

a a 



these results may also be expressed as follows. 

In a quadratic ecjuation where the coefficient of the Jirat term is 
unit If ^ 

(i) the sum of the roots is equal to the coefilcient of x with 
its sign changed \ 

(ii) the product of the roots is equal to the third term. 

Note. In any equation the term which does not contain the unknown 
quantity is frequently called Die absolute term. 


115. Since 


b c 

a 4- and - = aS, 

a a 


h c 

tdie equation ~ x + - = 0 may be written 


a;® — (a + ^) a: + a/? — 0 (1). 

Hence any quadratic may also be expressed In the form 

X' — (sum of roots) x + product of roots = 0 (2), 

Again, from (1) we liave 

(x - a) (x - p) = 0 (3). 


We may now easily form an equation with given roots. 


Kxample 1. Form the equation whose roots are 3 and -2. 

The equation is (jf - 3) (x + 2) = 0, 

or - X — G = 0. 

When the roots are irrational it is easier to use tlie following 
metliod. 
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Example 2. Form the equatioa whose roots are 2+*y3 and 2-/^3. 

■\Ve have sum of roots = 4, 

product of roots=l; 

the equation is ;r^-4x + l = 0, 

by using formula (2) of the present article. 

116. By a method analogous to that used in Example 1 of 
the last article we can form an equation with three or more given 
roots. 


ExajnpU 1, Form the equation whose roots are 2, — 3, and 4 . 

5 

The required equation must be satisfied by each of the following sup- 
positions : 

X — 2 = 0, x + 3 = 0, X — ^=0; 

5 

therefore the equation must be 


( 1 - 2 ) {x + 3)(^x-Vj=0; 

that is. (z - 2) (x + 3) (5.r - 7) = 0, 

or 5x^ - 2x’ - 37 X + 42 = 0. 


Example 2. Form the equation whose roots are 0, ±a, 


The equation has to be satisfied by 



A c 

x = 0, x=iay x=-a, ^=r ; 

therefore it is 

x(z-f-a) (x-a)^x-n=0; 

that is, 

X (x=^-a-) {bx-c) = 0, 

or 

bx* - cx® - orbj^ + a-cx = 0. 


117. The results of Art, 114 are most important, and they 
are generally sufficient to solve problems connected with the 
roots of quadratics. In such questions the roots should never he 
considered singly^ but use should be made of the relations ob- 
tained by writing down the sum of the roots, and their product, 
in terms of the coefficients of the equation. 


Example 1. If a 
(1) a2 + /32, (2) + 

We have 


and /3 are the roots of x*-px +5 = 0, find the value of 



y 

i 




I 


0 

• « 
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Again, 


a’ + /3^=: (a + /3) (a^ + - o/5) 

=i>{(a + ^)^-Sa^} 

= p{p^-3q). 


J. 

> 


£ 


ExampU 2. If a, fi are the roots of the equation lx^-\-mx-^n 

equation whose roots are - , ^ . 

^ a 


= 0, find the 


We have 


sum of roots = -t- - = — 

/S o 0/3 

product of roots = “ ^ = 1 ; 

P « 


bj Art. 115 the required equation is 


or 


o/Sar^ - (a^ + x + o/3 = 0. 

As in the last example + , and a/3= y , 


the equation is 


or 


n „ m* - 2;tf n ^ 

j*--— ,--x+ J=0, 

n/x* — (m^ - 271?) x + n? = 0. 


Example 3. When x=s 


3 + 5^-l 


2 


, find the value of 2x3 + 2x-- 7x + 72 j 


3 — 5 w — 1 

and shew that it will be unaltered if be substituted for x. 

Form the quadratic equation whose roots are 
the sum of the roots =3 ; 

the product of the roots : 


3±5 J-1 
2 


17 
2 ' 


hence the equation is - 6x + 17 = 0 ; 

2.r--6.r4'17 is a quadratic expression which vanishes for either of the 

values ^ . 




Now 2x3 + 2x»-7x + 72 = x (2x2 - 6x + 17) + 4 (2x3 - 6x + 17) + 4 

= x X 0 + 4x04-4 
= 4; 

which is the numerical value of the expression in each of the supposed cases. 


I 
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^118. To find the condition that the roots of the equation 
ax*-fbx + c = 0 should he (1) equal in magnitude and opposite 
in si(jn^ (2) reciprocals. 

Tlie roots -will be equal in magnitude and opposite in sign if 
their sum is zero; hence tlie required condition is ^ 

— - = 0, or i = 0. 
a 

Again, tlie roots will be reciprocals wlien their product is 
unity ; hence we must liave 


- - 1, or c = a. 

a 


The lirst of these results is of frequent occurrence in Analyti- 
cal Geometry, and the second is a particular case of a more 
general condition applicable to equations of any degree. 

^KxampU. Find the condition that the roots of ax--\-hx + c-0 may be (1) 
both positive, (2) opposite in sign, but the greater of them negative. 


We have 



if thfi roots are both positive, is j)ositive, and therefore c and a 
have like signs. 

Also, since a + ^ is positive, — is negative; therefore b and a have unlike 

CL 

signs. 

Hence the required condition is that the signs of a and c should be like, 
and opposite to the sign of b. 

/ 

^^2) If the roots are of opposite signs, a/3 is negative, and therefore c and 
a have unlike signs. 

Also since a + ^ has the sign of the greater root it is negative, and tbere- 
fore - is positive; therefore b and a have like signs. 

Hence the required condition is that the signs of a and b should be like, 
and opposite to the sign of c. 


EXAMPLES. IX, a. 


Form the equations whose roots are 




n 

nx ■ 


4 . 7 + 2 v'S. 5. ±2^3-5. 


3. 


_ P±1 

P + 2' P-2' 

— p + 2 V 2^. 


\ ' 


6 . 
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7. -3±5t. 8. -a±{h. 9. ±i(a-b). 

10. -0, 11. |,0, 12. 2±^/.3, 4. 

13. Prove that the roots of the following equations ai e real ; 

( 1 ) .r2 - 2a-r +a2 - ^ 0, 

(2) (a - 6 + c) . 1-2 4- 4 (a - 6) .r + (a - Z) - c) — 0. 

14. If the equation a-2 - 15 - (-2.f- 8) = 0 has equal roots, find the 

values of m. . 

15. Por what values of in will the et^uation 

a.‘2 - 2u,' (1 + 3/«) + 7(3 + 2/a) = 0 

have equal roots ? 




Por what value of m will tlie equation 

— hx in — 1 
ax — c 7a + 1 

have roots equal in magnitude but opposite in sign 'i 


17. Prove that the roots of the following equations ai*e rational: 

(1) (a + c— a-2 + 2c.r + (Z> + c — c/) = 0, V 

(2) abc^jc^ + 3a2c’x + h-cx — fia- — c/^ + 9.h~ = 0. 

% 

1 

^ are the l oots of the c<piation ax^-\-hx-\-c — 0, find the values of 

1 1 
a- 0 

Pind the value of 

21. .t''* + a.-2 — a + 22 when x~ 1 4 2h 

22. — 3.f2-8.r+15 when a'=3 + ?*. 


18. “ "h La • 


19. a*i3'+a'f^. 


20 


• (i- - !)’ 
^ 1 


23. — «a'2 + 2a2.i’ h 4a^ when - = 1 - pj -‘S. 

a ^ 


24. If a and ^ are the roots of a'2 + jt>.r + y = 0, form the equation 
whose roots are (a - ^)2 and (a + ^)2. 


*s 


r rove that the roots of (.7^— — 6) = /t2 are always real. 

26, I f x \ , .r^ are the roots of ax^ + 6a- + c = 0, find the value of 

) (a.rj + 6) “ 2 + (ax^ + 6) " 

(2) (ax^-\-h)~^-\-{ajc^-\-h)~‘^. 

R>1 - 






z 


i 
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27. Find the condition that one root of a.r* + 6.r+o=0 shall be 
n times the other. 

28. If a, ^ are the roots of oo.** + 6.r4-c=0, form the equation whose 

roots are and 

29. Form the equation whose roots are the squares of the sum and 
of the difference of the roots of 

2x'* + 2 (m + ?i) X + ni- + = 0. 

30. Discuss the signs of the roots of the equation 

px^ + + ?• = 0. 


119. The following example illustrates a useful application 
of the results proved in Art. 113. 


Example. If x is a real quantity, prove that the expression 
can have all numerical values except such as lie between 2 and 6. 


2(x-3) 


Let the given expression be represented by ?/, so that 

x5 + 2x-ll 
-2(x-3) 

then multiplying up and transposing, we have 

j:*-J4.2x(l-y) + Gy-ll = 0. 

This is a quadratic equation, and in order that x may have real values 

— 11) must be positive; or dividing by 4 and simplifying, 
y- - + 12 must be positive ; that is, {y - 6) (y - 2) must be positive. Hence 

the factors of this product must be both positive, or both negative. In the 
former case y is greater than 6; in the latter y is less than 2. Therefore 
y cannot lie between 2 and 6, but may have any other value. 


In this example it will be noticed that the quadratic expression 
if — 8?/ + 12 is positive so long as y does not lie between tlie roots 
of the corresponding quadratic equation t/* — 8y + 12 = 0. 

This is a particular case of tJie general proposition investigated 
in tlie next article. 


120. For all real values of x the expression ax*+bx + c has 

the same sign as a, except when the roots of equation ax*+bx+c=:0 
are real and unequal^ and x luis a value lying between them. 

Case I. Luppose that the roots of the equation 

aa^ + + c = 0 

are real ; denote them by a and and let a be the greater. 
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/ o c 

Tlien rtx* 4'6x + c = a (a’* + -a; + - 

\ a a 

~ a {a,** — (a + y3) a; + ap\ 

= a {x — a.) (x — P), 

if X is greater tluin a, the factors a: — a, a;-/? are botli 
positive ; and if x is less tlian p, the factors a; - a, x — p are both 
negative ; therefore in each case the expression (a: — a) (a: — p) is 
positive, and ax^ + hx + c has tlie same sign as o. But if x has a 
value lying between a and y3, tlie expression {x — a){x- p) is 
negative, and the sign of ax'* -^bx + c is opposite to that of a. 

Case II. If a and p are equal, then 

flx* + 6.x 4- c — a (x — a)"*, 

and (x - a)* is positive for all real values of x ; hence ax" + hx + c 
has the same sign as a. 



Case 111 . Suppose that the equation ax®4-6x4-c = 0 lias 
imaginary roots ; then 

x + c = a |x® + - X 4- 

I « 


ax® 4- 


b\~ 4 «c — 6®) 

= a X 4- — 1 4- ' 



2a 


4 a® / * 


But 6* — 4 ac is negative since the roots are imaginary 3 hence 

• I ^ 

^ac — a . ... j ,, 

5— IS positive, and the expression 

4 a" 


^x 4 - 


h\“ Aac — b’ 


’la 


4- 


4 a= 


is positive for all real ^•alues of x ; therefore ax* 4 - 6x 4- c has the 
sairie sign as a. This establishes the proposition. 


V 121 . From the preceding article it follows that the expression 
ax*4“6x4-c will always have the same sign whateve^real value x 
may have, provided tliat 6®— 4 ac is negative or zero; and if this 
condition is satisfied tlie expression is positive or negative accord- 
^ ing as a is positive or negative. 

J Conversely, in order that the expression ax* 4- 6 x 4- c may be 
always positive, 6 *— 4 ac must be negative or zero, and a must be 
positive ; and in order that ax* 4 - 6 x 4- c may be always negative 
6 *- 4 ac must lie negative or zero, and a must be negative. 
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Example. Find the limits between which a must lie in order that 


ox- - 7x + 5 
- 7x + a 


may be capable of all values, x being any real quantity. 


Put 


ax’*- - 7x + 5 
5x- “ 7x + a 


then ('i - 5y)x-- 7x (1 - y) + (5 - ay) = 0. 

In order that the values of x found from this quadratic may be real, the 
expression 

(1 “ y)“ - ^ - ^y) must be positive, 

that is, (49 - 20a) y- + 2 (2a- f 1) y + (49 - 20a) must be positive; 

hence (2a^4- 1)^ - (49 - 20a must be negative or zero, and 49 - 20a must be 
positive. 

Now (2a* + 1)* - (49 - 20a)* is negative or zero, according as 

2 {a- - 10a + 25) x 2 (a*+ 10a - 24) is negative or zero; 

that is, according as 4 (a - 5)* (a + 12) (a - 2) is negative or zero. 

This expression is negative as long as a lies between 2 and - 12, and for 
such values 49 ~ 20« is positive; the expression is zero when a = 5, — 12, or 2, 
but 49 - 20a is negative when a = 5. Hence the limiting values are 2 and 
- 12, and a may liave any intermediate value. 


EXAIVEPLES. IX. b. 

1. Determine the limits between which n must lie in order that 
tlie equation 

2a.r {ax + nc) + (n* — 2) e* = 0 

oiay have real roots. 


2. If X be real, prove that 


X 


1 


— must lie l>etwecn 1 and - ^ • 
.x--5.t. + 9 n 


^ 3. Shew that — - lies between 3 and - for all real values of x 

+ 3 

t'* + 34x— 71 

4, If X be real, prove that ‘ „ - - ‘ can have no value between 

^ .1-2 4* 2x — 7 

5 and 9. 


/ 5. 




6 . 


Find the equation whose roots are — . » 

Ja±*Ja — h ' 

If^, /3 are roots of the equation + y = 0, find the value of 

J (1) a*(a23-’-^) + ^02a-»-a), 

( 2 ) {a-py^+{^-p)-K 
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7. If the roots of + ?i = 0 be in the ratio of prove that 


If .V be real, the expression 1-^'”'*' a<hnits of all values 

2 (j: - n) 

except such as lie between 2 h and 2m. 

If the roots of the equation a.v--\~2hx + c = 0 be a and /3, and 
those of the equation Ax'^-{-2Bj: + C^0 be a + fiaiul /3 + 5, prove that 


h'^-ac AC 

" A ‘^ “ 


a- 




10. Shew that the expression • .- .> ^vill be capable of all 

vahies when x is real, provided that p has any value between 1 and 7. 


11. Find the jjreatest value of 


j? + 2 


2.r- + 3.r + 6 


for real values of x. 


12. Shew that if x is real, the expression 

(.f- - he) (2.r — & — c) “ * 
has no re^il values between h and c. 

13. If the roots of ax“-\-2bx ■¥ c = 0 be possible and different, then 
the roots of 

(a + c) {ax‘^ + 26x + c) = 2 {ac - 6^^ 
will be impossible, and vice versa. 

^ 14. Shew that the expression {dx-c ) ^ capable of all 

{ox a) {cx — a) ^ 

values when .r is real, if a- - hT- and c--d- have the same sign. 


*122. We shall conclude this chapter with some miscellaneous 
theorems and examples. It will be convenient here to introduce 
a phraseology and notation which tlie student will frequently 
meet with in his mathematical readinsr. 

O 

Definition. Any expression which involves a;, and whoso 
value is dependent on that of a-, is called a function of X. 

Functions of x are usually denoted by symbols of the form fix) 
F(x),<j>{x). 

Thus the equation 9 / =J’ (x) may be considei'od as equivalent 
to a statement that any change made in tlie value of x will pro- 
duce a consequent change in ?/, and vice versd. The quantities a: 
and 2 / ^-re called variables, and are furtlier distinguished as tho 

independent variable and the dependent variable. 
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An independent variable is a quantity which may have any 
value we clioose to assign to it, and the corresponding dependeni 
variable has its value determined as soon as the value of the inde- 
pendent variable is known. 

'^123. An expression of tlie form 

+ ••• ^Pn 

where n is a positive itUege7\ and tlie coefficients p„^--’P„ do 

not involve x, is called a rational and integral algebraical function 
of X. In the present chapter we shall contine our attention to 
functions of this kind. 

'^124. A function is said to be linear when it contaii^ no 
higher power of the variable than tlie first ; thus ax + 6 is a linear 
function of x. A function is said to be quadratic wlien it 
contains no higher power of the variable than the second ; thus 
+ c is a quadratic function of x. Functions of the thirds 
fourth,... degrees are those in wliich the highest power of the 
variable is respectively the third, fourth,.... Thus in the last 
article the expression is a function of x of the degree. 

*125. The symbol /(x, y) is used to denote a function of two 
variables x and y ; thus ax-\-by c, and aaf + hxy + cf ‘^dx + ey +/ 
aie respectively linear and quadratic functions of x, y. 

The equations /(x) = 0,/(x, y) = 0 are said to be linear, quad- 
ratic,... according as the /unctions /(x), /(x, y) are linear, quad- 
ratic, 


*126. We have proved in Art. 120 that the expression 
ax^ + bx + c admits of being put in the form a(x-a)(x-^), 
where a and are the roots of the equation ax* + 6x + c — 0. 

Thus a quadratic expression ax^ + 6x + c is capable of being 
resolved into two rational factors of the first degree, whenever 
the equation ax* + 6x + c = 0 has rational roots ; that is, when 
6* — 4ac is a perfect square. 

*127. To find the condition that a quadratic funxinon o/y.j y ^ 
may he resolved into two liiiear factors. 

Denote the function by f{x, y) where 

f y) ” +2Axy + bf -f %fy + 
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Write this in descending powers of x, and equate it to zero; 
thus 


ax* + 2x (hy + ^) + hy* + 2/y + c = 0 . 

Solving this quadratic in x we liave 

„ - (/‘y +9)^ J (/<■!/ + &y - a + 2/I/ + C) 

a > 

or ax + hi/ + = ^ n// - oA) + 2y {/iff - a/) + {g‘ - ac). 

Now in order that/(x, y) may be the product of two linear 
factors of the form px-^qy •¥ r, the quantity under tlie radical 
must be a perfect square ; hence 

(Jig - a/Y (A” _ ah) (g‘ - ac). 

Transposing and dividing by a, we obtain 

abc + 2fgh — af^ — h<j' — cA* = 0 ; 
which is the condition required. 

Tills proposition is of great importance in Analytical Geometry. 


*128. To find the condition that the equations 

OX" + Ax + c = 0, a x’ + A'x + c' = 0 
may have a common root. 

Suppose these equations are both satisfied by x = a ; then 

oa* + 6a 4- c — 0, 

oV*+ y a . = 0 ; 

.*. by cross multiplication 

g* _ a _ 1 

6c' — 6'c ca — ca ah' — afb * 

To eliminate a, square the second of these equal ratios and 
equate it to the product of the other two; thus 

a* _ a* 1 

(ca' - c'a)* ^ (6c - 6 c) * (a6^^6) * 

, (ca' — c^a)* = (6c' — b'c) {ah' — a'6), 
which is the condition required. 

It is easy to prove that this is the condition that the two 
quadratic functions ox* + 6xy + cy* and a'x* + b'xy + c'y- may have 
a common linear factor. 


r 
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♦EXAMPLES. IX. C. 


For what values of m will the expression 

y- + 2xy + 2a’ + my - 3 

be capable of resolution into two rational factors ? 

2. Find the values of m which will make 2.^^ + — 5y - 2 

etpiivalent to the product of two linear factors. 


3. Shew that the expression 

always admits of two real linear factors. 

^4. If the equations 

x^+px'-\-q = Oy g^=0 

Iiave a common root, shew that it must be equal to 

P'l' - P<1 ... izl 

y p-p' 

5. Find the condition that the expressions 

Iv^ -f- m.vy + n y’^y Vx^ + v\!xy + n'y* 
may have a common linear factor. 


6. If the expression 

^ 3j;2 + ^Pxy + 2y* + 2a:P - 4y + I 

can be resolved into linear factors, prove that y-must be one of the 
roots of the equation /'^ + 4a/^ + 2a'^-H6 = 0, \/^ 


7. Find the condition that the expressions 

ax'^ + 2Ary + hy^y (jCx^ + %Kxy + 

may be resi>ectively divisible by factora of the form y-7n:F, vty-^x, 

8. Shew that in the equation 

— Zxy + 2y2 _ %v — 3y — 35 =0, 

for every real value of x there is a real value of y, and for every real 
ralue of y there is a real value of x. 

9. If X and y are two real quantities connected by the equation 

9j 7* + 2:Ey +y2 - 92a: - 20y + 244 = 0, 

then will x lie between 3 and 6, and y between 1 and 10. 

10. If {€u^+hx^-c)y-\-a'jP-\'h'x-\-P^Oy find the condition that 
may be a rational function of y. 


.1 V 


CHAPTER X. 



MISCELLANEOUS EQUATIONS. 


129. In this chapter we propose to consider some mis- 
cellaneous equations ; it will be seen that many of these can be 
solved by the ordinary rules for quadratic equations, but others 
require some special artifice for their solution. 



— 8 

Example 1. Solve 8a:’**’' - 


a 

Multiply hy and transpose; thus 



Example 2, Solve 
Let 




that is, 


• A 

8x''-63x2'‘_8 = 0: 

-i A 

(x=*“-8) (8x’*" + l) = 0; 

x^ = 8, or-?; 

/ 1 \ 3 





6a 


\/l=y' 


then 




« 3 i Ga 

2y + - = - + -y- ; 
yah 

2aby- - &a-y - V^y + 3a& = 0 ; 
{2ay-h) (hy-3a)*0; 
b 3a 




X 

a 


62 


or 


9a2 


4a2 ’ 6-* * 


62 


0a» 




% 


H.H.A. 


D 
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Example 3. Solve (as - 6) (x - 7) (x + 6) (x + 4) =604. 

We have (x® - x — 20) (x^ - x - 42) = 504 ; 

which, being arranged as a quadratic in x^-x, gives 

(x2-x)*-62 (x2-x) + 336 = 0; 

(x® - X - 6) (x^ - X - 56)=0; 
x®-x-6 = 0, or x®-x-56=0; 
whence x = 3, -2, 8, -7. 

130. Any equation which can be thrown into the form 

(ix^ + hx + c + p Jax^ + bx c = q 

may be solved as follows. Putting y — Jax^-\- bx + c, we obtain 

i/ +py-q=:0. 

Let a and p be the roots of this equation, so that 

J ax* + bx + c — ay Jax' bx + c — jB ‘y 

from tliese equations we shall obtain four values of x. 

When no sign is prefixed to a radical it is usually understood 
that it is to be taken as positive; hence, if a and fB are both 
positive, all the four values of x satisfy the oriyhial equation. 
If however a or ^ is negative, the roots found from the resulting 
quadratic will satisfy the equation 

ax* + bx+ c — p Jax* + + c = q, 

but not the original equation. 

Example. Solve x-- ox + 2,yx*-5x+3 = 12. 

Add 3 to each side ; then 

x^ - ax + 3 + 2 6x + 3= 15, 

Putting *yx--5x + 3=y, we obtain y*+2i/ — 15 = 0; whence y = 3or -6. 
Thus ^/x*-6x + 3= +3, or ^x*- 6x + 3= -5. 

Squaring, and solving the resulting quadratics, we obtain from the first 
x = 6 or —1; and from the second x= — The first pair of values i 
satisfies the given equation, but the second pair satisfies the equation 


x*“5x — 2 — 6x + 3=12. 
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131. Before clearing an equation of radicals it is advisable 

to examine -whether any common factor can be removed bv 
division. 

Example, Solve Jx^ -lax + iOa- - ax - ^a- = x - 2a. 

We have 

\J{x- 2a) (x- 5a) ~ ,J(x-2a) {x + Sa)=x~ 2a, 

The factor ^x ~2a can now be removed from every term ; 

sJx + Za=z ^x — 2a\ 

X — 5a + x + 3a — 2 •J{x — 5a) (x + 3a) = x - 2a ; 

x = 2,Jx^ — 2ax - loa^ ; 

3x* — Sox — GOa^ =; 0 ; 

(X — Ga) (3x + 10a) = 0 ; 

. 10a 

x = 6a, or 

o 

Also by equating to zero the factor »Jx ~ ^, we obtain x = 2a. 

On trial it will be found that x=:Ga does not satisfy the equation : thus 
the roots are - and 2a. 

The student may compare a similar question discussed in the Elejneritanj 
Algebra, Art. 281, *' 

132. The following artifice is sometimes useful. 

% 

^ Example. Solve - 4x + 34 4 - 4x - 11 = 9 

We have identicaUu 

(3ar - 4x + 34) - (3x2 - 4x - 1 1) = 45 (2) . 

Divide each member of (2) by the corresponding member of (1); thus 

\/3x2 — 4x + 34 — ^ 3x2 — 4x — 11 = 5 (3j 

Now (2) is an identical equation true for all values of x, whereas (1) is an 

equation which is true only for certain values of x; hence also equation (3) 
18 only true for these values of x, 1 \ J 

From (1) and (3) by addition 

whence xsS, or - 

3 
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133. The solution of an equation of the form 

ax* ± hx^ ± cx* ± 6x + a = 0, 

in which the coefficients of terms equidistant from the beginning 
and end are equal, can be made to depend on the solution of a 
quadratic. Equations of this type are known as reciprocal equa^ - 
iionSy and are so named because they are not altered when x is 

changed into its reciprocal ~ , 

For a more complete discussion of reciprocal equations the 
student is referred to Arts. 568 — 570. 


Example. Solve 12x*~ 56a:® + 80x* - 56x + 12 = 0. 
Dividing by a:® and rearranging, 

12 + -56 ^a: + ^j+89 = 0. 


Put 


x + -= z; then x® -f \ 

X X- 

12(z^-2) - 56z + 89 = 0; 


-2; 


whence we obtain 


5 


13 


1 5 13 

*. x-H- = s, or — 
X 2 b 


13 2 

By solving these equations we find that ®=2, ^ » 2 * 3 ‘ 


134. The following equation though not reciprocal may be 
solved in a similar manner. 


Example. Solve 6x*- 25x®+12x® + 25x + 6 = 0. 


We have 


whence 


whence we obtain 


c(x« + l)-25(.-y + 12=0; 

6^x — -25^x-^^ + 24 = 0; 

2 - 3 = 0. or 3 ^x - - 8 =0; 


o 1 ^ ^ 

aJ=2. -2* ^*'3- 


135. When one root of a quadratic equation is obvious by 
inspection, the otlier root may often be readily obtained by 
making use of the properties of the roots of quadratic equations 
proved in Art. 114. 
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KxampU. Solve (1 - (x + a) _ 2a (1 - a^)=0. 

This is a quadratic, one of whose roots is clearly a. 
Also, since the equation may be written 
^ 2ax2 + (1 - a") X - a (1 +a*) = 0, 

the product of the roots is - 


1 +a« 


; and therefore the other root is — ^ — 


! + «=* 
2a 


EXAMPLES. X. a. 

[Tr/i€n any of tht rooU sathfy a modified form of the eqnatioHy the student 
should examine the particular arrangement of the signs of t)u radicals to which 
each solution applies.} 

Solve the following equations : 




\ 




b,' 


1. 

x-^-2.c-^ = 8. 

2. 

9 + .a;-'‘=10a;-2 

3. 

I 

2^Lv + 2.c ^=5. 

4. 

11 

I 

1 

2x K 

5. 

? 1 

X" H- 6 = 5.r'‘. 

6. 

1 1 

3.r-'‘ - X" - 

2=0. 

7. 


8. 


/l -X 

V X 

9. 

1 

8.J:c ^—13. 

10. 

6 

l+8.f^ + 9^ 


11. 

32^ + 9 = 10. 3*. 

12. 

5 (5^+5-*) 

= 26. 

13. 

22^ + 8+1=32. 2'-. 

14. 

22* + 3_57^ 

:65 (2^-1). 

15. 


16. 

3 

>/2x 5 

— 5,V 

17. 

(.c - 7) (a: - 3) (.® + 5) (i- + 1 ) = 

1680 



18. 

(x + 9) (j? - 3) (j; - 7) (.r + 5) = 

385. 



19. 

x(2x+l)(x-2) (2.V - 3) = 63 

♦ 



20. 

(2a; - 7) {j;2 - 9) (2.r + 5) = 91 . 




21. 

a-2 + 2 + 6.c= 24 - 6a;. 




22. 

3x'2 - 4x+ _ 4,v -6 = 18. 




23. 

- 7 + 3 v/3a'2 _ j + 21 = 

16x. 



24. 

8 + 9 J{3x- 1) (a; - 2) = 3.c2 - 

7x- 



25. 

+ V2.r2 5.V + 3 - ^ 

22 3 




= 2i. 
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28. 7.f - 


* y 3 , r 2 - 8 . r+l 


39. 


41. 


42. 


44. 


46. 


48. 


49. 


50. 


X 




27. V4r2 _ 7 j;_ 15 _ ^.1-2 _ 3x= - 9. 


23. - 9x + 4 + 3 V2.r - 1 = V2.r2 + 21 :f - 1 1. 

29. v'2i2 + 5x-7 + s/3 - 7.i- + 6) - J7a^-6a;-l = 0, 


30. + 2a,v - 3.1*2 _ + a.i.* — ^ '2u^ + Sax — 9x^. 

31. j2x^ + bx-2- + 

32. V3J^-2.2r+9+s/3^-2.!;-4 = 13. 


33. j2x‘-7x + \- + 

34. - 7x - 30 - J2x‘’ - 7.1- - 5 = x-b. 

35 . x ^+. r ^- 4 x 2 + a 7 + l = 0 . 


36. ^ + 1 = 3 + ar. 


37 . x ^-\‘\- Z ( 3 ^-\- x ) = 23 ^- 


38. 10 {x* + l) - 63a; (a:* - 1) + 62a;2=: 0. 


x+sj\^a — x ,Ja^\ 
x~>J\2a — x *Ja~\ 

40. 

x+Jx’^~\ x~^^x‘^- 

x—Ja^ — \ o:4--y*^“ 

11 

iPM 1.^ 

Jx'^-VX \ - ^ 

^ ^ ^Jx^-x 2- 

43. 

2*“ : 2'2==8 ; 1. 

45. 

bjx — b »JZx — 7 
Zx-7 " .7-5 ‘ 

47. 


a + 2 a ;+ Vg 2 _ 4 ^^ ^ 5 x 

a + 2 x ^ Ja ^- 4 x ^^ « 


072 + 
0 ^ 


+ 1 ^ /6 


45. a2*(a2 + l) = (o^ + a*)a, 


2 a . + l 


3 J7x - 3 


3 2 1 

(a + 0 ?)® + 4 (a — xy = 5 (a^ — a;2)3. 


^/a;2 + a. 2 : — 1 — + hx — 1 = - ^6. 

074 -^ 0 : 2—1 . X — • Jsc ^—\ 

.r— — 1 o:4-V*2^*~l 


98. 


51. .r* — 20:2 4-07=380. 


62. 27o:24-21o:4-8»a 
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136. We shall now discuss some simultaneous equations of 

two unknown quantities. 


Example 1. Solve x + 2 + y + ‘6 + J{x + 2) (?/ + 3) = 39. 

(a: + 2)« + (2/ + 3)«4-(x + 2) (y + 3) = 741. 
Putx + 2=u, andi/ + 3 = r; then 

+ v4*^/wy=39 

«^ + v^ + uu = 741 

hence, from (1) and (2), we obtain by division, 

« + v - ^uv = \^ 

w + r = 29; 

;^UV = 10, 
tiy = 100; 

u = 25, or 4; r = 4, or 25 ; 
x = 23, or 2; y = l, or 22. 


From (1) and (3), 
and 
or 

whence 

thus 


Example 2. Solve 

Put 

then from (2) we obtain 
Substituting in (1), 


whence 

and 

Thus 


x* + y*=82 

T~y~2 

x = ii + r, and y^u-v\ 

v = 1. 

(u + l)< + (u- 1)4 = 82; 

2{w4 + &u2^1)_q2; 

«4 + 6u2-40 = 0; 
1*2=4, or — 10 ; 
u=±2, or ± 

x = 3, -1, 1± V~10; 
y = l, -3, -li^rio. 


( 1 ). 

( 2 ). 

(3). 


(1). 

( 2 ). 


Example 3. Solve ^ ^ = 2^V 

ox -y x-t-y 

7x + 5y = 29 

From (1), 15 (2x2 + 3xy + y-~ 3x2 + 4xy - if) = 38 (3x* + 2xy - if ) ; 

129x2 -29xy-38y2 = 0; 

(3x-2y)(43x + 19y) = 0. 

Hence 3x=2y 

43x= -19y 


( 1 ). 

( 2 ). 


or 


(3) . 

(4) . 
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From (3), 


Again, from (4), 


f _ V - 7x + 5y 
2 ~ 3 “ 29 

= 1, by equation (2). 

a: = 2, 2/ = 3. 

X _ y 7T + 5y 
19” -82 


Hence 




29 

"82* 

1247 


by equation (2), 





^ « 551 1247 

x = 2,j/ = 3;orx=-y2 , = 


Example 4. Solve 4^® + 3x^y + y^=Bt 

2x^~2x^y + xy^ = l. 

Put y = inXy and substitute in both equations. Thus 

x’{4 + 3m + m®) = 8 

x-"* (2 — 2m + m^) = 1 

4 + 3m 4- vi^ _ 

•'* 2-"2m+^^”^’ 

m3 - 8m* + 19m -12 = 0; 

that is, (wi-1) (m-3) (m-4) = 0; 

7u = 1, or 3, or 4. 

(i) Take m= 1, and substitute in either (1) or (2). 
From (2), x3 = l; x = l; 


and 

y=mx=x= 1. 

(ii) 

Take r;t=3, and substitute in (2); 

thus 

5x3=1; ; 

and 

y = mx = 3x = 3 >y/g* 

(iu) 

Take m=4; we obtain 


10x3 = 1; x=^i; 

and 

y = fftx = 4x=4^i. 
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Hence the complete solution is 

Note. The above method of solution may always be used w'hen the 
equations are of the same degree and homogeneous. 


Example ty. Solve 31x^2 _ 7^4 _ + 64 = 0 (1), 

— Txy + 4y- + 8 = 0 (2). 


From (2) we have — 8=ar — 7xy + 4y“ ; and, substituting in (1), 

31xV - 7y* + 14xy (x2 - Ixy + 4y^) + (x^ - 7xy + 4y-)2 = 0; 

31x2y3 - ly* + (x2 - 7xy f 4y-) (14xy + x^ - 7x.v + 4y2) = 0 ; 

31xV - + {x2 + 4y^i)2 - (7xy)2 = 0 ; 

that is, X*- l0xV + 9y* = 0 (3). 

•*. (x^ - r ) - 9y-) = 0 ; 

hence x= =ty, orx=±3y. 

Taking these cases in succession and substituting in (2), we obtain 

x = i/= ±2 ; 




Note. It should be observed that equation (3) is homogeneous. The 
method here employed by which one equation is made homogeneous by a 
suitable combination with the other is a valuable artifice. It is especially 
useful in Analytical Geometry. 


Example^. Solve (x + y)^ + 2 (x - ?/)* =3 {x= - 

3x-2y = 13 

* 

Divide each term of (1) by (x + y)^ (x-y)^; 



( 1 ). 

( 2 ). 
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This equation is a quadratic in , from which we easily find, 

=2orl; whence = 8 or 1 ; 

\^-yJ x-y 

7;c = 9y, ory=;0. 

Combining these equations with (2), we obtain 

13 

x = 9. y = l\ or jr = ~, y=0. 


EXAMPLES. X. b. 


Solve the following equations : 


1, 3.r-2y = 7, 

xy = 20 . 

x-~ xy +7/2=19. 

6 . X +Jxy-\-y =65, 
:r2+ xy +y2 = 2275. 


2. b.v - y = 3, 

7/2 — 6^:2 _ 25 


3. 4.r-3y = l, 

12:iy + 13y2 = 25. 


5. xy +7/2 = 84^ 

X - -v/j-y+y =6. 

7. x+y=7 + ^/.ry, 

:r2+y2=il33— :ry. 


8. 3:p2_5^2=^7^ 

3a;y - 4y2 = 2. 


9. 5y2-7a.-2=l7, 

5j;y — 6.r2 = 6. 


10. 3.r2 + 165 = 16jy, 

7.ry + 3y2 = 132. 


11. 3:r2+xy+y2= 15, 

31.ry-3x2-5y2=45. 


12. .r® + y2 - 3 = 3xy, 

2x2-6+y2=0. 


x*+7/4^708, 

14. 

;r*+y^=272, 

15, j^-/ = 992, 

;r+y = 8. 


a:-y = 2. 

x-y=2. 


17. 

^2 «2 9 
y ;c ”2’ 

2 + 5-''- 

y+-=25. 

^ J7 


i -1. 

x+y 

2 6 5 

— • + — — 25 • 

X y b 

x+y = 1072, 

20. 

1 1 

:py2+ya?2=20, 

1 1 

21. 


1 t 

;r3 + y3 = 16. 


s t 

j:d+y2t-05 


= 5, 

6 (.17 ^+y 2) = 5. 


19 . 
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22 . 

24. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 


Jx+y+ ■Jx-y = 4, 

23. 


oi 

II 

>> 

1 

\ 


^/.r + 1 - ^Li' - 1 = ^'y. 

/x /y_10 

V y V 3 ’ 

25. 

x + y X - y 

.r+y = 10 . 


+ 

II 

.r2 + 4y2- 15.r=10(3y - 8), 

xy = 

c. 


+ 400 = 41.ry, _ 5 _ 4 ^2 

4 r 2 + 5 y ^6 4 _ 20 .r^ - 25^2 + 2x, T.r — 1 ly = 17. 

9a:2 + 33.r - 1 2 = 1 2^y - 4 y 2 4 . 22 y , :i -2 _ = 1 3 . 

(^2 - y2) {x-y) = \ ary, (x* - y*) {x^ -y^) = 64QxY. 
2 .r 2 -,ry+y 2 _ 2 y, 2 j ;2 4 . 4xy = 5y. 


^ _ 4ar ^ 

(a- +>)2 + (x-yy - ”8 ’ ^ = -i- 

y (y2 - 3 jry - ^2) + 24 = 0, a.- (y2 - 4.ry + 2.r2 +8=0. 

ax’s -8xy2+y3 + 21=0, x2(y-A-)=l. 

y 2 (4^2 - 108) =x (j^ - ^), 2 .r 2 + 9 a:y +y 2 = 108. 

Gx'‘ + x 2 y 2 +lC = 2,r(12a;+y3), ;i .-2 + ^py - y 2 = 4 . 

x{a + x)^y (6 +y), ax + 6y = (x + y)2. 

xy->rah — 2ax, xy + a262 = 26-^2^ 

x — a y-h ^ 111 

a2 t2 “~x-& y-a~a~6~^' 

6x3 = 10a2&x+ 3a^y, ay^=l0ab^y + 

2a(^-A+4a^ = 4x^+i^-'4 = l. 

\y xj 2a a2 


137. Equations involving three or more unknown quantities 
can only be solved in special cases. We sliall here consider some 
of the most useful methods of solution. 


ExampU 1. Solve x +y +s =13.... 

xy = 10.... 

From (2) and (3), (x + y)2 + ^2^85. 

Put M for x + y; then thia equation becomes 

ti2 + z2=85. 


( 1 ). 

( 2 ), 

(3). 


108 


HIGHER ALGEBRA. 


Also from (1), 

whence we obtain tt = 7 or 6; z 


u =13 ; 
6 or 7. 


Thus we have 


Hence the solutions are 


jr + y 
xy 


7, 

10 


and " + 

a'y = 10 


= 3 =fcN/-l, 


ar = o, or 2,' 
i/ = 2, or 5, 
z = 6; I 


Example^. Solve (x + }/)(x+z) = 30, 

(y + «) (!/ + a:) = 15, 

(2 + z) (2 + y) = 18. 

Write u, V, uf for y + 2 , 2 + a:, a: + y respectively ; thus 

vw = S^f wu=slo, tiv = 18 

Multiplying these equations together, we have 

u^v^w^=d0 X 15 X 18 = l.r-' X 6- ; 

uvw= ±90. 

Combining this result with each of the equations in (1), we have 

u = 3, v = r>, u? = 5; or w = -3, r = -6, «j=-6; 
y + 2 = 3,i y + z = -3,\ 


(1). 


z + x 


= 5;J 


or 2 + x 


lie, 

= -5,( 


whence 


x + y = d]J x + y = -5,1 
x = i, y = l, Z = 2; or x=-i, y=-l, z = -2. 


Example 3. Solve 


y'^ + yz + 2 ^ = 49 
2* + 2X + X® = 19 
x* + xy + y2=39 


(1). 

( 2 ), 

(3). 


Subtracting (2) from (1) 


that is, 


y^~x^ + z{y -x)==30; 
(y -x){x + y + z) = 30 


(4). 


Similarly from (1) and (3) 

(2-a:)(a: + y + 2) = 10 

Hence from (4) and (5), by division 


(5) 


y zf 

Z - X 


= 3; 


whence 


y = 3z^2z 
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Substituting in equation (3), we obtain 

' X*- 3 x 2 + 3 ^ 2 = 13 . 

From (2), x 2 + X2+ 22=19^ 

Solving these homogeneous equations as in Example 4 , Art. 136 , we obtain 

2=±3; and therefore y = ± 5 ; 


or 


X= 


11 

V 7 ’ 


2= ± 


19 


; and therefore y = =f - 

V * V * 


Example Solve x^~yz = a^^ y^-zx=h-^ z--xy = c\ 

Multiply the equations by y, z, x respectively and add ; then 

c2x + a-y + b^z = 0 

Multiply the equations by z, x, y respectively and add ; then 

b^x + chj-i-a^z — 0 

From (1) and (2), by cross multiplication, 


X 


y 


bV - bi^-^ = 

Substitute in any one of the given equations ; then 

/c2 (^8 + + c« - 3a2!;*c*) = 1 ; 

* _ y ^ . 1 


« 4 


a* — 62 c* b* — c^a* 


= ds 


( 1 ) 


( 2 ) 


c* - a262 ^^6 + 


EXAMPLES. 

Solve the following equations : 

1. 9x+y-8z=0, 2. 

4x-8y + 72 = 0, 
y2+zx’ + x;y = 4 T. 

3. x-y- 2 = 2 , 4 . 

— 2^ = 22, 

.zy = 5 , 

5. ;i?2.^y2_22^21, 6. 

3xz + 3y z — 2xy = 18, 

X’+y-z = 5. 

7. x2 + 2xy + arz=50, 8. 

2y^ + 3 yz+yx= 10 , 

3z2 + zx + 2zy = 10. 


X. c. 


3 x+y — 2z = 0, 
4x-y-3z = 0, 
*a^+y^+2^ = 4 G 7 . 

x+2y-z=ll, 

x2_4y2+^2=.37^ 

xz = 24. 

x2 + xy + xz= 18 , 

y^+y2+yx+12 = 0, 

z^+zx+zy = 30 . 

(y-z)(z+x) = 22, 
(r+x)(x-y) = 33 , 
(^-y)(y-«)=6. 
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9. Zx^h^u^!=z4. 

10 . x^^h=l2j x^//^=54, x'^yH^^*i2. 

11. j:y + x4-y = 23, 12. %xy ~4x-\-y=yi, 

x^4~x-\-z=4l, ^yz+y — 62=62f 

yz-\-y+z = 27. 6.vz -h 3z + 2x = 29. 

13. .r2+y = 7^, yz-i-.v = 82 j .v + y+z==lZ 

14. ^i^+y3^^==a\ x24-y^ + z^ = a\ x+y + z = a. 

15. .^2+^2 + -2 ^^2 + .-.I' 4-xy = a^, 3x ~ y 4- z^ a ^3. 

16. x^4-y’^ + z^ = 2\a% yz + zx~xy = Qa^^ 3x-\-y-2z=3a. 


Indeterminate Equations. 

138. Suppose the following problem were proposed for solu- 
tion : 

A person spends £461 in buying horses and cows ; if each 
horse costs £23 and each cow £16, how many of each does he buy? 

Let X, y be the number of horses and cows respectively ; then 

23x + 16^ = 461. 

Here we have one equation involving two unknown quantities, 
and it is clear that by ascribing any value we please to x, we can 
obtain a corresponding value for y ; thus it would appear at first 
sight that the problem admits of an infinite number of solutions. 
But it is clear from the nature of the question that x and y must 
be positive integers ; and with this restriction, ae we shall see 
later, the number of solutions is limited. 

If the number of unknown quantities is greater than the 
number of independent equations, there will be an unlimited 
number of solutions, and the equations are said to be indeter- 
n^ate. In the present section we shall only discuss the simplest 
kinds of indeterminate equations, confining our attention to posi- i 
live integral values of the unknown quantities ; it will be seen 
that this restriction enables us to express the solutions in a very 
simple form. 

The general theory of indeterminate equations will be found 
in Chap. xxvi. 


INDETERMINATE EQUATIONS. 

Example 1. Solve lx + liy = 220 in positive integers. 
Divide throughout by 7, the smaUer coefficient ; thus 

-' + »/ + ^ = 31 + ?; 


Ill 


+ y + 


5y-3 


= 31 


( 1 ) 


Since x and y are to be integers, we must have 


and therefore 


that is, 


and therefore 


5t/-3 . ^ 

— ^ — = integer ; 

15y-9 

— — = integer ; 




or 


integer ; 


y-2 . . 

= integer suppose 
y = 7p + 2 


Substituting this value of y in (1), 

X + 7p + 2 + 5p -h 1 = 31 ; 
is, x = 28- 12p 


( 2 ) 


(3) 


intifri*? results we give to p any integral value, wc obtain corresponding 
ntegral values of x and y\ but if p > 2, we see from (3) that x is neeative^ 

v^W ^ ^ integer y is negative. Thus the only positive tuearal 

values of x and y are obtained by putting p = 0 1 ^nieyrat 


. 2, I 
. 4, > 


The complete solution may be exhibited as follows: 

1^= 0, 1. 

•r = 28, 16, 4, > 

y= 2, 9. 16. I 

Note. When we obtained = integer, we multiplied by 3 in order 
fhe fnte bX^e-int"roLS“gf 


Example 2. Solve in positive integers, 14x 
Divide by 11 , the smaller coefficient; thus 

3x 7 

3x-7 . 

• • ^ — 2 - X + y = integer j 


-lly = 29 


( 1 ) 
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hence 


that is, 


12X-28 

n 

.r- 6 

X-2 + -.1 

.r - 6 

-jp=integer 


= integer ; 


= integer ; 


=p suppose; 


x = llp + 6 I 

and, from (1), j 

This is called the general solution of the equation, and by giving to p 
any positive integral value or zero, we obtain positive integral values of x 
and y ; thus we have 

p = 0, 1, 2, 3, \ 

.t = 6, 17, 28, 39, V, 

7/ = 5, 10, 33, 47, ) 

the number of solutions being infinite. 

Example 3. In how many ways can £5 be paid in half-crowns and florins? 
Let X be the number of half-crowns, y the number of florins; then 

5x + 4?/ = 200 ; 

X + 7/+ 50; 


^ = mteger=p suppose ; 

. x=4p, 

and 7/ = 50 - 5p. 

Solutions are obtained by ascribing to p the values 1. 2, 3, ...9; and 
therefore the number of ways is 9. If, however, the sum may be paid either 
in half-crowns or florins, p may also have the values 0 and 10. If p=0, 
then x = 0, and the sum is paid entirely in florins; if j7 = 10, then y = 0, and 
the sum is paid entirely in half-crowns. Thus if zero values of x and y are 
admissible the number of ways is 11. 

Example 4. The expenses of a party numbering 43 were £5. 14». fid. ; if 
each man paid 6«., each woman 2s. fid., and each child 1«., how many were 
there of each? 

Let X, y, z denote the number of men, women, and children, respectively? 
then we have 

x + y-\-z= 43 (1)> 

lOx -f 5y + 22 = 229, 

Eliminating 2 , we obtain 8x 3y = 143. 

The general solution of this e(iuation is 

x=:3p-i- 1, 

y = 45 - 8^ ; 


Hence by substituting in (1), we obtain 

z = 5p-S. 

Here p cannot be negative or zero, but may have positive integral values 
from 1 to 5. Thus 

p= 1, 2, 3, 4, 5; 
x= 4, 7, 10, 13, IG; 
y = 37. 29, 21, 13, 5; 

2= 2, 7, 12, 17, 22. 


EXAMPLES. X. d. 


Solve ill positive integers : 


1. av + 8y=103. 


2. 5.t + 2y = 53, 


3. 7.i'+12y=152 


4. 13x+ 11^ = 414. 5. 23.r 4 25^ = 915. 6. 41.z*-f-47_7/ = 211)l. 

Find the general solution in positive integers, and the Iciist values 
of X' and y which satisfy tlie equations: 


7. 5a* - 7j/ = 3. 
10. 17^- 13a=:0. 


8. Or - 13y=l. 
11, 19^ — 23.i.-= 7. 


9. 8.4-21^ = 33. 
12. 77y — 30.i'=295. 


costs 


13. A fanner .spends £752 in buying hoi*se.s and cow.s ; if each horse 
its £37 and each cow £23, how many of each does he buy ? 


14 In how many ways can £5 be paid in shillings and sixpences 


iiicludiiiff zero solutions ? 


\ 


15. Divide 81 into two parts so tliat one may be a multiple of 8 

and the other of 5. ^ 

16. What is the simplest way for a person who ha^ only guineas 
to pay lOs. (jd. to anotlier who has only half-crowns ? 

17. Find a munlxir which being divided by 39 gives a remainder 16 

and by 56 a remainder 2/. How many such numbei-s are there ? ’ 

18. What is the smallest number of florins that must be given to 
discharge a debt of £l. 6». 6c/., if tlie change is to he paid in halhcrowns 


\> 


19. Divide 136 into two parts one of which when divided bv 5 
leaves remainder 2, and the other divided by 8 leiives remainder 3, 

..t l ?7 ® consisting of rams at £4, pigs at £2, and oxen 

at £17 . if I spend £301, how many of each do 1 buy ? 

21; In my pocket I have 27 coins, which are sovereigns, half-crowns 
or stiilhngs, and the amount I have is £5. Os. Gd.; how many coins of 
each sort have I ? j 


CHAPTER XI. 


PERMUTATIONS AND COMBINATIONS. 

139. Each of the arrangements which can be made by taking 
some or all of a number of things is called a permutation. 

Each of tlie groups or selections which can be made by taking 
some or all of a number of things is called a combination. 

Thus the permutations which can be made by taking tlie 
letters a, 6, c, d two at a time are twelve in number, namely, 

ab, ac, ad, he, bd, cd, 

ba, ca, da, cb, db, dc ; 

each of these presenting a different arra'ngement of two letters. 

The combinations which can be made by taking the letters 
a, h, c, d two at a time are six in number: namely, 

ah, ac, ad, be, bd, cd ; 

each of these presenting a different selection of two letters. 

From this it appears that in forming combinations we are only 
concerned with the number of things each selection contains; 
whereas in forming permutations we have also to consider the 
order of the things which make up each arrangement ; for instance, 
if from four letters a, b, c, d we make a selection of three, such 
as abc, this single combination admits of being arranged in the 
following ways : 

ahe, acb, bca, hoc, cab, eba, 
and so gives rise to six different permutations. 


PERMUTATIONS AND COMBINATIONS. 
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140. Before discussing the general propositions of this 
chapter there is an important principle which we proceed to 
explain and illustrate by a few numerical examples. 

^ If oiie operation can be performed in m ways, and (when it 
^tas been performed in any (me of these ways) a second ojyeratlon 
can then be perfotmied in n ways; the number of ways of per- 
forming the two operations will be m x n. 

If the first operation be performed in any one way, we can 
associate with tliis any of the n ways of performing tlie second 
operation : and thus we shall liave n ways of pei-forniin" the two 
operations without considermg more than one way of performinn- 
the first; and so, corresponding to each of tlie m ways of pe^ 
forming the first operation, we sliall have n ways of pcrforniiii" 
the two; hence altogether the number of ways in whicli the two 
N operations can be performed is represented by the product 
m X n. 

^ Example 1. There are 10 steamers plyiug between Liverpool and Dublin • 

in Iiow many ways can a man go from Liverpool to Dublin and return bv a 
different steamer? 

r • 

u« 

There are ten ways of making the first passage ; and with each of these 
there is a choice of nine ways of returning (since the man is not to come bach 

bf by the same steamer) ; hence the number of ways of making the two journeya 
IS 10 X y, or 00. 




This principle may easily be extended to the case in Avliicli 
there are more than two operations each of whicli can be per- 
formed in a given number of ways. 


ExampU2. Three travellers arrive at a town where there are four 
dSerent^hot^T quarters, each at a 




The first traveller lias choice of four hotels, and when ho has made his 
selection in any one way, the second traveller has a choice of three ; there- 
lore the first two can make their choice in 4 x 3 ways; and with any one such 
cnoice tfie third traveller can select his hotel in 2 ways; hence the ronuired 
number of ways is 4 x 3 x 2, or 24. 


1/11 

iV j ^i'Umber of permutations of n dissimilar things 

^ taken v at a time. 

M This is the same thing as finding the number of ways in which 

I we can fill up r places when we have n different things at our 
disposal. 


place may be filled up in ways, for any one of tlie -n 
things may be taken ; when it has been filled up in any one of 
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these ways, the second place can then be filled up in w - 1 ways; 
and since each way of tilling up the first place can be associated 
with each way of tilling up the second, the number of ways in 
which the first two places can be tilled up is given by the product 
n(n— 1). And when the first two places liave been tilled up irk 
any way, tlie third place can be tilled up in n - 2 ways. Antr 
reasoning as before, the number of ways in which three places can 
be tilled up is n (?t — 1 ) (n - 2). 

Proceeding thus, and noticing that a new factor is introduced 
with each new place tilled up, and that at any stage the number 
of factors is the same as the number of places tilled up, we shall 
have the number of ways in which r places can be tilled up 
equal to 

« (n — 1) («. — 2) to r factors ; 


and the factor is '' 

n — (r— 1), or w — r + 1. 

Therefore the number of permutations of n things taken r at 
a time is 

71 (n — 1 ) (n— 2) (n — r+ 1 ). 

Cor. Tlie number of permutations of n things taken all at 
a time is 

71 (n~ 1) (ti - 2) to 71 factors, 

or 71 (n — 1) (n— 2) 3.2.1. 

^ * 

It is usual to denote tliis product by the symbol [n, which is 
read “ factorial n” Also ti ! is sometimes used for \n. ^ 


142. We shall in future denote the number of permutations 
of n things taken r at a time by the symbol , so that 

n(n — \)(n — 2) {n — r + 1) ; 

also ”P — hi. _ 


In working numerical examples it is useful to notice that tli6 
suffix in the symlxjl always denotes the number of factors m 
the formula we are using. 

143. The number of permutations of n tilings taken r at 
a time may also be found in the following manner. 

Let represent the number of permutations of n thing* 
taken r at a time. 
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Suppose we form all the permutations of n things taken r - 1 
at a tune ; the number of these will be 

With each of tliese put one of the remaining n - r + 1 thin<rs 
£ach time we do this we shall get one permutation of n thin-s 
r at a time ; and therefore the whole number of the permutations 
of n things r at a time is x (a - r + 1) ; that is, 


= X (n-r + 1). 

By writing r - 1 for r in this formula, we obtain 

"Pr-x = 'Pr-i X (n - r + 2), 
similarly, "P ^ ^ x (a - r + 3), 


”^3 = 'P, X (a - 2), 
"P^ = ’7", X (a - 1 ), 
"Px = n. 


Multiply togetlier the vertical columns and cancel like factors 
tiom each side, and we obtain 


"7', = n(a- l)(a-2) (a-r + 1). 

persons enter a railway carriage in which there are sii 
seats : 111 how many ways can they take their places ? * 

in s’-^the'^thh^fn 4“a“n 6 ways; and then the second person 

n o tne third in 4, and the fourth in 3; and since each of these wavs mav 

be a^ooiated with each of the others, the required answer is 6 x 5 x 4 x 3^ 
of the'^Z^e^dfgits? 

mut^ti^^roft^allfn at a3e """ 

the required result = ®P* 

D 

= 9x8x7 x6x5x4 
= 60480. 


^hiJJ^;ahen/afa « dMlar 

Let "C denote the required number of combinations. 

Tlien each of these combinations consists of a eroun of r 

arranged among the^mselvea in 
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Hence is equal to the number of arrangements of n 

things taken r at a time ; tliat is, 


(7.x lr = -P 


= n(w— l)(n — 2)...(n — r+1); 




« • 


(7 = 


71 (n — 1 ) (?i — 2) . . . (n — r 4- 1 ) 


( 0 - 


Cor. Tliis formula for "(7^ may also be written in a different 
form ; for if we multiply the numerator and tlie denominator by 
n — r we obtain 

n{n-\){n-2) ... (rt-r + 1) x ' n-r 

\r \n~~r 

The numerator now consists of tlie product of all the natural 
numbers from 7i to 1 ; 

\n 

1 r , — 7* 

It will be convenient to remember both these expressions for 
"(7 , using (1) in all cases where a numerical result is required, 
and (2) when it is sufficient to leave it in an algebraical shape. 



Kote. If in formula (2) we put r=n, we have 

^ I" 1 

|0 • 

but = h so that if the formula is to be true for r=n, the symbol [0 must 
be considered as equivalent to 1. 

Example. From 12 books in how many ways can a selection of 6 be 
made, (1) when one specified book is always included, (2) when one specine 
book is always excluded ? 

(1) Since the speoified book is to be included in every selection, we 
have only to choose 4 out of the remaining 11. 

Hence the number of ways='*C4 

11x10x9x8 
” Ix2x3x4 


= 330. 
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(2) Since the specified book is always to be excluded, we haya to 
select the 5 books out of the remaining IX. 

Hence the number of waysss'^Cj 

_11 X 1 0x9x8x7 
~ Ix*2x3x4x5 

= 462. 


145, The number of combinations of n. things r at a time is 
equal to the number of combinations of n things n^T at a time. 


In making all the possible combinations of n things, to each 
group of r things we select, there is left a corresponding group of 
n~r things ; that is, the number of combinations of n things 
r at a time is the same as the number of combinations of n things 
/i — r at a time ; 



The proposition may also be proved as follows : 



n 


/i. — r I /i — in — r) 


[Art, 144.] 




Such combinations are called complementa'ry . 
Note. Put r = n, then "Co = "C„=l. 


The result we have just proved is useful in enabling us to 
abridge arithmetical work. 

Example. Out of 14 men in how many ways can an eleven be chosen? 

The required number = 

= UC, 

14x13x12 

1x2x3 


= 364. 

If we had made use of the formula we should have had to reduce an 
expression whose numerator and denominator each contained 11 factors. 
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146. To find the number of ways in which m + n things can be 
divided into two groups containing m and n tilings respectively. 

This is clearly equivalent to finding the number of combi- 
nations of m + n things m at a time, for every time we select 
one group of m things we leave a group of n things behind. ^ 


Thus the required number = ^ 


'm + n 




Note. If n = m, the groups are equal, and in this case the number of 

|2w 

dijerent ways of subdivision is g *> possible 


to interchange the two groups without obtaining a new distribution. 

147, To find the number of ways in which m + n + p things can 
be divided into three groups containing m, n, p things severally, ^ 

First divide tti + n p things into two groups containing rn 
and n+ p things respectively : the number of ways in which this 

|m 4- 71 + /) 


can be done is 


[>ra jn +/? 


Then the number of ways in which the group oi n + p things 
can be divided into two groups containing 7i and p things respec- 

n+ p 

tively is 


[n p * 


Hence the number of ways in which the subdivision into tliree 
groups containing w, ti, things can be made is 


m + n + p I'a +p 

X 


]m n ■\-p 


Itti + 71 + ;; 

» or - , , . 

[n |p t!: (2 


f 

I 


Note. If we put n=p = m, we obtain 




|m |m 
iich The t 


; but this formula regards 


as different all the possible orders in whi^ The three groups can occur m 
any one mode of subdivision. And since there are such orders cor- 

oT di 


responding to each mode of subdivision, the number 


which subdivision into three eqtial groups can be made is 


different ways in 
|3m 


|m |m |?a 

Example, The number of ways in which 15 recruits can be divided into 
^ 115 

three equal groups is ,r .s i and *1^® number of ways in which they 


( 

T 


[5 [5 |5 ;3 


|15 


be drafted into three different regiments, five into each, is |6~j6~^' 
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148, In the examples which follow it is important to notice 
that the formula for permutations should not be used until the 
suitable selections required by the question have been made. 

Example 1. From 7 Englishmen and 4 Americans a committee of G is to 
be formed; in how many ways can this be done, (1) when the committee con- 
tains exactly 2 Americans, (2) at least 2 Americans? 

(1) We have to choose 2 Americans and 4 Englishmen. 

The number of ways in which the Americans can be chosen is and 
the number of ways in which the Englishmen can be chosen is Each of 

the first groups can be associated with each of the second; hence 
the required number of ways=*Ca x 

14 |_7 

_ =210. 

11 II II 

(2) The committee may contain 2, 3, or 4 Americans. 

We shall exhaust all the suitable combinations by forming all the groups 
containing 2 Americans and 4 Englishmen ; then 3 Americans and 3 English- 
men; and lastly 4 Americans and 2 Englishmen. 

The stun of the three results will give the answer. Hence the required 
number of ways x x + x 

[4 |7 |4 ^ |7 

= 14|_3 + l3 + 

= 210 + 140-^21 = 371. 

In this Example we have only to make use of the suitable formulte for 
combinations, for we are not concerned with the possible arrangements of the 
members of the committee among themselves. 


Example 2. Out of 7 consonants and 4 vowels, how many words can be 
made each containing 3 consonants and 2 vowels? 

The number of ways of choosing the three consonants is and the 
number of ways of choosing the 2 vowels is and since each of the first 
groups can be associated with each of the second, the number of combined 
groups, each containing 3 consonants and 2 vowels, is x ‘‘Cg. 


Further, each of these groups contains o letters, which may be arranged 
among themselves in |5 waj’s. Hence 

^ r ^ ^ 

the required number of words = ^C3 X ^C'2 X jo f ^ 





= 1 ^ 25200 . 
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Example 3. How many words can be formed out of the letters articUt so 
that the vowels occupy the even places? 


Here we have to put the 3 vowels in 3 specified places, and the 4 conso- 
nants in the 4 remaining places ; the first operation can be done in ^ ways, 

and the second in 1 4 . Hence 



the required number of words 




In this Example the formula for permutations is immediately applicable, 
because by the statement of the question there is but one way of choosing the 
vowels, and one way of choosing the consonants. 

^ EXAMPLES. XI. a. 

t ^ 

^ 1, In how many ways can a consonant and a vowel be chosen out of 

L^he letters of the word cour.c^gel . ^ 

2. There are 8 candidates for a Classical, 7 for a Mathematical, and 
't'' 4 for a Natural Science Scholarship. In how many ways can the 
Scholarships be awarded ? 


14J 


r 


3 . Find the value of SP-, 


4. How many different airangements can be made by taking 9 
of the letters of the word equation? 

5. If four times the number of i>ermutations of n things 3 together 
is equal to five times the number of permutations of 7i — 1 things 
3 together, find ?i. 

6. How many permutations can be made out of the letters of 
the word triangle? How many of these will begin with t and end 
with e ? 


7. How many different selections can be made by taking four of 
the digits 3, 4, 7, 5, 8, 1 ? How many different numbers can be formed 
with four of these ^gits ? 


8. If 2 "C 3 : "(72=44 ; 3, find n. 

9. How many changes can be rung with a peal of 5 bells ? 

10. How many changes can be rung with a i^eal of 7 bells, the tenor 
alw'ays being last ? 

11. On how many nights may a watch of 4 men be drafted from a 
crew of 24, so that no two watches are identical ? On how many of these 
would any one man be taken ? 

12. How many arrangements can be made out of the letters of the 
word draughty the vowels never being separated ? 
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^ 13. In a town council there are 25 councillors and 10 aldermen ; 
how many committees can be formed each consisting of 5 councilloi*s 
and 3 aldermen I 


14. Out of the letters Aj By (7, py r how many arrangements can 
^ be made (1) beginning with a capital, (2) beginning and ending with a 

capital I 

15. Find the number of combinations id’ 50 things 46 at a time. 

16. If = find "^ 17 , 

17. In how many ways can the letters of the word vou'els be 
arranged, if the letters oe can only occupy odd places ? 

18. From 4 officers and 8 privates, in how many ways can 6 be 
chosen (1) to include exactly one officer, (2) to include at least one 
officer? 

19. In how many ways can a party of 4 or more be selected from 
10 persons ? 

20. If = find^C,. 

21. Out of 25 consonants and 5 vowels how many words can be 
formed e^ich consisting of 2 consonants and 3 vowels? 

22. In a library there are 20 Latin and 6 Greek boolcs ; in how 
many ways can a group of 5 consisting of .3 Latin and 2 Greek books be 
placed on a shelf? 

23. In how many ways can 12 things be divided equally among 4 
l)ersons ? 

24. From 3 capitals, 5 consonants, and 4 vowels, how many words 
can be made, each containing 3 consonants and 2 vowels, and beginning 

4 vrith a capital ? 

25. At an election three districts are to be canvassed by 10, 15, and 
20 men resj)ectively. If 45 men volunteer, in how many ways can they 
be allotted to the different districts? 


26. In how many ways can 4 Latin and 1 English book be placed 
on a shelf so that the English book is always in the middle, the selec- 
tion being made from 7 Latin and 3 English books? 

27. A boat is to be manned by eight men, of whom 2 can only row 
on bow side and 1 can only row on stroke side; in how many ways cau 
the crew be arranged ? 

28. There are two works each of 3 volumes, and two works each of 
2 volumes ; in how many ways can the 10 books be placed on a shelf so 
that volumes of the same work are not separated ? 

29. In how many ways can 10 examination papers bo arranged so 
that the best and worst pai>ers never come together ? 
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30. An eight*oared boat is to be manned by a crew chosen from 1 1 
men, of whom 3 can steer but cannot row, and the rest can row but can- 
not steer. In how in<any ways can the crew be arranged, if two of the 
meii can only row on bow side? 


31. Prove that the number of ways in which p positive and n 
negative signs may be placed in a row so that no two negative signs shall 
be together is 


32. If “P. + s ; 3 = 30800 : 1, find r. 


33. How many different signals can be made by hoisting 6 differ- 
ently coloured flags one above the other, when any number of them 
may be hoisted at once? 


34. = : 11, find r. 


149. llitlierto, in the formula we^ have proved, tlie things 
liave been regarded as unlike. Befor^^considering cases in which 
some one or more sets of things may be like^ it is necessary to 
point out exactly in what sense the words like and unlike are 
used. Wiien we speak of things being cUssitnilary different^ un- 
like^ we imply that the things are viaihhj unlike^ so as to be 
easily distinguishable from each other. On the other hand Ave 
shall always use the term like things to denote sucli as are alike 
to the eye and cannot be distinguished from each other. For 
instance, in Ex. 2, Art. 148, tlie consonants and the vowels may 
be said each to consist of a group of tilings united by a common 
cliaracteristic, and thus in a certain sense to be of the sfune kind; 
but they cannot be regarded as like things, because there is an 
individuality existing among the things of each group Avhich 
makes them easily distinguishable from each other. Hence, m 
the final stage of the example Ave considered each group to 
consist of five disshnilar things and therefore capable of L? 

arrangements among themseh'es. [Art, 141 Cor.] 

150. Suppose we ha\'e to find all the possible ways of arrang- 
ing 12 books on a shelf, 5 of them being Latin, 4 English, and 
the remainder in different languages. 

The books in each language may be regarded as belonging to 
one class, united by a common characteristic ; but if they Avere 
distinguishable from each other, the number of permutations 
would be 112, since for the purpose of arrangement among them- 
selves they are essenti.ally different. 
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If, however, the books in the same language are not dis- 
tinguishable from eacli other, we should have to tind the number 
of ways in which 12 things can be arranged among themselves, 
when 5 of them are exactly alike of one kind, and 4 exactly alike 
^of a second kind : a problem which is not directly included in any 
of the cases we have previously considered. 


151. To find the number of ways in which n things may be 
ai'ranged among themselveSy' taking them all at a timCy when p 
of the things are exactly alike of one kindy q of them exactly 
alike of another kindy r of them exactly alike of a third kindy and 
the rest all different. 


Let there be n letters ; suppose jy of them to be a, q of them 
to be 6, r of them to be c, and the rest to be unlike. 

Let X be the required number of permutations ; then if the 
p letters a were replaced by p unlike letters different from any 
of the rest, from any one of the x permutations, without alter- 
ing the position of any of the remaining letters, we could 
form p new permutations. Hence if this change were made 
in eac i of the x permutations we should obtain x 's permuta- 
tions. 


Similarly, if the q letters 6 were replaced by q unlike letters, 
the number of permutations would be 


X X 


\p X \q. 


In like manner, by replacing the r letters c by r unlike letters, 
we should finally obtain x x x x V permutations. 

But the things are now all different, and therefore admit of \n 
permutations among themselves. Hence ““ 


X X 




that is, X = ! -- • 

\p\q^' 

which is the required number of permutations. 

Any case in which the things are not all different may be- 
treated similarly. 
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Example 1. How many different permutationa can be made ont of the 
letters of the word aeiossuiation taken all together? 


We have here 13 letters of which 4 are 3 are a, 2 are t, and 2 are n. 
Hence the number of permutations 


13 


liiill'l 

= 13.11.10.9.8.7.3.6 


1 


= 1001 X 10800 = 10810800. 


Example 2. How many numbers can he formed with the digits 
1, 2, 3, 4, 3, 2, 1, so that the odd digits always occupy the odd places? 


The odd digits 1, 3, 3, 1 can be arranged in their four places in 


14 


-6 ( 1 ). 


2 i2 


The even digits 2, 4, 2 can be arranged in their three places in 


WS (2). 

Li 


Each of the ways in (1) can be associated with each of the ways in (2). 

XT , ‘4 13 

Hence the required number = ^ x ;^ = 6 x 3 = 18. 


152. I'o find the number ofi permutations ofi n things r at o 

time, when each thing may he repeated once, twice, up to r 

times in any arrangement. ^ 

Here we have to consider the number of ways in which r 
places can be filled up when we have n different tilings at our 
disposal, each of the n things being used as often as we please in 
any arrangement. 

The first place may be filled up in n ways, and, when it has 
been filled up in any one way, the second place may also be filled 
up in 71 ways, since we are not precluded from using the same 
thing again. Therefore the number of ways in which the first 
two places can be filled up is n x n or The third place can 
also be filled up in n ways, and therefore the first tliree places in ^ 
ways. 

Proceeding in this manner, and noticing that at any stage the 
index of n is always the same as the number of places filled up, 
we shall have the number of ways in which the r places can bo 
filled up equal to n'. 
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EzasttpU. In how many ways can 5 prizes be given away to 4 boys, when 
each boy is eligible for all the prizes? 

Any one of the prizes can be given in 4 ways ; and then any one of the 
remaining prizes can also be given in 4 ways, since it may be obtained by the 
-w boy who has already received a prize. Thus two prizes can be given away in 
ways, three prizes in 4^ ways, and so on. Hence the 5 prizes can be given 
away in 4^, or 1024 ways. 


153. To fiiid the total number of tvays in wJdch it is possible 
to make a selection by taking some or all of n things. 

Each thing may be dealt with in two ways, for it may either 
be taken, or left ; and since either way of dealing with any one 
thing may be associated with eitlier way of dealing with eacix one 
of the others, the number of ways of dealing with the n things is 

2x2x2x2 to n factors. 

k But this includes the case in wliich all the tliinirs aie left. 

O 7 

therefore, rejecting this case, the total number of ways is 2'*-!. 

This is often spoken of as “the total number of combinations” 
of n things. 


Example. A man has 6 friends ; in how many ways may he invite one or 
more of them to dinner? 


He has to select some or all of his 6 friends ; and therefore the number of 
ways is 2^ - 1, or 63. 

This result can be verified in the following manner. 

The guests may be invited singly, in twos, threes, ; therefore the 

number of selections =®Ci + ®C 2 + ®Cg + *C 4 -f®C 5 -f* 

= 6 + 15 + 20 + 15 + 6 + 1=03. 

154. To find for what value of r tloe number of co mbinations 
(f n things v at a time is greatest. 


SlncA n(n-l)(n^ 2 ) (n^r + 2) (n-r + 1) 

1.2.3 (r~l)r ’ 

and - n(n-\)(n-2) (n~r + 2) 

1.2.3 (r-1) 

The multiplying factor - — may be written ^ _ 1 

r * 

which shews that it decreases as r increases. Hence as r receives 
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the values 1, 2, 3 in succession, "(7^ is continually increased 

n + 1 


until * — 1 becomes equal to 1 or less than 1. 
r 


Now 


n + 1 


- 1 - 1 , 


» 

y 


so long as 


n + 1 


2; 


that is, 


n+l 


> r. 


We have to choose the greatest value of r consistent with 
this inequality. 


(1) Let n be even, and equal to 2//i; then 

+ 1 2m +1 I 

9 “ 9 




and for all values of r up to 7n inclusive this is greater than r. 
Hence by putting r - 7/i = ^ , we find that the greatest number of 


combinations is . 


n 

1 


(2) Let n be odd, and equal to 2m + 1 ; then 

n+l 27n + 2 


2 


2 


m + 1 ; 


and for all values of ?• up to m inclusive this is greater than t 
but when r= m+ 1 the multiplying factor becomes equal to 1, and 






and therefore the number of combinations is greatest when the 


things are taken 

It 


^ ^ at a time; the result being the 


or 


same in the two cases. 


155, The formula for the number of combinations of n things ^ 
r at a time may be found without assuming the formula for the ^ 
number of permutations. 

Let "(7^ denote the number of combinations of n things taken 
r at a time ; and let the n things be denoted by the letters 

Oa Ca d» . , • a . a a 
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Take away a ; then with the remaining letters we can form 
combinations of n—\ letters taken r — 1 at a time. With 
each of these write a \ thus we see that of tlie combinations 
of n things r at a time, the number of those which contain 
is similarly the number of those which contain 

b is ; and so for each of the ii letters. 

Therefore n x is equal to the number of combinations 

r at a time which conttiin a, together with those that contain 6, 
those that contain c, and so on. 

But by forming the combinations in this manner, each par- 
ticular one will be repeated r times. For instance, if r=3, the 
combination abc will be found among those containing a, among 
those containing 6, and among those containing c. Hence 





By writing n — 1 and r — 1 instead of n and r respectively, 


n— 1 


^r-1 — ^r-3 ^ ^ 1 • 


Similarly, 






n-2 


0 * 


\ 


^ and finally, 




n^r^l 


Cj = 91 - r + 1. 


91 - r 2 
2 


Multiply together tlie vertical columns and cancel like factors 
from each side ; thus 

_ n(n-l){n-2) (n -r + 1) 

r (r - 1) (r — 2) 1 


156. 'To Jind the total number of ways in which it is possible 

to make a selection by taking some or all out of p-t-q+r+ 

things, wJwreof p are alike of one kind, q alike of a second kind, r 
alike of a third kind; and so on. 

The p things may be disposed of in ^ + 1 ways ; for we may 

take 0, 1, 2, 3, ^9 of them. Similarly the q things may be 

disposed of in q + \ ways; the r things in r+l ways; and 
so on. 

H H.i. 


F 
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Hence the number of ways in wliich all the things may be 
disposed of is (p + 1) (^ + 1) (^ + 1) 

But this includes the case in which none of the things are 
taken ; therefore, rejecting this case, the total number of 
ways is ^ 

{P + !)('?+ 1 ) ('•+ 1 ) - 1 - 


157. A general formula expressing the number of permutar 
tions, or combinations, of n things taken r at a time, wlien the 
things are not all different, may be somewhat complicated ; but a 
particular case may be solved in the following manner. 

Example. Find the number of ways in which (1) a selection, (2) an ar- 
rangement, of four letters can be made from the letters of the word 

vi'o2^ortio7i. 

There are 10 letters of six different sorts, namely o, o, o; p,p; r, r; t; i; n. ^ 
In finding groups of four these may be classified as follows: 

(1) Three alike, one different. 

(2) Two alike, two others alike. 

(3) Two alike, the other two different. 

(4) All four different. 


(1) The selection can be made in 5 ways; for each of the five letters, 
p, r, t, f, n, can be taken with the single group of the three like letters o. 

(2) The selection can be made in ^Co ways ; for we have to choose two out 
of the three pairs o, o; p, p; r, r. This gives 3 selections. 

(3) This selection can be made in 3 x 10 ways; for we select one of the 
3 pairs, and then two from the remaining 5 letters. This gives 30 selections. 

(4) This selection can be made in ways, as we have to take 4 different 
letters to choose from the six o, p, r, t, i, n. This gives 15 selections. 

Thus the total number of selections is 5 -f 3 + 30 + 15 ; that is, 63. 


In finding the different arrangements of 4 letters we have to permute in 
all possible ways each of the foregoing groups. 


(1) gives rise to 5 x , or 20 arrangements. 


11 


(2) gives rise to 3 x , or 18 arrangements- 

* z \ Z 






(3) gives rise to 30 x , or 360 arrangements. 


(4) gives rise to 15 x |^ , or 360 arrangements. 

Thus the total number of arrangements is 20 4 - 18 -*-360 + 360; that is, 768. 


PERMUTATIONS AND COMBINATIONS. 
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EXAMPLES. XI. b. 


1. Find the number of arr<angements that can be made out of the 
'etters of the words 

(1) independence^ (2) mper&titious^ 

(3) imtitutions. 

2. In how many ways can 17 billiard balls be arranged, if 7 of 
them are black, 6 red, and 4 white? 

3. A room is to be decorated with fourteen flags ; if 2 of them are 
blue, 3 red, 2 white, 3 green, 2 yellow, and 2 purple, in how many ways 

can they bo hung? ^ ^ 

4. How many numbers greater than a million can be formed with 
the digits 2, 3, 0, 3, 4, 2, 3? 

5. Find the number of arrangements which can be made out of the 
letters of the word algebra^ without altering the relative positions of 
vowels and consonants. 


6. On three different days a man has to drive to a railway station, 
«and he can choose from 5 conveyances; in how many ways can he make 
the tliree journeys ? 


7. 1 have counters of n different colour-s, red, white, blue, • in 

how many ways can I make an arrangement consisting of r countei-s 
supposing that there are at least r of each different colour? ^ 


8. In a steamer there are stalls for 12 animals, and there are 

cows, horses, and calves (not less than 12 of each) ready to be shiiiped- 
m how many ways can the shipload be made? ^ ^ ' 

9. Ill liow many wap pn n things be given to p persons, when 
tliere is no restriction as to tlie number of things each may receive ? 

10. In how many ways can five things be divided between two 
persons? 


11. How many different arrangements can be made out of the letters 
in the expression a^b’C^ when written at full length? 

of rings each marked with fifteen 

different letters; find m liow many ways it is possible to make au 
unsuccessful attempt to open the lock. 

11 , number of triangles which can be formed by ioiniii" 

thiee angular points of a quindecagon. ^ ^ ° 

14. A library has a copies of one book, b copies of each of two 
books, c copies ol each of three books, and single copies of d books In 
how many ways can these boolcs be distributed, if all are out at once? 

15. How many numbers less than 10000 can be made with the 
eight digits 1, 2, 3, 0, 4, 5, 6, 7 ? 

1 r oA u"""" can the following prizes be given awav to a 

class of 20 boys : first and second Classical, first and second Jilathe- 
matical, first Science, and first French ? 
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17. A telegraph has 6 arms and each arm is capable of 4 distincr 
positions, including the position of rest; what is the total number of 
signals that can be made? 

18. In how many ways can 7 j>ersons form a ring? In how many 
wavs can 7 En'dishinen and 7 Americans sit down at a round table, no 
two Americans being together? 

19. In how many ways is it possible to draw a sum of money from 
a bag containing a sovereign, a half-sovereign, a crown, a florin, a shilling, 
a penny, and a farthing? 

20. I'rom .3 cocoa nuts, 4 apples, and 2 oranges, how many selec- 
tions of fruit can be made, taking at least one of each kind? 

21. Find tlie number of different ways of dividing jn7i things into 
n equal groups. 

22. How many signals can be made by hoisting 4 flags of different 
colours one al>ove the other, when any number of them may be hoisted 
at once? IIow many with 5 flags? 

23. Find the number of i>ernuitations which can l>e formed out <»f 
the letters of the word series taken three together? 

24. There iire p points in a plane, no three of which are in the .same 
straiglit line with U\c exception of (y, which are all in the same straiglit 
line; find the number (1) of straight lines, (2) of triangles which result 
from joining them. 

25. There arc p points in space, no four of which are in the same 
plane with the exception of y, which are all in the same plane; find 
how many planes there are Ciich containing three of the i>oints. 

26. There arc n different books, and p copies of each; find the 
number of ways in which a selection can bo made from them. 

27. Find the number of selections and of arrangements that can l»c 
made by taking 4 letters from the word c.vpressioyi. 

28. How many permutations of 4 letters can be made out of the 
letters of the word examniatiori ? 

29. Find the sum of all numbers greater than 10000 formed by 
using the digits 1, 3, 5, 7, 9, no digit being repeated in any number. 

30. Find the sum of all niunbers greater than 10000 formed by 
using the digits 0, 2, 4, G, 8, no digit being repeated in any number. 

31. If of p + q-\-r things p be alike, and q bo alike, and the rest 
difterent, shew that the total number of combinations is 

(y,+ l)(ry-Hl)2’--l. 

32. Shew that the number of i>ermiitations which can be formed 
from 2n letters which are either tf’s or is greatest when the number _ 
of ct’a is equal to the number of 6’s. 

33. If the 7i-f- 1 numbci-s a, h, c, d, be all afferent, and each of 

them a )>rime number, prove that the number of difterent factors of the 
expression a^'hrd is (m -f- 1) 2’* — 1. 
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CHAPTER XII. 


MATHEMATICAL INDUCTION. 


158. Many important mathematical formulae are not easily 
demonstrated by a direct mode of proof ; in such cases we fre- 
quently hnd it convenient to employ a method of proof known as 
mathematical induction, ^Y]lich we shall now illustrate. 

Example 1. Suppose it is required to prove that the sum of the cubes 
of the first n natural numbers is equal to 

We can easily see by trial that the statement is true in simple cases, such 
as when n=l, or 2, or 3 ; and from this we might be led to conjecture that 
the formula was time in all cases. Assume that it is true when n terms are 
taken ; that is, suppose 

13 + 23 + 3^1 + to » terms = j j \ 

Add the (a -1-1)*** term, that is, (n + 1)^ to each side; then 
13 -!- 23 -I- 33 ^ to n + 1 terms = | | ^ ip 

= (« + !)= (j + « + l) 

q 

u»-f l)f» + 2) )- 
t 2 S * 

which is 0/ the saiM form as the result we assumed to be true for n terms, 
n + 1 taking the place of n; in other words, if the result is true when we take 
a certain number of terms, whatever that number may be, it is true when we 
increase that number by one; but we see that it is true when 3 terms are 
taken ; therefore it is true when 4 terms are taken ; it is therefore true when 
5 terms are taken; and so on. Thus the result is true universally. 
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ExamjyU 2. To determine the product of n binomial factors of the form 
x + a. 

Bv actual multiplication we have 

(x 4-fl) (.T + (x + c) = x^-f (a + 6 + c) (ah-\-hc + ca) x + ahc’j 

(x + cf) (x + 6) (x + c) (.T + d) = x^+{a + ;; + c-f (?) x^ 

+ {ab-i-cc-i- ad + bc+ bd + cd) x- 
+ {abc + f.bd + acd + bed) x + abed. 

In these results we observe that the following laws hold: 

1. The number of terms on the right is one more than the number of 
binomial factors on the left. 

2. The index of x in the first term is the same as the number of 
binomial factors; and in each of the other terms the index is one less tban 
that of the preceding term. 

3. The coefficient of the first terra is unity ; the coefficient of the second 

term is the sura of the letters o, i, c, ; the coefficient of the third 

term is tlie suiu of the products of these letters taken two at a time; 
the coefficient of the fourth terra is the sura of their jirodiicts taken three at 
a time ; and so on ; the last term is the product of all the letters. 

Assume that these laws hold in the case of n — X factors ; that is, suppose 

(X + a) (X + f^) . . . (X + //) = x”~* + pjX”-2 j-T'""'* + - . . +Pn-l t 

^'^ere Pi = a + b + c + ...h; 

p.j=iab + ac + ...+ah + bc + bd+ ; 

2)-^ — abc + (ibd-i- ; 




Multiply both sides by another factor x 4 - Jc ; thus 


(x + a) (x + b) ... {.V + h) (x + /;) 
x"+ ipi + /*) x^~^ + {P*+Pi^)x^~- + {2}j + r-2^) 


Now 


p^ + Ic = {a + b + c + ... + h) + k 

= sum of all the 7i letters a, by c,...k\ 


J>2+Pl^'=P2+^(« + ^+- - 

= sum of the products taken two at a time of all the 
n letters a, b, ... k; 


P3 + P2^‘=P3+ k {ab + ac+ ...+ah + bc+ ...) 

= sum of the products taken three at a time of all 
the n letters ay by c, ... k ; 


= product of all the w letters a, h, c,...k. 
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If therefore the laws hold when 7i - 1 factors are multiplied together, 
they hold in the case of 71 factors. But we have seen that they hold in the 
case of 4 factors ; therefore they hold for 5 factors ; therefore also for 0 
factors ; and so on ; thus they hold universally. Therefore 

(x + a) (x + (x + c) . . . (x -i- i*} = + SiX’‘“' + + . . . + 

where 5i = the sum of all the 7i letters u, h, c ... k; 

So = the sum of the products taken two at a time of these n letters. 


S, 4 =the product of all the n letters. 

150. Theorems relating to divisibility may often be esta- 
blished bv induction. 

E.rajHple. Shew that is divisible by x-1 for all positive iniegral 

values of n. 


By division 


x ’^1 

x-1 


= x’*“^ + 


X 




x-1 ’ 


if therefore x''“^ - 1 is divisible by x-1, then x’‘ - 1 is also divisible by x - 1. 
But X-- 1 is divisible by x - 1 ; therefore x^- 1 is dmsible by x - 1; there- 
fore x^ - 1 is divisible by x — 1, and so on ; hence the proposition is established. 

Other examples of the same kind will be found in the chapter on the 
TJieonj of Numbers. 

ICO. From the foregoing examples it will Ije seen that the 
only theorems to wliicli induction can be applied are those 
which admit of successive cases corresponding to the order of 
the natural numbers 1, 2, 3, n. 




EXAMPLES. XII. 




Prove by Induction : 

1. 1 + 3 + 5 + + (2h-1) = '/i2. 


2 . 


1 


1- + 2- + 3-+ ■^n'^= l)(27i+ 1). 


3 . 2 + 22 + 23 + + 2 '^ = 2 ( 2 '^- 1 ). 

r 2 + 2 -3 + io + = 4 1 • 

5. Prove by Induction that x" — y” is divisible by x + y when n is 
even. 



CHAPTER XIII. 


Binomial Theorem. Positive Integral Index. 

161. It may be shewn by actual multiplication that 
{x +«)(«; + b) {x + c) {x + d) 

= + (a + 6 4- c + c/) X*'’ + {ab + ac + ad + be + bd + cd) x* 

4- [abc 4- abd 4- acd 4- bed) x 4- ahed (1). 

We may, however, wi-ite down tins result by inspection ; for the 
complete product consists of the sum of a number of partial pro- 
ducts each of Avhich is formed by multiplying together four 
letters, one being taken from eaeh of tlie four factors. If we 
o.xamine the way in whicli the various partial products are 
formed, we see that 

(1) the term x'^ is formed by taking the letter x out of each 
of tlie factors. 

(2) tlie terms involving are formed by taking the letter 
out of any three factors, in every way possible, and one of the 
letters a, 6, c, d out of the remaining factor. 

(3) the terms involving x- are formed by taking the letter x 
out of a^iy two factors, in every way possible, and two of the 
letters «, 6, c, d out of the remaining factors. 

(I) the terms involving x are formed by taking the letter x 
out of any one factor, and three of the letters a, b, c, d out of 
the remaining factors. 

(5) the term independent of x is the product of all the letters 
d, b^ 0, d» 

Example 1. (x - 2) (x4-3) (j:- 5) (a:4-9) 

= x<4-(- 24-3- 04-9) x34-(- 6 + 10- 18- 154-27- 45) 

4- (30 - 54 4- 90 - 135) x 4- 270 
= x^ 4- 5x’ — 47x® — 69x 4- 270. 
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Example 2, Find the coefSoient of in the product 

(x-3)(x + 5) (x- 1) (x + 2) (x-8). 

The terms involving x* axe formed by multiplying together the x in ony 
three of the factors, and two of the numerical quantities out of the two re- 
maining factors; hence the coefficient is equal to the sum of the products 
of the quantities - 3, 5, -1,2, - 8 taken two at a time. 

Thus the required coefficient 

= -15 + 3-6 + 2-1-5 + 10-40-2-1-8-16 
= -39. 

162. If in equation (1) of the preceding article we suppose 
6 = c=t^=a, we obtain 

(x + a)' = X* + lax" + Cfi'x' + + a^. 

The method here exemplified of deducing a particular case 
from a more general result is one of frequent occurrence in 
Mathematics ; for it often happens that it is more easy to prove 
a general proposition than it is to prove a particular case of it. 

We shall in the next article employ the same method to prove 
a formula known as the Binomial Theorem, by which any binomial 
of the form x + a can be raised to any assigned positive integral 
power. 

163. To Jind live expansion of (x + a)* when n is a positive 
integer. 

Consider the expression 

(x + a) (x + J) (x + c) (x + 

the number of factors being n. 

The expansion of this expression is the continued product of 

the n factors, x + a, x + 6, x + c, x + A:, and every term in the 

expansion is of n dimensions, being a product formed by multi- 
plying together n letters, one taken from each of these n factors. 

The highest power of x is x“, and is formed by taking the 
letter x from each of the n factors. 

The terms involving x”“' are formed by taking the letter x 
from any 7i- 1 of the factors, and 07ie of the letters a, 6, c, ... k 
from the remaining factor; thus the coefficient of x""' in the 
final product is the sum of tlie letters a, 6, c, k; denote it 

l>y . 

Tiie terms involving x""® are formed by taking the letter x 
from any n - 2 of the factors, and two of the letters a, h, c, ... vt 
from the two remaining factors; thus the coefficient of W‘"- in 
the final product is the sum of the products of the letters 
a, ft, c, ... k taken two at a time; denote it by S^. 


138 


HIGHER ALGEBRA. 


And, generally, the terms involving are formed by taking 
tlie letter x from a7ii/ n — r of the factors, and r of the letters 
«, 6, c, ... k from the r remaining factors; thus the coefficient of 
x"~'’ in the final product is the sum of the products of the letters 
Oy by c, ... k taken r at a time; denote it by 

The last term in tlie product is abc ... k; denote it by *9^. 


Hence 


— X 


n 


iSyX 


(x + a) (x -i- b) (x c) (x 4- k) 

+ ...+S .x-""" + ... 4- .V ,x- 4- S . 

2 r n— * I n 


In the mimbfir of terms is ?i ; in *9, the number of terms is 
the same as the number of combinations of n things 2 at a time; 
tliat is, ; in the number of terms is "Cg; and so on. 


Now suppose by c, ... k, each equal to a; then becomes 
S,^ becomes becomes "C/r*; and so on; thus 

(.c+ay = x^ + ''C\ax^-^ 4-"C/tV-"-4-"(7ga-V-®4- ... + "C a" ; 


sid)stituting for "(7,, "C\y ... we obtain 


(.c + a) =x +nax H , — -- a’x '+ - 'ax +... + e . 

^ ' 1.2 1.2.3 


the series containintr ?i + 1 terms. 

O 

This is the Binomial Thcoremy and the exj>ression on the right 
is said to be the expansion of {x + a)". 


164. The Binomial Theorem may also be proved as follows: 

By induction wo can find the product of the n factors 
x-\-a, x + h, x^Cy...x + k as explained in Art. 158, Ex. 2; we 
can then deduce the expansion of (x + a)" as in Art. 163. 


165. The coefficients in the expansion fof (x + aY are veiy 
conveniently expressed by the symbols "C,, ... 

We shall, however, sometimes further abbreviate them by omitting 
Uy and writing C\y C,^y 6'^, ... C With this notation we liave 

(x4*a)" = x"4-C,«x"’‘ + C^,a"x"'" + C'//V-"4- ... +Cn\ 

If we write — a in the place of «, we obtain 
{x - ay ^x’^+C, (- a) + ayx’-^ + Cf- ... + CJ-ff 

= x^ - C,ax-' + 

Thus the terms in the expansion of (x + a)'* and (x — ay are 
numerically the same, but in \x — a)" they are alternately positive 
and negative, and the last term is positive or negative according 
as 71 is even or odd. 
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Example 1. Find the expansion of (x + ?/)®. 

By the formula, 

(x + 77)6 = + sc. X V + 6C3 x-y + V + xy + «C 6 y 8 

= xS + Gx^y + IJ.r'y- + 20x*y^ + 15xy + Gxy® + y®, 
on calculating the values of ^Cj , ^C^, SC 3 , 


Example 2. Find the expansion of (a - 2x)". 

(a - 2x)7 = a' - 5^Ci (2x) + a5 ^2xf - {2xf + to 8 terms. 

Now remembering that ”C,.=”C„_^, after calculating the coefficients up 10 
^Cj, the rest may be \vritten down at once ; for = ^Os -'C.; and so on. 
Hence 

(a - 2xy = - 7a« (2x) + a’ (2xf - «4 ( 2^)3 + 

= - 7aS (2x) + 21a5 (2.r)2 - Soa* (2xf + Soa^ (2x)* 

- 21a2 (2xf + 7a (2x)fi - (2xY 

= - 14a8x + 84a=x2 - 280a4x''* + GGOa^x* 

- G72a V + 448ax6 - 128x^ 


Example 3. Find the value of 


(a + - 1)' + (a - - 1)7. 

We have here the sum of two expansions whose terms are numerically 
the same; but in the second eximnsion the second, fourth, sixth, and eighth 
terms are negative, and therefore destroy the corresponding terms of the first 
expansion. Hence the value 

= 2 { a7 + 21 a 8 (a^ - 1 ) + 35a3 (yS _ i )2 + 7 ^ _ i)3j 

=n 2 a (64rt8 - 112 a* + SGa^ - 7 ). 


166. In the expansion of {x + ay, the coefficient of the second 
term is "C, ; of the third term is ”C\ ; of the fourth term is "C ; 
and so on; tlie suffix in each term being one less than the 
number of tlie term to 'svhich it applies ; lienee is the co- 
efficient of the (r-f- 1)*^* term. This is called the ge"^neral term, 
because by giving to r diiierent numerical values any of the 
coefficients may be found from and by givino- to x and a 
their appropriate indices any assigned tenn may'^ be obtained. 
Thus the (r-f 1)^** term may be written 


or 


n (71 — 1 ) (n 


2 ) ■■■( 7 i-r+I ) 

ir 


X "a 


In applying this formula to any particular case, it should be 
observed that the index of a is the same as the svffix of C, aW 
that the sum of the indices of x and a is n. ^ 
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Kxaviple 1. Find the fifth term of (rt+2:E®)’^ 

The required term (2x^)^ 

17.16.15.14 


1 . 2 . a . 4 
= 38080a^3xi2. 


X 16a»x» 


Example 2. Find the fourteenth term of (3 

The required term (3)^ ( - 

= ''*C.x(-9ai^) 

= - 945ai3, 


- a)», 


[Art. 145.] 


167. The simplest form of the binomial theorem is the ex- 
pansion of (1+a:)'*. This is obtained from the general formula 
of Art. 163, by writing 1 in the place of x, and x in the place 
of a. Tims 

(1 + .r)" = 1 + "(7,.r + + . . . + "CX + •• + "C'X 


^ n (71-1) 3 

= 1 4 - VX 4 1 :: X + 


1 . 2 


+ x’* ; 


the creneral term beinir 


7 i (ji — 1 ) (h — 2 ) (74-r + 1 ) , 

r 


Tlie e.xpansioii of a binomial may always be made to depend 
upon the case in which the first term is unity ; thus 


(x + yr=[:r(l +1)} 


= x"( 1 4- s)", where s = 


X 


Example 1. Find the coefficient of in the expansion of (x*-2j )^®. 

\ iw 

1-^) ; 

f 2\'® 

and, since x^^ multiplies evei'y term in the expansion ^ hare m 

this expansion to seek the coefficient of the term which contains 


Hence the required coefficient = ( - 2)* 

10.9.8. 7 
“172.3.4 

= 3360. 


X 16 


In some cases the following method is simpler. 
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Example 2. Find the coefficient of in the expansion of + • 

Suppose that occurs in the (p + l)'** term. 


The {p + 1)‘** term 


="Cp(x2)"-*’ 


-”CpX^“^P. 


(i) 


But this term contains a:*", and therefore 2« - op=r, orp = 
Thus the required coefficient="Cp="C 2 „_r 


2n - r 



(3n + r) 


2 /^ ^ 7 * 

Unless — = — is a positive integer there will bo no term containing x^ in 

U 

the expansion. 


168. In Art. 163 we deduced the expansion of (x + a)" from 
the product of « factors (x + a) (x + b) ... {x-\-k), and the method 
of proof there given is valuable in consequence of the wide gene- 
rality of the results obtained. But the following shorter proof of 
the Binomial Theorem should be noticed. 

It will be seen in Chap. xv. that a similar method is used 
to obtain the general term of the expansion of 

(a + 6-f-c-l- )". 


169. To prove the Binomial Theorem. 

The expansion of (x + a)'* is the product of n factors, each 
equal to x+ fl, and every term in the expansion is of n dimen- 
sions, being a product formed by multiplying together n letters, 
one tiiken from each of the n factors. Thus each teian involvin" 
is obtained by taking a out of any r of the factors, and x 
out of the remaining n — r factors. Therefore the number of 
terms which involve must be equal to tlie number of ways 

in which r things can be selected out of 7i ; that is, the coefficient 
of x"~"a" is ’*6'^, and by giving to r the values 0, 1, 2, 3, ... n in 
succession we obtain the coefficients of all the terms. Hence 


{x + ay = x" + + "Cy*- V + , . . + 




-I- a 


since ”C^ and are each equal to unity. 
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EXAMPLES. Xm. a. 


Expand the following binomials : 


1. {.v-sy. 

4. (l-3a2)« 

7. 




2 . {3x-{-2t/y. 

5. + 


8. 3a 


-i) 


6 


3. 

6 . 

9. 


11 . 


1 

2^^ 


8 


12 . 


(l-a;y)L 

(- 1 )' 

■ -a” 


Write clown and simplify: 

13. The 4*^ term of (.t* - 5)*'*. 14, 

15. The 12‘** terra of (2.V— 1)*^. 16. 


Tlie 10‘^ term of (1 — 2 ur)* 2 . 
The 28^ term of (5:i:4-8y)^. 


a 


10 


17. The 4^^ term of ( = + 96 

•3 


18. The 6^ term of ( 2a 


19. The 7^ terra of 


_by 

3 ) ■ 

V 5 2 .v) ■ 


*2 

20 . The 5*^ tei in of I ^ ^ 


». 8 
•2 


a 


2 


3 
62 


Find the value of 

21. (.^; + v/2y + (.r-V2y. 

23. (v/2 + 1)6-(^2-1)« 

25. Find the middle term of 


22. ( \/.r- - a^ + - a® - ^)^- 


24. (2 - V 1 - A’)® + (2 + 


+ f y“ . 

\.r a J 

26. Find the middle term of ^1 — • 

( *\n\ 15 

28. Find the coefficient of .r*® in (aa'^-6.r)“. 

29, Find the coefficients of and in • 


30. Find the two middle terms of 




BINOiUAL THEOREM. POSITIVE INTEGRAL INDEX. 143 


-V 

ar/ ■ 


( 3 
2 

32. Find the 13^** term of 3 "^^ • 

33. If vT'" occurs in the expansion of coefficient. 

34. Find the term independent of x in ( ^*"^ ) • 

35, If x^ occui*s in the expansion of ( + ~ ) » prove that its cc 


efficient is 


\2n 


1 


{An-p) 




170. In the expansion of (1 + x)“ the coefficients of terms equi- 
distant from the beginning and end are equal. 

The coefficient of the (r + 1)*^ term from the beginning is 

The (r+\y^ term from the end lias ?i. + 1— (r+1), or 71 — r 
terms before it ; therefore counting from the beginning it is 
the (71 — r-^ 1 )^^ term, and its coefficient is which has been 

shewn to be equal to "(7^. [Art. 145.] Hence the proposition 
follows. 

171. I'o find the greatest coefficient in the expansion of 
<1 + x)". 

The coefficient of the general term of (1 +a:)'* is ; and we 
have only to find for what value of r this is greatest. 

By Art, 154, when n is even, the greatest coefficient is ”(7 , 

and wlien n is odd, it is or ’* 6 '^+,; these two coefficients 

2 

iDeing equal. 

172. To find the gi'eatest term in the expansion 0 / (x + a)”. 


We have 


(a: + o)“ = a:"^l + ^ ; 


therefore, since x" multiplies every term in ^1 + — ^ , it will be 
sufficient to find the greatest term in this latter expansion. 
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Let the r**' and (r+ 1 )^^ be any two consecutive terms. 
The term is obtained by multiplying the r**' term by 

»l_- ^±^1, . ^ ; tl.at is, by ^ - 1 ) j . [Art. 166 .] 

1 

The factor 1 decreases as r increases ; hence the 

r 

(?• 4 - term is not always greater tlian the r**' term, but only 

until (— — ^ — 1^ — becomes equal to 1, or less than 1. 

r J X 


Now 


so long as 


that is, 

4 * 1 X , 

> - + 1, 

r a 

or 

/ 

> 

.... 


a 


( 1 ) 


If 


^ be an integer, denote it by p ; then if r — 7? the 


^+1 
a 


multiplying factor becomes 1, and the (/> + 1)*^ term is equal to the 
; and these are greater tlian any other term. 


If 


71+1 

a 


be not an integer, denote its integral part by q , 


then the greatest value of r consistent with (1) is 7; lienee the 
{q + 1)**' term is the greatest. 


Since we are only concerned with the 

the investigation will be the same for ' (x — therefore 
in any numerical example it is unnecessary to consider the sign 
of the second term of the binomial. Also it will 1 ^ fouM s 
to work each example independently of the general formula. 


i.. 
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Example 1. If find the greatest term in the expansion of (X + 4 j:)^ 

o 


Denote the r*** and (r+ 1)^*' terms hj and 2’rfi respeotiTely ; then 





hence 


80 long as 


that is 


or 


9 - r 4 

r 


T 


r+-l 




9-r 4 , 


36-4r>3r, 

36>7r. 


The greatest value of r consistent with this is 5 ; hence the greatest term 
is the sixth, and its value 






Example 2* Find the greatest term in the expansion of (3 - 2x)^ when 
ar = l. 

(3-2i)9=3S^l-^y; 

( 2x\* 

1 \ • 


Here 


^ 9-r+l *lx . 

— X r,., numerically ^ 


hence 


so long as 


that is, 


10-r 2 

r XgX^r; 






10-r 2 , 

— 


20 > fir. 


Hence for all values of r up to 3, we have but if r=4, tlien 

= aud these are the greatest terms. Thus tne 4‘*» and terms are 
numerically equal and greater than any other term, and their value 


= 33x»C,x 




3^x84x8^489888. 


t/ 


/ 


V 
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173. To find the sum of the coefficients in the expansion 
o/{l+ xr. 

In the identity (1 + a;)" = 1 + C^x + C^x^ + + ... + 0^^ 

put a; = 1 ; thus 

2'*=l + (7, + a + C,+ ... + <7 

% » o H 



= sum of the coefficients. 

Cor. C. -h C„ + 0^+ ... + C =2'’-!: 

that is “the total number of combinations of n things” is 2" — 1 

[Art. 153.] 


174. To prove that in the expansion of (l4-x)“, the sum of 
the coefficients of the odd terms is equal to the sum of the coefficients 
of the even itrms. 


In the identity ( 1 + xf — 1 + + Cpf + + . . . + 

put a; = — 1 ; thus 

0=1-C.+(7.-(73+C,-(7,+ ; 

= Cj + Cg + <7j + 

= ^ (sum of all the coefficients) 


... + + 


Q/1 — I 


175. The Binomial Theorem may also be applied to expand 
expressions which contain more than two terms. 

Example. Find the expansion of (a:* + 2x— 1)®. 

Regarding 2x - 1 as a single term, the expansion 

= (x2)3 + 3 (2x - 1) + 3x2 (2x - 1)2 + (2x - 1)2 

= X® + 6x® + 9x* - 4x2 - 9x2 4 . 6x — 1, on reduction. 

y 176. The following example is instructive. 

Example. If (1 + x)" = Co + C|X + C2x2+ +c„x", 

find the value of + 2cj + Scj + 4 C 3 + + (n+ 1 ) ( 1 ). 

and 0^2 4- 203® + 3C32 + + nc„2 (2), 

The series (1) = (Cq + Cj + Cj + + c„) + (Cj + 2c2 4- + 4- 

+ + +1}^'' 

= 2"4-n(l4-l)""^ d 
.^2"4-n.2«-^. 
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To find the value of the series (2), we proceed thus : 

Cjjr + + Scy X® + + nc^ x'* 

= nx |l + (;t-l)x+ — ^x®+ + x"“i|- 

= /IX (1 + x)*'-^ ; 

bence, by changing x into - , we have 

X 


/ 

/ 

,/ 

y 

Cl 2c., Sc., 

- + ^ + -.^+ 

X X^ X* 

TIC,. 71 /, 

- l+~) V 

x’‘ X \ xj 

(3). 

Also 

Co-l-CiX-l-CgX^-l-.. 

.... -t-C,jX" = (l -i-x)’‘ 

(4). 


If we multiply together the two series on the left-hand sides of (3) and (4), 
we see that in the product the term independent of x is the series (2) ; hence 

71 / 1 \ 

the series (2) =tenn independent of x in - (1 + x)" ( l-h- ) 

^ ^ J 

= term independent of x in ( 1 4 - 
= coefficient of x'* in n (1 H-x)®^“^ 

12n-l 
71—1 1 71 - 1 ‘ 


EXAMPLES. XIU. b. 

In the following expansions find Nvhich is the gi’eatest term; 

1. (x — when x = ll, ?/ = 4. 

2. (2j 7 - 3y)"'® when x= 9, 7/ = 4. 

3. (2a + 6)^* when a =4, 6 = 5. 

5 

4. (3 + 2x)^® when x= 2 . 

In the following expansions find the value of the greatest term ; 

2 

5. (1 +.r)" when :r= - , n = 6. 

O 

6. (a+x)" when a=i , x=^, w = 9. 

Ji U 
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7. Shew that the coefficient of the middle term of is 

equal to the sum of the coefficients of the two middle terms of 

8. If it be the sum of the odd terms and B the sum of the ^ 

even terms in the expansion of prove that — = 

9. The 2"^, 3"*, 4**^ terms in the expansion of {x-k-yY are 240, 720, 
1030 respectively ; find y, n. 

10. Find the expansion of (1 +2,r-a'-)^ 

11. Find the expansion of (Zx-—2ax + Za-Y. 

12. Find the r*** term from the end in {x + ay\ 

/ j \ 2n + i 

13. Find the + term from the end in ) 

14. In the expansion of (1 the coefficients of the (2/*+ 1/** and 

the (r + 2)*** terms are equal; find r. * 

15. Find the relation between r and n in order that the coefficients 

of the 3r‘'* and (r + 2)*'* terms of (1 may be equal. 

16. Shew that the middle term in the expansion of (1 +. 1 ')^" is 

1.3.5...(2»-1) ,„^, 

[n 

If ... denote the coefficients in the expansion of (1+^)" 

prove that 


17. 

Cl 4- 26*2 4“ 3 c3 4* . . 

+nc„ — n. 2"“h 

18. 

c 4-^^ 4-^^4- 

2'‘ + '-l 

■ * ^ 71 4- 1 7i + 1 

19. 

c, ^ 2 c 2 ^ 3c, ^ 

Cq C 2 

nc^ n(n4-l) 
2 

20. 

(Co + Ci) (Ci4’C2). 

C* Cm* • • 

(c„-,4*c«) = - ^ — 

21. 


2S , 2’* * 

^ 4 ‘ * .714-1 

22. 

V + 4- C 2 ® 4- . 

f2n 

\n\n- 

23. 

CQCf. + CiCr+i + C^r + i'^ 4“ “* 


tj 


<?•(«+ 1 )'‘ 


\!L 

3n + l_l 


71 4-1 


|2n 


r 


CHAPTER XIV. 
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177. In the last chapter we investigated the Binomial 
Theorem when the index was any positive integer ; we shall now 
consider whether the formulae there obtained hold in the case 
of negative and fractional values of the index. 

Since, by Art. 167, every binomial may be reduced to one 
common type, it will be sufficient to confine our attention to 
binomials of the form (1 +a*)”. 

By actual evolution, we have 

( 1 + a:)- = \/ 1 + x = 1 + a; - ^ a;^ - ; 


and by actual division, 


(1 — ^^3= 1 + 2.0+ 3x-''+ 4x'+ : 

' ' (I — a*) ' 

[Compare Ex. 1, Art. 60.] 

and in eacli of these series the number of terms is unlimited. 


In these cases we have by independent processes obtained an 

1 

expansion for each of the expressions (1 + xy and (1 + We 

shall presently prove that they are only particular cases of the 
general formula for the expansion of (1 + a;)'*, where n is any 
rational quantity. 

This formula was discovered by Newton. 


178. Suppose we have two expressions arranged in ascending' 
powers of a*, such as ° 


, , 1) - 7/i (/a — 1) (/a — 2) , 

1 + WX + — a;= + — V ^ >x 

j 1 — 1) . n — 1) (n — 21 , 

and 1 + 7ix + — \ ^ X + — ' ^ + 

1.2 1.2.3 


+ 


( 1 ). 


( 2 ). 
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The product of these two expressions Avill be a series in as- 
cending powers of x; denote it by 

1 -j- Ax +Ijx^ 4- Cx^ + Dx^ -1- ; 

tlien it is clear that A, B, C, are functions of m and 

and therefore tlie actual values of A^ (7, in any particular 

case will depend upon the values of m and n in that case. But 
tlie way in which the coefficients of the powers of x in (1) and (2) 

combine to give A, B, C, is quite independent of m and n\ 

in otlier words, v;Jtatever values m and n mai/ have^ A, B, C, ...... 

preserve the same invariable form. If therefore we can determine 

tlie form of A^ B, C, for any value of vi and w, we conclude 

that A, B, Cy will have the same form for all values of w* 

and n. 

The principle here explained is often referred to as an example 
of “tlie permanence of equivalent forms ; ’’ in tlie present case we 
have only to recognise the fact that in any nhjebraical product the 
form of the result will be the same whether the quantities in- 
volved are whole numbers, or fractions ; positive, or negative. 

We shall make use of this principle in the general proof of 
the Binomial Theorem for any index. The proof which we 
give is due to Euler. 




179. To prove the Binomial Theorem when the index is a 
positive fractio n. 


Whatever he the value of m, positive or negativCy integral or 
fractional^ let the symbol /(/a) stand for the series 


m(m-l) , . m (nt- 1) (m-2)^3 ^ 

1 + mx 4- — , — ^ — ic H — -f- . . . , 


1.2 


1.2.3 


then f(n) will stand for the series 




If we multiply these two series together the product 
another series in ascending powers of a-, whose coeficxents will o 

unaltered in form whatever m and n may be. 


To determine this invariable form of the product we may gi 
to m and n any values that are most convenient ; for this , 

suppose that m and n are positive integers. In \ J 

is the expanded form of (1 + x^y and f(n) is the expanded form oi 

(1 4- £c)" ; and therefore 


f ' 

V 


d 
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/(m) x/(7i) = (1 -h a:)” x (1 + a:)" = (1 + a.*)'"'^", 
but vrhen m and n are positive integers the expansion of (1 + a-)"* 




IS 


1 / (?/^ + 7i) (?>i + 1) , 

1 4- {7H + n)x\-^ 1 ”9 ^ 


+ 


This then is the form of the product of J'(m) xj'(n) hi all 
cases, whatever the values of m and ii may be ; and in agreement 
with our previous notation it may be denoted \ty f{m + oi) ; there- 
fore /or all values of m and n 

/(?n) x/(3i)=/(m + n). 


Also 


f{m) x/(n) x/(^3)=/(?a + 3i) x/(;>) 

similarly 


Proceeding in this way we may sliew that 
/(m) xf{n) x/(;7)...to ^ factors =/(//i + ?i 4- -f. . .to k terms). 


Let each of these quantities 7 / 1 , ?i, 
where h and k are positive integers ; 


-m ; 


but since h is a positive integer, /(/t) = 1 ( 1 + 3 ;)'; 


h 


bo equal to y , 

rC 



■■ <'«)•- Wt)}'- 




but f stands for the series 

- C- - 1 

, A k\k 
1 + ^ 

k 1.2 


a;* + 


Mi-') 


• 4 


( 1 + a;)* = 1 + -r a; + 


1.2 


a:® + 


which proves the Hinoniial Iheorem for any positive fi’actional 
index. 


152 


HIGHER ALGEBRA. 


180. To 'prove the Binomial Theorem when the index is any 

negative quantity. 


Tt has been proved that 


/ {ni) x/(w) =f{7n + n) 


r 


for all values of m and n. Replacing m by 
positive), we have 


— n (where n is 


/(- ’0 =/(- « + ”) 


=/( 0 ) 


since all terms of the series except the first vanish ; 




f{n) 


=/(- ’0 i 


but f{rC)--(y + a;)", for any positive value of n; 


( 1 + 4 


=/(- 


or 


(1 + a:) '“=/(-«). 


But f (— n) stands for tlie series 


1 ^ a* + 


w) (— “ 1) 8 

(1 +a:)-"= 1 + (-n)a;+i + 


which proves tlie Binomial Theorem for any negative index. 
Hence the theorem is completely established. 


181. The proof contained in the two preceding articles may 
not appear wholly satisfactory, and will probably present sonie 1 1 
liculties to the student. There is only one point to Avhich we 
shall now refer. 


In the expression for f{yn) the number of terms is finite ^ ® 
Tn is a positive integer, and unlimited in all other cases. 

Art, 182. It is therefore necessary to enquire in what sense w 


1 
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are to regard the statement that It will 

be seen in Chapter xxi., that when a; < 1, each of the series /{nf), 
I + 7i) is co7ive7*genty and + is the true arithineticid 

equivalent of /{m) '"'hen a:>l, all these series aie 

Uiicet'gent^ and we can only assert that if Ave multiply the series 
denoted by /{tn) by the series denoted by / {n)j the first r terms 
of the product will agree with the first r terms of 
whatever finite value r may have. [See Art. 308.] 


3 

Exanqile 1. Expand (1 - x)- to four terms. 


3 


a--^f=i+o(-^') + 


1(1-) 


1.2 




i(i-)(i-) 


1 . 2.3 




.3 3 , 1 , 

= 1 — — x+— x^ + — + 

2 ^8 16 


hxample 2. Expand (2 + 3x)“^ to four teime. 



. 1 (I) , ^L< (|)= , (ziu^ (»|y , 


= + )■ 



182. In finding the general term Ave must now use the 
formula 

n(n-l)(H-2) (n-r + 11 , 

X 

Avritten in full ^ for the symbol can no longer be employed 
when 7t is fractional or negative. 

Also the coefficient of the general tenii can never vanish unless 
one of the factors of its numerator is zero; the series will there- 
fore stop at the term, when n — /•+ 1 is zero; that is, wlien 
/*= + I ; but since r is a positive integer this equality can never 

iiold except when the index n is positive and integral. Thus the 
expansion by the Hinomial Theorem extends to 1 terms when 

n is a positive integer, and to an infinite number of terms in all 
utlier cases. 
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1 

Example 1. Find the general temi in the expansion of (1 + *)^. 

, G-o. 

The (r + l)'^ term— , ^ ^ 

l(-l)(-3)(-5) (-2, - + 3) „ 

- ^2'[r 

The number of factors in the numerator is i\ and r - 1 of these are nega* 
tive; therefore, by taking - 1 out of each of these negative factors, we may 
write the above expression 

t-i) a-- r 

1 

Example 2. Find the general term in the eximnsion of (1 -nx)'*. 

. K^‘)G-“) G-'), 

The ()■ + 1)''‘ term = — > ^ ^ ( - w-jT 

71 ^ 

- ^ _ nr 1 (1 - «) (1 - 2») (1_- • ’>} .r 

-[ |r 

= ( _ l,r ( _ l)r-r (»-l) ,r 

(n-l)(2«-l) (r-1. «-!)_, 

= — t 

II 

since (_l)r(_i)r-i = (_i)-T-i^_l. 

Exa/ujfle 3. Find the general texm in the expansion of (1 - x) \ 

The (r . D- term = ( - 3) ( - 4) ( - 5) _( , r + 1) ^ 

== ( _ l)r ^^■5..^..(r + 2) ^ 

_ l) 2 r (^+ _g) 

t 1.2.3 r 

_(r + l) (r + 2) 

“ — 1”2 * 

by removing like factors from the numerator and denominator. 


r 


f 




1 
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EXAMPLES. XIV. a. 

Expand to 4 terms the following expressions 


1. (1+a-)2. 

4. 


7. (l + 2.r)’^ 


2. (l + .r)2. 

1 

5. (l-3.r)^ 


8 . 


. 

^^3 


-3 


10. 


11. 


12. 

13. 

(8 + 12a)^ 

14. 

8 

15. 


Write down and simplify: 

16. The 8'^ term of (1 + 2.f) 'K 




3. (l-a:)K 

i 

6. (l-3.r)‘3 

9. + 

o 

12. (9 + 2.r)2. 


15. (4a - ar) 2 , 


17. The 11*’’ term of (1 — 2.r’)2. 

18. The 10*** term of (1 + 

19. The 5’’’ term of (3a — 26) “h 

20. The (r + 1 )**’ term of ( 1 — ~ 

21. The (r+ 1)’*' term of (1 — A’)“h 

1 

22. The (r+ 1)*’’ term of (1 H-a*)2. 

n 

23. The 1)*** term of (l-fa-’)^. 

13 

24. The 14”’ term of (2”’— 2 \r) 2 . 

20. Ihe 7”‘ term of (3® + 

183. If yyQ expand (1— a;)'^ by the Binomial Theorem, we 

(l_a;)-==l + 2a: + 3a:’'+4x"+ ; 

but, by referring to Art. 60, we see that tliis result is onlj’- true 
len a: IS less than 1. This leads us to enquire wliether we are 
always justified in assuming the truth of the statement 


(1 + a:)" = 1 +nx+ J:) ^ , 

L 0 ^ 
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and, if not, under what conditions the expansion of (1 +a;)'* may 
be used as its true equivalent. 


Suppose, for instance, tliat = — 1 ; then we have 

(1 — = 1 + a; + xr‘i-af-i-x*-i- 

in tliis equation put x ~ 2 ; we tlien obtain 


( 1 ); 


T 


(-1)-'= 1 +2 + 2®+2^ + 




+ 


Tliis contradictory result is sufficient to sliew that we cannot 


take 


, 71 (H — 1) 

1 -f 7ix + ; ^ ' X -h 

1 . 2 


as the true arithmetical equivalent of (1 4- a;)'' in all cases. 


Now from the formula for tlie sum of a geometrical pro- 
gression, we know that the sum of the first r terms of the 

series (1) = ^ 


1 — a: 


1 


x 


I - X 1 - X ^ 


and, wlien x is numerically less tlian 1, by taking r sufficiently 


X 


large we can make as small as we please; that is, by taking 

a sufficient number of terms the sum can be made to difier as 


little as we please from 


1 


1 — a; 


But when x is numerically 


greater than 1, the value of 


X 


I — X 


increases with ?•, and therefore 


I 


no such approximation to the value of 


1 


any number of terms of the series 


i —X 


is obtained liy taking 


1 -f a: -I- x- 4- 4- 

It will be seen in the chapter on Convergency and Diver- 
gency of Series that the expansion by the Binomial Theorem 
of (1 4-3')" in ascending powers of x is always arithmetically in- 
telligible when X is less than 1. 

But if X is greater than 1, then since the general term of 
series 


n(n — 1) 
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contains x**, it can be made greater than any finite quantity by 
taking r sufficiently large ; in which case there is no limit to the 
value of the above series ; and therefore the expansion of (1 +x)’* 
as an infinite series in ascending powers of x has no meaning 
- arithmetically intelligible when x is greater than 1. 

184. We may remark that we can always expand (x + ?/)“ 
by the Binomial Theorem ; for we may write the expression in 
either of the two following forms : 

and we obtain the expansion from the first or second of these 
according as x is greater or less than y. 




185. To fiyid in its simflest form the general term in the 
expansion of (1 — x)~“. 

The (r + 1)*'' term 

^ (- w)(-TO-l)(- ?t-2)...(-w-r+ 1) 

1 ^ \ / 

= (- 1)' l)(n + 2)^.. (n + r-1) 

_ n(n+ l)(ri,+ 2) ... (w + r-I) 


_ n (ti 1 ) (n + 2) ... (n + r — 1 ) 


of. 


From this it appears that every term in the expansion of 
(1 —x)~" is positive. 



Although the general term in the expansion of any binomial 
may always be found as explained in Art. 182, it will be found 
more expeditious in practice to use the above form of the general 
term in all cases where the index is negative, retaining the 
form 

x' 

only in the case of positive indices. 


n{n~ 1) (ti— 2) ... {n — r A- 1) 
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? 1 

Example, Find tlie general term in the expansion of ^ ' 




= (l-3x) 


The (r + 1)*^ term 



(3X)*- 


1.4.7 (3r-2 ) 


If the given expression had been (1 + 3x) ^ we should have used the same 
formula for the general term, replacing 3x by — 3x. 


186. Tlie following expansions should be remembered : 

( 1 — x) " * = 1 + X + + + a:’’ 4- 

( 1 — x)~^ — 1 + 2x+ 3x^ 4- -ix^ + 4- (?• 4- 1 ) a;'" 4- 

1 + 3a; + ex’- + 10a;" + + x' +. 

X • 


(1 


187. The general investigation of the greatest term in tli 


- * * ^ A ^ A . A A A * w ^ V • A V A A A Vi^ V ' 

expansion of (I 4 - 3 ')'*, when n is unrestricted in value, will t 
found in Art. 189; but the student will have no difficulty i 
applying to any numerical example the method explained i 
Art. 172. 


Example. Find the greatest term in the expansion of ( 1 4 - a:)'" when 
2 


x = - , and n = 20. 
o 


We have 


,,, a + r-1 . ,, 

. XX Iff numerically t 


19 + r 2 _ 

r ^ 


BO long as 
that is, 


• • r+l " 

2(19 4-r) 


T 

A rt 


1 ; 


3r 

38 >r. 

Hence for all values of r up to 37, we have \ but if r — 3d, then 

= 7’,., and these are the greatest terms. Thus the 38‘*^ and 39 *^^ tenn® 
are equal numerically and greater than any other term 
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188. Some useful applications of the Binomial Theorem are 

explained in the following examples. 

Example 1. Find the first three terms in the expansion of 

1 \ 

^ (l + 3x)2 (l-2xp. 

Expanding the two binomials as far as the term containing x*, we have 


= 1 +x 


/3 2\ ,/8 3 2 9\ 

V2'^3) ■^■^“(9 "^2 *3 sj 


13 


5o 


= ^ + ■ 6 * + 72 "^'- 

If in this Example x=‘002, so that x-= ‘000004, we see that the third 
term is a decimal fraction beginning with 0 ciphers. If therefore w’e w’ere 
V > required to find the numerical value of the given expression correct to 5 places 

of decimals it would be sufficient to substitute *002 for x in 1 + -- x, neglect- 
ing the term involving x^. 

Example 2. When x is so small that its square and higher powers may 
be neglected, find the value of 

l-t--xl -4-^4 + 2x 


J (44-x}^ 

lif Since x" and the higher powers may be neglected, it will be sufficient to 

[| retain the first two terms in the expansion of each binomial. Therefore 


the expression 


.( 


l+|x^ ’+2(1+^ 


1 ) 




3 

2 






8(l + |x) 




the term involving x^ being neglected. 
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Example 3. 


Find the value of to four places of decimals. 

1 -- 1 2 \ 2 

1 =(47) » = (7=-2) ’=7(1-^) 


^47 


= 7(^l + 7i + 2 •7^'^2 •7'* 7 


1 1 31^51 

= 7 + 2 * 77 '^‘■‘ 


7 


To obtain the values of the several terms we proceed as follows: 


7)J 

7 ) -142857 
7 ) -020403 
7 ) -002915 
7 ) -000416 
•000059 



and we can eee tl.at the term | . ^ is a decimal fraction beginning with 
5 ciphers. 

- _L =*142857 + *002915 + *000088 

= •14586, 

and this result is correct to at least four places of decimals. 

ExampU 4. Find the cube root of 126 to 5 places of decimals. 

1 1 

(126)3 = (53 + 1)=* 


/llll^i \ 

= 5 (^1 + 3. ^-9. ^. + 81 -69 ) 

1111 11 
= ^ + 3-'P"9*6"^81’57''’** 


1 22 1 2® 


27 


= ^*^3 * 102 “ y * lO'. + 81 * KF 

•04 -00032 -0000128 

= ® + 9“'^ 81 


= 5 -r *013333 ... - *000035 ...+... 
ae 5 *01329, to five places of decimals. 


BTNOTkUAL THEOREM. A^y IMJEA. 


lui 


EXAMPLES. XIV. b. 

Find the (r + 1)*** term in each of the following expanaions : 


1. (l+:r)*2. 


2. (1-^)-^ 


3. (l + 3.if. 


4. {l+s;)~'K 
7. {a-\-ba;)-K 


5. 

8. (2-a:)-2. 


6. (1-2:1')''. 

9. 


10 . 


Vl + 2 j: 


11 . 




12 . 


;'a» - 




Find the greatest term in each of the following expansions ; 

4 

13. (l+x)-’'when ^=rr. 


14. ( 1 + x) ^ when 

-H 1 

15. (1 - 7j:) * when ^ = g. 

16. (2:r+5^)’2 when x^S and y=3. 

17. (5 - 4:r) - 7 when -v = ^ • 

18. (3.^2 + 4^^) ■ " when .v = 9, ^ = 2, ?i = 1 5. 
Find to five places of decimals the value of 


19. ^98. 


20. -^998. 


21 . 


22. V2400. 


23. 




24. {lihf. 25. (630) 


26. 


If X be so small that its square and higher powers may be neglected, 
find the value of 


27. (l-7:r)3(l+2x)**. 


28. V4 — — ^ 


29. 


(8 + 3x )3 

(2 + 3a?) V4-5 j: 


30. 




X (4 + 3j?)* 


(4 + .t)2 
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(l+5x)'^+ 4 + 


(■ 



1 

2 


Prove that the coefficient of in the expansion of (1 



Prove that (1 + :r)’‘ = 2” -jl — n i ZjTp 1 — ^ 

Find the first three terms in the expansion of 



1 

(1 + x)^ \l\ + 4a; 


36. Find the first three terms in the expansion of 

3 

(1 + x)* + V 1 + 6a: 


37, Shew that the coefficient in the expansion of (1-x) " is 
double of the (u— 1)^**. 


189. To find the numerically greatest term in the expansion 
of (1 x)“, ybr any rational value of n. 

Since we are only concerned with the numerical value of the 
greatest term, we shall consider x throughout as positive. 


Case T. Let n be a positive integer. 

The (r+iy^ term is obtained by multiplying 
by .a:; that is, by - l) 

terms continue to increase so long as 


the r^^ term 
therefore the 


that is, 
or 


r 

(n-hl)x 

^ — >r. 

1 + X 
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If \yQ an integer, denote it by p : then if r = p, the 

I + x ® 

multiplying factor is 1, and the term is equal to the 

and these are greater tlian any other term. 

If be not an integer, denote its integral part by q ; 

1 + if 

then the greatest value of r is <7, and the (7 + 1)^** term is the 
greatest. 

Case II. Let it be a positive fraction. 

As before, the (r+l)‘^term is obtained by multiplying tlio 

- , / 7 l + I - \ 

tenn by ( 11a:. 

(1) If a: be greater than unity, by increasing r tlie above 
multiplier can be made as near as we please to — a: ; so that after 
a certain term each term is nearly a: times the preceding term 
numerically, and thus the terms increase continually, and there 
is no greatest term. 

(2) If X be less than unity we see that the multiplying 
factor continues positive, and decreases until r>n + 1, and from 
this point it becomes negative but always remains less than 1 
numerically ; therefore there will be a greatest term. 

As before, tlie multiplying factor will be greater than 1 

, (n + \)x 

so long as — — > r. 

® 1 + a; 

If L_- i — be an integer, denote it by p ; then, as in Case I., 

L ^ OS 

the {p -4- 1)^^ term is equal to the p^^, and these are greater than 
any other term. 

(tI* ^ X ) 2/ 

If — - be not an integer, let q be its integral part; then 

A ^ 2C 

the (7 + term is the greatest. 


Case III. Let n be negative. 

Let n = ^ viy so that m is positive ; 


value of the multiplying factor fe 


nt + r — 


then the numerical 
— . a: ; that is 


ni -* I 


+ 1 


)"• 


r6'4 
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(1) If a; be greater than unity we may shew, as in Case II., 


that there is no greatest term. 


(2) If X be less tlian unity, the multiplying factor will be 
greater than 1, so long as 


that is, 


r 

(m — 1 ) a; 


1 — a;, 


or 


(m — 1) X 

1 —X 


r. 


/ ^ 1 ) 

If — be a positive integer, denote it by ; then the 

X 2? 

(p + 1)^** term is equal to the terra, and these are greater than 
any other term. 

/ ^ \ ^ ^ ^ 

If — — be positive but not an integer, let g be its inte- 

1 ” 

gral part; then the (<7 4- 1)**' term is tlie greatest. 

If ^ i — be negative, then is less than unity ; and by 

1 — X 

writing the multiplying factor in the form 

see that it is always less than 1 : hence each term is less than 
tiie preceding; and consequently the first term is the greatest. 


190. To find the number of homogeneous products of r dimen- 

sions that can be formed out of the 11 letters a, b, c and their 

poroers. 

By division, or by the Binomial Theorem, we have 


1 

i — ax 
1 

1 — 6a: 


= 1 + ax + a*x* + a®x* + 
= 1 4- 6x + 6*0:* + 6*a;® + 


f 


t 


= l4-CX4- C*X* 4- C*X* 4- 

1 — cx 
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Hence, by multiplication, 

1 1_ 

1 — Ox* * 1 — 6.C ’ 1 — C.r 

= (1 + ax + + ...) (1 + Ztx + 1/x- -h ...) (1 + cx + c'x* + ...) ... 

= 1 + x(a + 6 + c+ ...)+x® (rt* +ab+ o.c-^h^ + c* + 

= 1 + jS'jX 4- ^^x* + Sjc^ + suppose ; 

where #S'p aS'^, aS,, are the sums of the lioniogeneous pro- 
ducts of one, two, three, dimensions tJiat can be formed of 

Of b, c, and their powers. 

To obtain the nmnber of these products, put a, b, c, each 

equal to 1 ; each term in S^, S.^, now becomes 1, and tlie 

values of S^, S^, S^, so obtained give the number of the 

homogeneous products of one, two, three, dimensions. 


Also 


1 1 J_ 

1 — ox * 1 — 6x * 1 — ex 


becomes 

Hence 


*S'^ = coefficient of x' in the expansion of (1 — x)*" 
n (»*. + 1 ) (71 + 2 ) (n + r—l) 

jn + r— 1 


191. To find the nurnher of terms in the expansion of a)ty 
multinomial when the index is a positive hUeijer. 

In the expansion of 

(“1 + + "3 + + «,)% 

every term is of n dimensions ; therefore the number of terms is 
the same as the number of lioinogeneous products of n dimensions 
that can be formed out of the r quantities a,, a , ... a^, and tlieir 
powers ; and therefore by the preceding article is equal to 

[r + 7i— 1 
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192. From the result of Art. 190 we may deduce a theorem 
relating to the number of combinations of n things. 


Consider n letters a, 6, c, d, ; then if we were to write 

down all the homogeneous products of r dimensions which can b^*' 
formed of these letters and their powers, every such product 
would represent one of the combinations, ?• at a time, of the ?i 
letters, when any one of the letters might occur once, twice, 
thrice, . . . up to r times. 


Therefore the number of combinations of n things ?• at a time 
when repetitions are allowed is equal to the number of homo- 
geneous products of r dimensions wliich can be formed out of n 

la 4 - r — 1 


letters, and therefore equal to 


)r |n- l ’ 


or 


M + I 


C. 


Tliat is, the number of combinations of n things r at a time 
when repetitions are allowed is equal to the number of com- 
binations of n + r— 1 things ?’ at a time when repetitions are 
excluded. 


193. AVe shall conclude this chapter with a few miscel- 
laneous examples. 




Jixample 1. Find the coefficient of .x’* in the expansion of • 


The expression = (1 -4x + 4x-) (1 4-PiX+j>2^“ + ... +i>r^''+ .••) suppose 


The coefficient of x*" will be obtained by multiplying p,., Pr-i* i^r -2 
4, 4 respectively, and adding the results; hence 


the required coefficient=p,.-'4p,._j-|-4p,._2. 


But 




[Ex. 3, Art. 182.] 


Hence the required coefficient 


= ( _ 1). (£±I) _ 4 ( - 1).- + 4 ( - 


[(/• + 1) (r+ 2) + 4r (r + 1) + 4r (r - 1)] 


f- 11** 

g— (9r2 + 3r + 2). 






• * W' 
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Example 2. Find the value of the series 

5 5.7 5.7.9 


The expression =2 + 


[^.3 

1 3 . 3*-^ 1 4 

.33 

3 . 5 

1 .3.5.7 

1 

11 

*. 32 *^ |3 


3 5 

3 5 7 

3 


3 . 5 . 7 . 9 


. 34+... 


= 2 + 


2 ‘ 2 22 2*2*22'^ 2*2*2*22* 


2 * 32 


+ 




• M.i 






, 2 2 
^ + I •3'^ 


3 5 
2 


r-d) 


3 5 7 

2 2*2*2 
+ — 



+ ... 


=('-r=G) 


2 


= 32=3^3. 

Example 3. If 7i is any positive integer, shew that the integral part of 
(3 +x/7)’‘ is an odd numb^*. 

Suppose! to denote the integral and/ the fractional part of (3 + ;^7)". 
Then !+/=3»*+ 3"-V7 + . 7 + C3 3’‘-3 (^7)=*+ (1). 

Now 3-;^/7 is positive and less than 1, therefore (3-;^7)'‘ is a proper 
fraction ; denote it by f \ 

.*./' = 3" - Cl 3»'i ^7 + C2 3'‘-2 . 7 - C3 3>*-3 (^7)3 + (2) . 

Add together (1) and (2) ; the irrational terms disappear, and we have 

/ +/+/' = 2 (3'‘ + Cj 3»-2 . 7 + . . . ) 

= an even integer. 

But since / and/' are proper fractions their sum must be 1 ; 

2’=an odd integer. 


EXAMPLES. XIV. c 


Find the coefficient of 
1 . in the expansion of . 

4 + 2a — a2 

“a+a)3‘ 

3.r2 - 2 


2 . in the expansion of 

3. x” in the expansion of 
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2 I ^ I j I 

4 . Find the coefficient of in the expansion of ^ ^ ' * 


5. Prove that 


, 11.1.31 1 . 3 . 5 1 , 1 . 3 . 5 . 7 1 _ _ /2 

^ 2‘ 2 2 . 4‘ 2'^ 2.4.6‘ 2‘'^' 2.4.G.8‘ 2‘ "■ V3' T 


6. Prove that 


, 3 3.5 3.5.7 

^/8-l+4 + 4^g + 4_g_ 


7. Prove that 


^ . 2?i , 27i(2/i + 2) . 2n(2n + 2)(2n-M)^ 
3 3.6 3.6.9 


}• 


8. Prove that 


{ , n n in 

1+7 + - 7 : 


(/i — 1) yt (n - 1 ) (n — 2) 


14 


7. 14.21 




} 


- 4** ll + - + + ni!L-h2)A^±?? + *1 . 

2.4 ^ 2.4.6 J 


9. Prove that approximately, when x is very small, 


’ (^* 5 ) (‘~4-‘’) _ _ 307 


FI 7 


256 


10. Shew that the integral part of (5 + 2 *J6)^ is odd, if bo a 
positive integer. 

11. Shew that the integral part of (8 + 3^/7)'* is odd, if yt be a 
positive integer. 

12. Find the coefficient of in the expansion of 

(1 -2x + 3a:2-4x3 + 

^ ’ to the coefficient 




/ IV". 

13. Shew that the middle term of + is equal 


of in the expansion of (1 -4a:) 

14. Prove that the expansion of (1 —x^)^ may be put into the form 


* 


(1 -a:)3''+37ia:(l + xHl -»)*'-» + 

X • ^ 
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15. Prove that the coefficient of in the expansion is 

1 + a* + X"" 


1,0, - 1 according as n is of the form 3//i, 3/>t - 1, or 3 ?h+ 1. 


16. In the expansion of + + find (1) the number of terms, 
(2) the sum of the coefficients of the terms. 


17. Prove that if n be an even integer, 

1 1 1 1 
1 l)t-l 15 i m- 5 '*' lrt-1 ,1 


Oh - I 


18. If Cq, c’p c'.^, c„ are the coefficients in the expansion of 

(1 + .f)", when 71 IS a positive integer, prove that 

(1) Cq — Cj + — Cg + + ( “ — ( “ i)' j— . 

|r In^r- 1 

^2) Co-2c-i + 3c2-4c*g + + 

(3) Cy2-Ci2+c/-Cg2-|- + = Qj. 

according as 7i is odd or even. 

19. If denote the sum of the fii'st n natiu*al numbers, prove that 

{!) + + + 

i 2yt + 4 

+ + -f ^ j) = ^ ^ 

20. If - , prove that 

(1 ) *hn + 1 + ^l^hn + ^I/hH - 1 + + Vh - i7h + 2 + + 1 = ^ • 

' 2) 2 {(J.,,, - fy ^ + + ( _ l )« - 1 ^ 

= 7h+(“ l/""*2«'* 

21. Find the sum of the products, two at a time, of the coefficients 
in tlie exi)ansion of (l+u;)", when ?i is a i>ositive integer. 

22. If (7 + 4 ^/3)’‘==;5 4-/3, where 7i and jy are positive integers, and ^ 

a proi)er fraction, shew that (1 + = 

23. If Cy, Cj, c.^, are the coefficients in the expaneiou of 

(1 where 7i is a positive integer, shew that 


Co Co 

"^-2 + 3 " 





C’HAPrEll XV. 


Multinomial Theorem. 

104. We have already seen in Art. 175, liow we may 
apply the Binomial Theorem to obtain the expansion of a multi- 
nomial expression. In the present chapter our object is not 
so much to obtain the complete expansion of a multinomial as 
to find the coefficient of any assigned term. 

Example. Find the coeflicient of in the expansion of 

(a -f -f c 4- d)'L 

The expansion is the product of 14 factors each equal to a4 6 + c + d, and 
every term in the expansion is of 14 dimensions, being a product formed b.v 
taking one letter out of each of these factors. Thus to form the term 
we take a out of any /owr of the fourteen factors, b out of any two of the re- 
maining ten, c out of any three of the remaining eight. But the number of 
ways in which this can be done is clearly equal to the number of ways of ar- 
ranging 14 letters when four of them must be a, two b, three c, and five d; 
that is, equal to 

[Art. 151.] 

This is therefore the number of times in which the term a*b^c^d^ appears 
in the final product, and consequently the coefficient required is 2522520. 

195. To find the coefiUcient of any assigned term in the ex- 
pansion of (a -t- b -I- c -f d -I- where p is a positive integer. 

The expansion is the product of p factors each equal to 
c.irh-\-c-\-d->r..., and every term in the expansion is formed by 
taking one letter out of each of these p factoi*s ; and therefore 
the number of ways in which any term a^h^c'^d^ ... will appear 
in the final product is equal to the number of ways of arranging 
j) letters when a of them must be a, yS must be h, y must be c; 
and so on. That is, 

the coefficient of a^bf^cyd^ ... is 

-H ... = p. 




where 
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Cor. Til the expansion of 

(a + hx + cx‘ + dx^ -r . 
the term involvinjj: a°b^cyd^ ... is 


or 


_J^ 

\L 


sr~ {cx')y (dx^) 

O ♦ « « 


• ♦ J 


^\here a + p + y + ^+...=2). 


a^h^cyd^ ... a;^+2y+35 + ... 


This may be called the general term of the expansion. 

Example. Find the coefficient of x* in the expansion of (a + !>.r + cx-)®. 
The general term of the expansion is 


4- 

fl£|7 


(1), 


where a 4-/3 + 7 = 9. 

We have to obtain by trial all the positive integral values of /3 and 7 
which satisfy the equation ^4-27 = 5 ; the values of a can then be found from 
the equation a -r /3 4* 7 = 9. 

Putting 7 = 2, we have /3 = 1, and a = 6; 
putting 7 = 1, we have )3 = 3, and a = 5; 
putting 7 = 0, W'e have /3 = 5, and a = 4. 

The required coefficient will be the sum of the corresponding values of the 
expression (1), 

Therefore the coefficient required 


;9 (9 9 

= aW + 

= 252a%c^ + 504a36»c 4- 126a^6®. 

196. To find the general term in the expansion of 

(a 4- bx 4- cx* 4- dx® 4- . . 
where u is any rational quantity. 

By the Binomial Theorem, the general term is 
i^n- 1) (w- 2) ... (?t -;?4- 1) 

\p ~ 

where j) is a positive integer. 


a" ^ {bx 4- ex' + dx^ 4- 
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And, by Art. 195, the general term of the expansion of 

{b.v + cx^ + dx^ + ...y 


b^cyd^ ... + « + 

iP |y I ° • • • 

wliere /S, y, S ... are positive integers wliose sum is 

Hence the general term in the expansion of the given ex- 
pression is 

n(n-\)(n-2) + 

Ip |y 


Nvliere 


yS*+-y + S*f‘ ... — jp. 


197. .Since (a + b.i: + cx' -h d.c^ -h may be written in tlie 


form 


a" ( I -\--x-\--x^+~x^+ 

\ a a a J 


it will l>e suttioient to consider the case in which the lii'st term 
of tlie multinomial is unity. 


Thus the general term of 


wliei e 


(1 + bx -k- cx~ + dx^ + "•) * 

)^ ( u - 1 ) {n - -2) ■ ■ . (» - ^^ + 1 ) a^ + 2 y + .ti+.. 

^ + y + S + . . . = 


Kxuuiple. Eintl the coefficient of x* in the expansion of 

3 

(I-3x-2x® + Gxa)3. 

The general term is 


2)^ (1). 

We have to obtain by trial all the positive integral values of p, 7 , 5 which 
satisfy the equation ^ 4-27 + 35 = 8 ; and then p is found from the equation 
p=/9+7-i-5. The required coefficient will be the sum of the corresponding 
values of the expression ( 1 ). 



In finding /3, 7 , 5, ... it will be best to commence by giving to S successive 
integral values beginning with the greatest admissible. In the jjresent case 
the values are found to be 


11 

<0 

II 

0 

0 

II 

p = l; 

5 = 0, 

11 

II 

p = 2; 

5=0, 

0 

II 

/5=3, 

p = 3. 


Substituting these values in ( 1 ) tlie required coefficient 



4 ^ 4_4 
3 3“3' 


198. Sometimes it is more expeditious to use the JJinomial 
Theorem. 


Example. Find the coefficient of x* in the expansion of (1 - 2.t + 3x’)-3. 

The required coefficient is found by picking out the coefficient of x* from 

the first few terms of the expansion of (l-2x-3x=)~^ by the Binomial 
Theorem; that is, from 

1 + 3 (2x - 3x2) + 6 (2x - 3 x 2)2 jg (2x - 3x^)3 + 15 (2x - 3x2)-* ; 

we stop at this term for all the other terms involve powers of x liigher 
than x"*. 

The required coefficient=G . 9 + 10 . 3 ( 2)2 ( _ 3 ) + 15 ( 2 )^ 

= - 66 . 


EXAMPLES. XV. 

Find the coefficient of 

1 . a^b^c^d in the expansion of (a-b — c-\-d)^^. 

2. a'^b^d in the expansion of {a + b — c — d^. 

3. in the expansion of (2a-f-6 + 3c)^ 

4. in the expansion of {ax - bj/ + czy. 

5. in the expansion of ( 1+ 3x - 2x2)3. 

6. in the expansion of (l + 2x + 3x2)io 

7. X® in the expansion of (1+ 2x* - x^)®. 

8. X® in the expansion of (1 -2x+3x2 — 4x3)*. 



Find the coefficient of 

9. .r23 in the exj^winsion of (1 - 3.v- — 

1 

10. in the expansion of (1 — %v-\-3x“) 

1 

11. x^ in the expansion of (1 — 2.r + 3.v2 — ^ 

12. x^ in tlie expansion ^ “ "3 "h ^ ) 

13. in the expansion of (2 - 4.r + 3.r2)--. 

3 

14. in the expansion of ( 1 + 4 . 1 .- 24 - 1 0.^4 + 20.f®) 

15. a’*“ in the expansion of (3 — 1 5 + 1 S.t^’) “ 

1 

16. Expand ( 1 — 2.f — 2.r2)^ as far as x'. 

4 

2 

17. Expand (1 + 3.i;2 - 6 . 1 - 2 ) 3 j/. 

4 

18. Expand (8 — 9.^’2 + 18-^.'*)2 as far as x^. 

19. If (l+j? + a'2+ +jfp)*‘ = tfo + ai^H-«2-*^^+ 

prove that 

(1) «o + «l+«3+ +«,ip=(/?+ 1)"- 

(2) «! + 2 a 2 + 3c/3 + + np . a.,^ = ^ (/> + 1 )". 

20. If ao, «!, « 2 , « 3 are the coefficients in order of the expansion 

of (1 +x + x^y*i prove that * 

a.? - + ( - = <1 - ( - 

21. If the expansion of (1 +x-\-x^)^ 

be Gq + « j.r + + ... -\-a^v^ + --• 

shew that 

«o + «3 + a8 + ... = a.^ + a^ + ay+ ... = a2 + ®5 + ^8+ 


-d 


CHAPTER XVI. 



LOGARITHMS. 


199. Definition. The logarithm of any number to a given 
base is the index of the power to whicli the base must be raised 
r in order to equal the given number. Thus if a' = iV, x is called 
the logarithm of N to the base a. 

Exanqyles. (1) Since 3-* = 81, the logarithm of 81 to base 3 is 4. 

(2) Since 10^ = 10, 102 = 100, ia'* = 1000, 

the natural numbers 1, 2, 3,... are respectively the logarithms of 10. 100. 
1000, to base 10. 



200. The logarithm of iV to base a is usually written log^iV, 
so that the same meaning is expressed by the two equations 

a* = iV ; X - log^iV. 

From these equations we deduce 
an identity which is sometimes useful. 



Example. Find the logarithm of 32^/4 to base 2^2. 

Let X be the required logarithm; then, 
by definition, (2^2)*=324/4; 




( 2 . 22 )*= 25 . 25 ; 


3 2 


25 ^ = 2 *^ 5 . 

hence, by equating the indices, ^x = -l 


o ' 




±ilUili£K*'ALO'JiBRX.' 



201. When it is understood that a particular system of 

logaritlnns is in use, tlie suftix denoting the base is omitted, 
'riius in arithmetical calculations in which 10 is the base, we 
usually write log 2, log 3, instead of logjy2, log,o3, 

Any number might be taken as tl»e base of logarithms, and 
corresponding to any such base a system of logarithms of all 
numbers could be found. But before discussing the logarithmic 
systems commonly used, we shall prove some general propositions 
wliich are ti ue for all logaritlims independently of any particular 
base. 

202. TJie loyariUnti of \ is 0. 

For a°=^\ for .all values of a; therefore log 1 0, wliatever 

the base may be. 

203. 2he loijarithm of the base itself is 1. 

For = a ; therefore log.rt = 1 . 


204. To fiyxd tlie logarithm of a 'product. 

Let MN be the product ; let a be the base of tlie system, and 
suppose 

a: - \og,^fy y=log„A' ; 
so that a' = d/, a*' =- A. 

Thus tlie product MAh — of x a? 

whence, by definition, log^J/iV = a? + y 

= log.J/+log.A. 

Similarly, log^d/AP = log,d/'+ log.A +log,/^5 
and so on for any number of factors. 

Kxainple. log 42 = log (2 x 3 x 7) 

= log 2 + log 3 + log 7. 


205. To fiyul the logarithm of a fraction 

M 

Let -r? be the fraction, and suppose 
Af 

X = log, M, y = log.iV ; 


a' 




so that 


X = log, M, 
a" = M, 


juuuAKriHitto. 


iri • 


Tims the fraction 


-If 

1\' 


a 


a 




wlience, by definition, log. ^ = x - 


= log.il/ 




Example. log (4J) = log 


30 


= log 30 - log 7 
= log (2x3x5) -log 7 
= log 2 + log 3 + log 5 - log 7. 

206 To f,nd the logarithm of a number raised to any power 
integral or Jr actional. ^ ^ * 

Let log.(J/*') be required, and suppose 

^ = so that a’^M; 

j/P ^ 

= a^; 

whence, by definition, log.(i]/^) = px; 

IS, lOg^ ( J/P) = jy log^ j/. 


Similarly, 


>Oga(^')=bog„J/: 


207. It follows from tlie results we have proved that 

(1) the logarithm of a product is equal to the sum of the 

logarithms of its factors ; ® 

(2) the logarithm of a fraction is equal to the logaritlim of 
the nunmrator dimmislied by the logarithm of the denominator 

(3) the logarithm of the y/- power of a number is p times tlie 

logarithm of the number ; ^ *® 

(4) the logarithm of the r"> root of a number is equal to -th 

of the logaritlim of the number. ^ 

Also we see that by the use of loirarithniR ^ 4 .- 

multiplication and division may be repWdTv 
and subtraction , and tlm operaVons of TnvoS^^^^ 
by those of multiplication and division. olution 




Try 


Example 1. 
log c. 


Express the logarithra of 


^/a* 

c5p 


in terms of log a, log h and 



= log a* - log (c^h-) 

3 

= - log a - {log c® + log 


^ log a - 6 log c - 2 log h» 



Example 2. Find x from the equation 
Taking logarithms of both sides, we have 

X log a-2x log c = (3a: + 1) log 6 ; 

X (loga-21ogc-3logb) = log6; 

log h 

' • ^ log a — 2 log c — 3 log b * 


EXAMPLES. XVI. a. 


Find the logarithms of 

1, 16 to base ^2, and 1728 to base 2^/3, 

2. 125 to base 5 ^5, and *25 to base 4. 

3 ^ to base 2 J2, and *3 to base 9. 

256 

4. *0625 to base 2, and 1000 to base *01. 





•0001 to base *001, and *1 to base 9^3. 
\/ a* > "1 > V « ^ ^ “• 


a 


Find the value of 


logal28, loge^., logo 7 ^, log3«49, 


216 


81 


Express the following seven logarithms in terms of loga, logft, and 
logo. 

8. log(Vi^)8. 9. logr4/a2x4/53). 10. logCv^a-*^). 


vr Axvx X xxkffx^« 


X I 


11. 

log(V a "26 X 4 ^ 06 - 3 ). 

12. 

log(<J'a-V6'^^'6Va)- 

13. 

, \^a6"*c'2 

log j . 

14. 



(a-’6-2c“^)'^ 

1 ’ '<?) ■ v6-c - 5 

15. 

Shew that log = 

v/18.V2 

ilogS 

-^log2-|log.3. 

16. 

Simifiify \o%\J 729 

^0-7 

4 

.273 

17. 

Prove that log: - — 2 lo<> 

^10 ® 

|+i<’g 

243-iog2. 

Solv 

e the following equations : 

» 


18. 

a* = c^. 

19. 

d^.U^=^c^. 


20 . 


^-1 


= C2^. 


21 . d^.h^y=ni^\ 

22. If \o%{x^^^) = a^ and log ^'=6, find log.t; and log^. 

y 

23. If + 6^, shew that a.'log^-^ = loga, 

24. Solve the equation 

(a< - 2a262 + 1 = - 2_ 


Common Logarithms. 


are called Common Lo^ar- 
ithiM ; this system was first introduced, in 1615, by Briges a 

contemporary of Napier, the inventor of logarithm^. 


From the equation 10* = iV, it is evident that 
ithms will not in general be integral, and that 
always be positive. 


common logar- 
they will not 


For instance 3154 > lO^ and< lO^ ; 

- • iog 3154=3 + a fraction. 


Again, 


06 > 10"’ and <10 


-1 


f • 


log *06 = — 2 


a fraction. 


209. Defin'ITIOX. The integral part of a logarithm is called 
the characteristic, and the decimal part is called the mantissa. 

The characteristic of the logaritlim of any number to the^ 
base 10 can be written down by inspection, as we shall now shew. 


210. To determine the duiractemstic of (he lofjarithm of any 
'number greater thaii unity. 

Since 10' = 10, 

10 * = 100 , 

10 ^= 1000 , 


it follows tliat a number witli two digits in its integral part lies 
between 10' and 10’; a number with three digits in its integral 
part lies between 10* and 10^; and so on. Hence a number 
with 7 i digits in its integral part lies between 10""' and 10". 


Let X be a number whose integral part conbiins n digits; 
then 


iV=10<” 


-1) + a fniction^ 

y 


log (n- 1) + a fraction. 


Hence the characteristic is n - 1 ; that is, (lie ciuiracteristic of ^ 
the logarithm of a number greater than unity is by one than 

the number of digits in its integral lyart^ and is posiHve. 

/ 

"til. 2'o deterynine the characteristic of the logamthm of a, 
decimal fraction. 


Since 


10 *= 1 , 


10 - 


1000 


= 001 , 


V 
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timn .1 L SUCH as *0^24, being greater than *01 and less 

aftpr th 10 - and 10"'; a number with two ciphers 

decimal point lies between 10"^ nrifl in-^ i ^ 

*tr ' z 

ciecinial point lies between and lO'" * ^ 

Let Z> be a tlecinml beginning with n cipliers ; then 

~ IQ“0* + 1) + u rmi'tion . 

3 

* . log ^ f I’action, 

Hence the charactei-istic is - Oi + n • thnt //^ • 

niiL "f" VodZZZl V- 

•-)OoSni ^^‘'1 base 10 of all integers from 1 to 

m\en ? T T"'’ ^ibulated ; in niogrTTiTIles they are 

“ ' ^ , decimals. This is the system in practical 

use, and it has two great advantages ; ^ 

(1) From the results already proved it is evirlf^nf fl.-.f +i 
cha,acteristics can be written doVn by inspection s^tl o '® 
the mantissse liave to be registered in the Tables. ’ ' ^ 

“'a-ntissa; are the same for the logarithms of all 
umbeis winch have the same signiHciint di<rits* so that it io 
sufticient to tabulate tlie nmntissaj of tiie logarTthins of hifer/ers. ^ 


V 


Tliis proposition we proceed to prove. 


elslPPS-S*: 

numbers whose significant digits a.e the same'aVZse'^fT’ "■® 


Now 


log (y xW) = log + p log 10 

= log.V + ^> 




^ Again, log(ir^ 100 = log.V-yy log 10 

— log ~ q 

of II.. log.ritl„„ P0'«O“ 
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Ill tliis iiucl the three preceding articles the mantissse have 
been supposed positive. In order to secure tlie advantages of 
Bri""s’ system, we arrange our work so as always to keep the 
mantissa positive, so that when the mantissa of any logaritlnn , 
has been taken from the Tables the cliaracteristic is prehxe^ 
with its appropriate sign according to the rules already given. 

214. In tlie case of a negative logarithm the minus sign is 
written over (he characteristic, and not before it, to indicate that 
the characteristic alone is negative, and not the whole expression. 

Thus 4-30103, the logarithm of -0002, is equivalent to -4 + -30103, 
and must he distinguished from - 4-30103, an expression in winch 
hotli tlie integer and the decimal are negative. In working with 
negative logarithms an arithmetical artifice will sometimes be 
necessary in order to make the mantissa positive. For insUnce, 
a result such as - 3-G9S97, in which the whole expression is- 
negatiie, may he transformed hy suhtracting 1 from tlie 
characteristic and adding 1 to the mantissa. Thus 

- 3-G9S97 = - 4 + (1 - •G9897) = 4-30103. 

Other cases will he noticed in the Examples. 

Kxample 1. Required the logarithm of *0002432. 

In tlie Tables we find that 3859G36 is the mantissa of 108 2432 (the 
decimal point as well as the characteristic being omitted); and, by A . » 

the characteristic of the logarithm of the given number is -4; 

log *0002432 = 4’* 3859636. 

Kxample 2. I'ind the value of ^*00000165, given 

log 165 = 2*2174839, log 697424 = 5*8434968. 

Let X denote the value required; then 

log .r = log (*00000165)* = g log (-00000165) 

= 1(6*2174839); 
o 

the mantissa of log -00000105 being the same as that of log 105, and the ^ 
characteristic being prefixed by the rule. 


Now 


- (8*2174839) = ^ (10 + 4*2174839) 

0 


= 2*8434968 
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and *8434968 is the mantissa of loff 6974‘>4 • tc ^ u . . 

of these same digits but with one cipher a'fter th^d^al p^t [ Ar'flT.I 

ar = -0697424. 

It will therefore be necessary to investirmte n ^ r 

ransforming a system of logarithms having“a mven bas^to”! 
new system with a clifierent base. ^ “ * “• 

216. Suppose tliat the logarithms of all numl)ers tn 

Tbirr tire*ioi:;.;'th:n: 

quiii? logarithm to base b is re- 

Let y == logjA*, so that b” = iV ; 


that is 


••• log. (6») = log,A'; 

y log.6 = log..iy ; 

■• X log..A; 


or 


logi-‘V= ^ 

log.6 


r X io«: y 

o«* 




(!;■ 


^ ow siuc@ ^ Jinci b ar© ffivei) Incr AT i i 
from the Tables, and thus logjv nmy brfound 

Hence it appears that to transform logarithms from base a 
to base b we have only to multiply them all by -i_ . this i.s a 

Zd^ul 1 it'ifknown as the^ 


217. 

^ thus 


In equation (1) of the preceding article put a for iV; 


loi?.fir = 


1 



1 

log.6 

log, a X log.6 = 1, 


o«»T — \ / ^ ® — 

102 b 

o« 
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This result may also be proved directly as follows ; 
Let X = log.ft, so that a* = h; 

then by taking logarithms to base 6, we have 

X log, a = log, 6 

= 1 ; 

• ’• ^ log*® = 1 • 




218. The following examples will illustrate the utility of 
logarithms in facilitating arithmetical calculation ; but for in- 
formation as to the use of Logarithmic Tables the reader is 
referred to works on Trigonometry. 

4 5 

Example 1. Given log 3 = -4771213, find log {(2-7)8 x (-Sll^-^igO)*!. 

27 4 81 5 

The required value — ® Jq + 5 jqq - ^ log 90 

= 3(log3»-l) + |(log3<-2)-®(log3»+l) 

= ?Jlog3-5H 

= 4-6280766-5-85 
= 2-7780766. 

The student should notice that the logarithm of 6 and it*' 
powers can always be obtained fix)m log 2 ; tlius 

log 5 = log = log 10 — log 2 = 1— log 2. 

ExampU 2. Find the number of digits in 875**, given 

log 2 = -3010300, log 7 = *8450980. 

log {875«) = 161og (7x125) 

= 16 (log 7 + 3 log 5) ^ 

= 16 (log7 + 3-3log2) 

= 16 x 2-0420080 
=47-072128; 

hence the number of digits is 46* 


logarithms. 


Ib5 


G-*-u,4x+5_o 


Taking logarithms of both sides, we have 

(3-ir) log6 + (j:H-5) logT^logS; 

(3 - 4x) (log 2 + log 3) + (J + 5) 2 log 2 = 3 log 2 ; 

•*'{-ilog2--llog3 + 21og2) = 31og2-31og2-31og3-101og2; 

-^- ^QJQg2 + 31.og3 
2 log 2 + 4 log 3 

^4J14^G639 

~2*510o452 

= 1-77... 


EXAMPLES. XVI.b. 

1 a*-? tljere in tlie integral part of the nniuhers 

whose logarithms are respectively i^iiumueis 

4-30103, 1*4771213, 3*69897, *56515 ? 

whoi loShi:! r‘““ “““t™ 

2-7781513, -6910815, 5-4871384. 

valu'^e'r ^”°2 = -3«10300, log3 = -4771213, log 7 = -8450980, hnd the 


5. 

8 . 

11. 

14. 

15. 


log 64. 
log *0125. 

log\^12. 


6, log 84. 
9. log 14*4. 

12. lo 



7. log'1-18. 
10. log 4|f. 

13. logv'-OlO^. 


Kind the seventh root of -00324, having given that 

log 44092388 = 7*6443636. 

Given logl94-8445 = 2-2896883, find the eleventh root of (39-2)2 
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16. Find the product of 37*203, 3*7203, *0037203, 372030, having 
gi\ en tliat 

log 37*203 = 1*570.7780, and logl915631 =6*2823120. 

17. Given log 2 and log 3, find • 

I 

18. Given log 2 and log 3, find log(\^48 x lOS^^IJ'fi). 

19. Calculate to .six decimal places the value of 


127 )^- 

V V -1^ X 3:2 / ’ 

given log 2, log 3, log 7 ; also log 9076*226 = 3*!)579053. 

20. Calculate to six i)lace.s of decimals the value of 




(330 -J-49)^-J-s 22x70; 
gi\en log 2, log 3, log?; also 

logl 1 = 10413927, and logl7814*1516 = 4*2507651. 


21. Find the number of digits in 3*^ x 2^ 


/21\i‘«‘ . 

\2o) 


22. Shew that ( — ) is crreater than 100. 


23. Determine how many ciphei*s there are between the decimal 

© KMK) 

. 


Solv 

e the following equations, having 

given 

log 2, log 3, and log 7 

24. 

3'-2 = 5. 

25. 5* = 

ia\ 


26. 5^-3*= 2'-"-. 

27. 

2D = 22^ + >. 

5^. 

28. 

2^.6* 

;-:i_52x^ 71-^. 

29. 

9z + i/_gj/ 

1 

30. 

1 

H 

1 

1 

11 


3* = 3 . 2*' 



22x-1 

= .33v-*^j ‘ 


31. Given logio2 = *3010.3, find log25200. 

32. Given log,o2 = -30103, log,„7 = '84509, find Iog;s'2 and Ingva <■ 


CHAPTER XVII. 


EXPONENTIAL AND LOGARITHMIC SERIES. 


the logarithms in 

i-Z ZJZ "Z logarithn.s are 

Inst tound to another base, and tlien transformed to base 10. 

as the "'® P>'0'e certain formula; known 

Pla ition of t l ^ Logarithmic Series, and gii e a brief e.x- 

Lu. ”■ . 

220, 2o expand a* in ascending powers o/x. 

By the Binomial Theorem, if n is greater than 1 

1 * ly 

n) 


= 1 + 


nx 


1 'nx {'iix — 1 ) 1 'lix (nx ~ 1) (jix - 2 ) 1 
12 1 *^ •- 


/ B, 

X (x 

= l+x+^ VZ 


13 


.7^ 


X X 


+ 






..( 1 ), 


By putting a:= 1, we obtain 


n/ 
1 + 


0-^^) ={0%i)]i 


( 2 ). 


But 
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hence the series (1) is the power of the series (2); that is, 


1 -r .C 


(x-1) a:(x-l)(a:-l) 


O 


4* 


4 

v/ 


/ 


r’ 


4- 




. A 


2 


+ 




4* . . . 


and this is true liowever great ?4 may be. If therefore n be 
indefinitely increased we have 


£C® X* 




= ( 


,,111 




The series 


,,111 




is usually denoted by e ; lienee 




e* = 1 4- a* 4* 


rr* x^ X* 






Write cx for x, then 




’t 

'T 


4 


6* = 1 4* CX* 4- 


C'X* C^X’® 


2 


4- 




Now lej;^e‘ = a, so that c = log,a; by substituting for c wo 
ol )tain 


. , , •«*(log,a)' x=(log,n)’ 

(I ^ 1 X lo.i;/* H — 4 2 4- 




l:: 


11 


%7 


i 


This is the Exponential Theorem. 


Colt. AVhen n is infinite, the limit of ^1 4- — c. 



[See Art. 266.] 


Also as in the preceding investigation, it may be shewn that 
when n is indefinitely increased. 


( 


x\^ 


X 


X® x*4- 


1H — ) — l+X + T^ + nr+rr 


n/ 


2 |3 |4 


w|*i 
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that is, -when n is infinite, tlie limit of f I +-V= 


^ \ 

By putting - = -sve have 

n m 

Now VI is infinite when n is infinite • 


n 


e'. 


1 + 




thus the limit of 


Hence the limit of 


• 0 


i\" ^ 


1-- =e 
nj 


^ 221. In tl.e preceding article no restriction is placed upon 

' nl.c value of a;; also since i is less than unity, the expansions we 
li<i\e used give results arithmetically intelligible. [Art. 183 ] 

But there is another point in tlie foregoing proof whicl. 
deserves notice. We have assumed that when n L irZS 


the limit of 



for all values of r. 

Let us denote the value of 


X 




by u 


^ = i. fa: - \ 5 _ i 1 

v_, r \ n J r nr' 


Then 

u r \ fi 

Since yi is infinite, we have 


X 


a; , . rf. 

= - ; that xs, u = - 

'^r-x ^ " r 

It is clear that tlie limit of w ‘ ^ 


r^; lienee the limit of 


IS 


‘y that of u is 


33' 

, IS — ; and generally that of u is^, 
L r 


« 
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222. The series 


, 1 1 1 

^ ^ [2 [3 [4 




to which lo^^aritliins are nrst. cal^;ulav,c^.^. • 

base are known as the Napierian system, so named after Napier 
tlieir inventor. They are also called TuUural logarithms from the 
fact that they are tlie first logarithms which naturally come int 
consideration in algebraical investigations. 


Wlien lo-aritlin.s are used in theoretical work it is to be 
reineinbered that the base e is always understood, just as m 
arithmetical work the base 10 is invariably employed. 


From the series the approximate value of e can be determined 
to any required degree of accuracy ; to 10 places of decimals it 

found to be 2'/ 182bl8284. 


Example 1. Find the sum of the infinite series 


111 

1 + ] 2 +| 1+|6 + 


We have 


1 1 1 . 


and by putting x= - 1 in the series for 


r 


-1 _ 


e ^ = 


1 J. 

|2" [3 |4 




e-\-e 


-1 


/111 


+ 




^ence the sum of the series is 


Example 2. Find the coefficient of in the expansion of 


1 - ax - 


I 

* 


\ — ax-x 


3 \ ^-x 


= (1 — ax — x^) e 


% 


r^r 
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The coefficient required = 


(-ir (-1). .a 


l!- 

(-i)" 


r-1 

r- 1 


( ~ I)'*--’ 


r-2 


{l + a/*-r(r-l)}. 


-^23. 7 o expand log^ (1 + a:) in ascending powers of 

From Art. 220. 


log, a + ^ 


.2 


+ 


In this series write \ + x for a • thus 

= 1 + y log. ( 1 + .•) + t |,o„ (1 ^ ^ ^ ^ ^ 

Also by the Binomial Theorem, when x* < 1 -sve have 

( 1 + X-)« = 1 + yx- + ^ ^ ^ 

Now in (2) tlie coeliicient of y is 

» -V ^ . fciifci) ^ 


1.2.3 


1 . 2.3. 4 


x* + 


that is, 


XT 

X ~~r A 

2 3 4 ^ 


^ Equate this to the coefficient of y in (1) ; thus we have 

A 




log.(l +a:) = x-^+ if _ 51+ 

Tliis is known as the Logarithmic Series. 

Example. If x < 1 , expand {log. (1 + x)}Mn ascending powers of x. 

By equating the coefficients of series HI anA w\ 

required expansion is double the c^fficieut of y "/n^ 

+ yJMz})Az3 + yJizIKvr 2 ) (i' - s) . 

L , £ . 6 1.2. 3 4 ~ir*+ j 

that is, double the coefficient of y in 


1-2 ^ -7-2— - 2) (y - 3) 

• ^ 1.2.3 ^ 1 ^ 2Trr4 — 


+ 


^'‘"•“‘'‘•“+'»-“§--8H‘+5)-+K‘+J+S)-'- } 
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224. Except when x is very small the series for log, (1 +a:) 

is of little use for numerical calculations. We can, however, 
deduce from it other series by the aid of which Tables of Logar- 
ithms may be constructed. 


1 , . 1 + i u 

By writing — for x we obtain log^ i hence 




1 1 1 

+ 1) - ~ + 3^? 


(!)• 


By writing for x we obtain log^ 


71—1 


; hence, by changing 


sisns on both sides of the equation, 


log.« - log.(n - 1 ) = - + 2n> + 3^? 


( 2 ) 


From (1) and (2) by addition 


log.(« + l)-log.(«-l) = 2 (i + 3^3 + 5 ^s+ •■•) 


(3) 


From this formula by putting n = 3 we obtain log,-i 

that is log, 2 ; and by effecting the calculation we find that the 
value of log. 2- •69314718...; whence log.8 is known. 


Again by putting n = 9 we obtain log, 1 0 - log, 8 ; whence we 
find log.lO= 2-30258509.... 


fi 


To convert Napierian logarithms into logarithms to base B> 
we multiply by which is the modulus [Art. 216] of the 


, ^ _ rwr a.^429448...; 

common system, and its value is 2*30258509... * 


we shall denote this modulus by /x. 


In the Proceedings of ilie Btryal Society of London, Vol. xxvll. 
pa-^e 88, Professor J. O. Adams has given the values of e, /i, 
log, 2, log, 3, log, 5 to more than 260 places of decimals. 


225. If we multiply the above series throughout ^ 

obtain forinulse adapted to the calculation of common loyarU 

at IL 


W 

Thus from (1), /i.log,{» -h 1) — /* log^n = “ — ^ 


'3n* 


that is, 
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log,„(« + 1) - log,„r* = ^ _ ( 1 ). 

Sinularly from (2), 

lOiT. 7i — loir - ('94— 4- -I- 

' n 27i" 3 ?4^ 

From eitlier of the above results we see that if the logarithm 
of one of two consecutive numbers be known, the logarithm of 
tlie other may be found, and tlius a table of logarithms can be 
constructed. 

It sliould be 1 emarked that the abo\'e formuhe ai‘e only needed 
' ,^''lculate tlie logarithms of numbers, for tlie logai itlim 

number may be obtained by adding together the 
logariti.ins of its component factors. 

In order to calculate the logaritiun of any one of the smaller 

prime numbers, we do not usually substitute the number in either 

of the formuhe (1) or (2), but we endeavour to find some value 

of 94 by which division may be easily performed, and such that 

either 94 + 1 or 94-1 contains the given number as a factor. We 

then find log(n4-l) or log(>4-l) and deduce the logarithm of 
tlie giv^en number. 

Example. Calculate log 2 aud log 3, given m=: -43 129448. 

By putting 71 = 10 in (2), we have the value of log 10- log 9; thus 
1 - 2 log 3 = -043429448 + -002171472 + -000144705 4 - -000010857 

+ -000000868 + -000000072 + -000000006 ; 

1-2 logs = -045757488, 
log 3 = -477121256. 

Putting n = 80 in (1), we obtain log 81 — log 80; thus 

4 log 3 - 3 log 2 - 1 = -005428681 - -000033929 + *000000283 - -000000003; 

3 log 2 = -908485024 - *005395032, 
log 2 = -301029997. 

In the next article we shall give another series for 

which is often useful in the construction of 
Logarithmic Tables. For further information on the subject the 
reader is referred to Mr Glaisher's article on Logarithms in the 
Eitcgclopoidia Britarmica. 
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226. In Art. 223 we have proved that 


a;* ac* 


log,(l +a:)= -■■•5 


changing x into — £c, we have 


„* 


X' sc^ 


log,<l-a;)=-a:-2 - ^ - 


By subtraction, 


, 1 + a: ^ \ 

1 ^. = 2 (=>'• + 3 


Put \ ^ ^ , so ti»at X = ^ - - : we thus obtain 

1 - x* n 2i>i + 1 


loj;, (u + 1) — log-7i. = 2 •[ - ^ ^ 

\2a + l 3(2n 


+ 1)'’ 5(2n + l) 


'In + I?"...,.. 


Note. This series converges very rapidly, but in practice is not always 
so convenient as the series in Art. 224. 


227. Tbe following examples illustrate the subject of the 
ch 9 ,pter. 


Example 1. If o, ^ are the roots of the equation + shew 


that log (a - i/x + cx^) = log a + (a + /3) x - 






3 


X* — ... 


Since a + ^=--, a;3 = -,wehave 

tZ A 


a - At + cx*=<i {1 + (a + /9) x + apx^f 

= a (1 4 - ax) {1 4-^)- 

log {a — hx + cx^) = log a 4 - log (1 +ax) + log (1 4*^x) 


J 


J 


= log tt 4* ox - - 4* g 


- — /3x — 4* ^ • ... 




=Jog« + (a + ^)x 2 — X H g ^ 


'Example 2. Prove that the coefficient of x" in the expansion 

* log ( 14 -x + x®) is — - or - according as n is or is not a multiple of 3. 

® ' n n 


ct 


A 


^«g <1 4- X 4- X*) =iog \ — — = log (1 - x=*) - log (1 - x) 


1 


1 — X 


x« 


- — - 
2 3 — 




/ x= xP ^x" 

- ... 4- + 2 + 3+-+7+ "7 
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If nis a multiple of 3, denote it by 3r; then the coefficient of x* is - ^ 
from the first series, together with i from the second series; that is, the 


± \ s^oefficient is - 5 + 1 or - - 

n n n * 


If n 18 not a multiple of 3,x^ does not occur in the first series, therefore 
the required coefficient is ^ 


228. To prove that e itvcomuieasarahle* 


For if not, let «='£, where m and n are positive integers; 


then 


1 1 1 1 1 


71+ I 


• • • • 


multiply both sides l»y 


m ?t — 1 = integer + 1 - ^ , ^ 

n+l {7i + l){n+2) (/t + l)(7i.+2)(n+3)‘^ ■"* 


But - 


?t + 1 


{71+ 1) (/A+ - 2 ) (n+ l){7t + 2) (w + 3) 


V • 


is a proper fraction, for it is greater tlian — 


geometi’ical progression 

1 


H + 1 


and less than tlie 


I , 1 1 

« + 1 {n+ !/■'■ (/t+ 

tliat IS, less than - ; hence an integer is equal to an integer plus 
a fraction, which is absurd ; tlierefore e is incommensurable. 


EXAMPLES. XVII. 

1. iiiid the value of 

l_l 1 1 

2 "^3 4 5 ' 6 

2. Find the value of 

L. 1 

2 2.2^^3.2’ 4.2«'‘'Fr25*" 
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3. Shew that 

log.(7^ + a) - log,(n - ^ 2 g + ^3 + + ..»). 



4. If 


.r^ 

^=•"■- 2 + 3-4 + 




shew that 


?/2 y 

I Z 


.3 

3 


j 

y 


^ 5. Shew that 

I a-b 1 /a-^^V . 1 /«-^V .1 1 ; 

^ ^ + 2 [-ir) ct ) 


6. Eind the Napierian logarithm of ' correct to sixteen placea 


1001 

999 


of decimals. 


7. Prove that 






8. 


Prove that 

log,(l + .r)'*'(l - '”2 (i72'*'.0 '*'57 g 




9. Find the value of 




12 


13 


10 Find-the numerical values of the common logarithms of 7f H 
and 13; given = *43429448, log 2 = *30103000. 


11, Shew tliat if are each less than unity 




12. Prove that 

5.1-2 9.^.3 17.^ 

h)g,(l + 3a; + 2.1-2) = 3.r ^ + ... ; 


and find the general term of the series. 


13, Prove that 


, 1 + 3.V ^ 5.1-2 35.r3 


f\ 1^ 


65.r 


2 ■ 3 

and find the general term of the series. 


+ 


14. Expand — — In a series of ascending powers of x. 
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15. Exi>res3 ^(e^ + e ia ascending po\vei *3 of x, where 


16. Shew that 


'•log,(.r + 2/<) = 2 log,(.v H- h) - log,.f - 1 + 

+ 2(.r + /0* 


AS 


2(.v + /0* ■ 3(x+A)s 

17. If a and ^ bo the roots of x--jdx + 5 ' = 0, shew that 

log, ( 1 = {a + ^)x- a-2 + - . . . / 

18. If x< 1, find the sum of the series 


+ • 




^ a 2 , 3 , 4 ^ 

2 .1-2 + - + - a-* + g A-5+ . 


19. Shew that 




1 


1 


n 


2('/i+l) 2.a(a + 1)^ 3.4(?i+l)3 •••• 


1 


r+ x+a- ^^-s expaiuled in a series of ascending 


{>owers of .r, shew that the coefficient of x’‘ is - - if n be odd, or of 

3 

the form 4?a + 2, and — if n be of the form 4/a. 

n 


21, Shew that 


22. Prove that 


23 .33 43 
[2 13 + j4 


2 log, n - l„g, („+!)_ log, (,i - ] ) = ^ + ^^ + , 


71 


23, Shew tl'at 


1 


+ 


1 


+ 


7i-\-l • 2(a+l)2 ' 3(a+l)3 

= 1 - L^±_ 

71 2a2^3a3 *• 


■f 


9 


24. Iflog,^=-«, log,g=-A,log,g = o,shew 


that 


log,2 — 7a-2A + 3c, log,3 = lla-36 + 5c, log,5 = 16a-4& + Vc; 

and calculate log, 2, log, 3, log, 5 to 8 places of decimals. 


CHAPTER XVIII. 


IXTliKEST AND ANNUITIES. 


229. In this chapter we shall explain how the solution of^ 
questions connected ■with Interest and Discount may be siniplitied 
by the \ise of al^braical formuhe. 

AVe shall use the terms Discounty Present Value in 

tlieir ordinary arithmetical sense ; but instead of taking as the 
rate of interest the interest on j£100 for one year, ■we shall lind it 
nioi*e convenient to take the interest on .£1 for one year. 

2.'>0. To find the interest and anionnt of a given snni in n 
ijlren time at simple interest. 

Let P be the principal in pounds, r tho interest of XI for one 
year, n the number of years, J the interest, and M the amount. ? 

The interest of P for one year is 7V, and therefore for n years 


is Pnr ; that is, 

I =Pnr (!)■ 

Also M ~ P I ; 

that is, M^P{\ +nr) (->• 


From (1) and (2j we see tl»at if of the quantities P , 
or /\ n, r, J/, any three be given the fourth may be found. 

231. 7'o fi'iid the ]yresent value and discount of a given sun ^ 

dtte in a given (hne, allowing simple inte^’est, i 

Let be the given sum, V the present value, P the discount, 
r the interest of XI for one year, n the number of years. 
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Since V is the sum which put out to interest at the present 
time will in n years amount to P, we liave 

P— ^ (1 + 743') ; 

r 


F = 


1 *f nr * 


And 


n=p- v=p~ 


1 + nr ^ 


D = 


J*H7' 

1 + 743* ’ 


Notk. The value of D given by this equation is called tlio true discount. 
But in practice when a sum of money is paid before it is due, it is customary 
to deduct the interest on the debt instead of the true discount, and the 
money so deducted is called the banker's discount ; so that 

Bankei’a Discount = Par. 


True Discounts 


Pur 


1 + nr' 


Kxample. The difference between the true discount and the banker’s 
discount on £1900 paid 4 months before it is due is Ga*. find the rate 
per cent,, simple interest being allowed. 

Let r denote the interest on £1 for one year; then the banker’s discount 

1900r 

1900r 


IS 


— , and the true discount is— « 

° ■. 1 

' + 5’- 


1900r 


3 


1900r 

a 


41 1 


whence 


r= 


1900r=*=:3 + r; 
l^x/ 1 + 2-2800 1 + 151 


3800 


3800 


llejecting the negative value, we have r= — -L • 

3800“ 25’ 

ratepercent. = 100r=4. 

232. To find Hue interest and amount of a given mini in a 
given tnne at cornjyound interest. 

Let P denote the principal, R the anioant of i;l in one year 
n tlie number of years, I the interest, and M the anmunt. 


The amount of P at the end of the first year is PR ; and, since 
this is tlie principal for the second year, the amount at the end of 
tiie second year is PR x R or PR~. Similarly the amount at the 
end of the third year is PR^^ and so on ; hence the amount in 
n years is PR" ; tliat is, 

M = PR " ; 

I = P{R" -\). 



Noth. If r denote the interest on £1 for one year, we Imve 

72 = l + r. 


233. In business transactions when the time contains a 
fraction of a year it is usual to allow simple interest for tlie 
fraction of tlie year. Thus the amount of XI in h year is 

reckoned 1 + ^ ; and the amount of P in 4|- years at compound 


interest is Similarly the amount of P in 


n + 


— years is PR" (l + — . 
m \ m/ 


If the interest is payable more than once a year there is a 

distinction between the nomhtal aiinunl rate of interest and that 

actually received, which may be called the tmie annual rate; thus 

if the interest is payable twice a year, and if r is the nominal 

r 

annual rate of interest, the amount of XI in half a year is 1 +75 > 


9 


and therefore in the whole year the amount of XI is + 7 ^^ » 


'I 


or 1 + ?* + — : so that the true annual rate of interest is 

4 


r 


4 ' 


234. If the interest is payable q times a year, and if r 
the nominal annual rate, the interest on XI for each interval is 


- and therefore the amount of /* in n years, or qn intervals, is 


-'i.-T 


1 


91 


In this case the interest is said to be “converted into principal 
q times a year. 
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If the interest is convertible into principal every moment 

then q becomes infinitely great. To find the value of tlie amount! 
^ r 1 , * 

put - = ~ so that q = rx\ thus 

q X ^ ' 

tl,e amount - ^ (l a p” . i- (l a p". + pT' 

= Pe", [Art. 220, Cor.,] 
since x is infinite when q is infinite. 


235. To find the present value and discount of a given stim 
due in a given time, allowing compound interest. 

Let P be the ^yen sum, V the present value, P the discount. 
A the amount of .£1 for one year, n tlie number of years. 

Since r is the sum wldch, put out to interest at tlie present 
time, will in n years amount to we liave 

P - rP " : 


and 


r=~ = pp-, 

Z» = P(1 - A-"). 


Example. The pre.sent value of £072 due in a certain time is £126- if 
compound interest at 4^ per cent, be allowed, find the time; having given 


Here 


log 2 = *30103, log 3= *47712. 

_ 1 25 


100 24 

Let n be the number of years ; then 

672 = 120 


24* 


25 


or 


. , 25 , 072 

n log ' = log — . 

^24 ‘= 120 ’ 

, 100 , 16 
«log 9e=log^; 

n (log 100 - log 96) = log 16 - log 3, 

4 log2-log3 


2 - 5 log 2 - log 3 
•72700 

nearly; 


thus the time is very nearly 41 years. 
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EXAMPLES. XV] 



When required the following logarithms may be used. 

log 2 = *301 0300, log 3 = *4771 213, 
log 7 = -8450980, log 1 1 = 1*0413927- 


1 . 

mterest 


Find the amount of i^lOO in 50 years, at 5 per cent, compoun 
; given log 114*674 = 2*0594650- 



2. At simple interest the interest on a certain sum of money w 
^90, and the discount on the same sum for the same time and at the 
same rate is £80 ; find the sum. 

3. In how many years will a sum of money double itself at 5 per 
cent, compound interest ? 

4. Find, correct to a farthing, the present value of £10000 due 
8 years hence at 5 per cent, compound interest; given 

log 67683-94 = 4-8304856. 

5. In Imw many years will £1000 become £2500 at 10i>ercent. 
compound interest ? 

6. Shew that at simple interest the discount is half the harmonic 
mean l>etwee!i the sum due and tlie interest on it. 


7. Shew that money w'ill increase more than a hundredfold in 
a century at 5 jHjr cent, compound interest. 

8. What sum of money at 6 per cent, compound interest will 
amoni»t to £1000 in 12 years i Given 

log 106 = 2-0253059, log 49697 = 4-6963292. 

9. A man borrows £600 from a money-lender, and the bill 1?^ 
renewed every half-year at an increase of 18 per cent. : what time will 
elapse before it reaches £6000 ? Given log 1 18 = 2*071882. 

10, What is the amount of a farthing in 200 years at 6 per cent. 
comi>ound interest ? Given log 106= 2*0253059, log 1 15*1270 = 2*0611800. 


Annuities. 

236. An annuity is a fixed sum paid periodically under 
certain stated conditions ; the payment may be made eitlier once 
a year or at more frequent intervals. Unless it is otherwise 
stated we shall suppose the payments annual. 

An annuity certain is an annuity payable for a fixed term of 
years independent of any contingency ; a life annuity is an 
annuity which is payable during the lifetime of a person, or o 
the survivor of a number of persons. 
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A deferred annuity, or reversion, is an annuity wliieli does 
not begin until after the lapse of a certain number of yetirs ; and 
M-hen the annuity is deferred for « years, it is siiid to cominence 

after 7i years, and the lirst jw^yinent is made at the end of n + 1 

years. 

¥ 

If the annuity is to continue for ever it is culled a perpetuity ; 
if it does not cominence at once it is called a deferred perpetuity. 

An annuity left unpaid for a certain number of years is said 
to be forborne for that numWr of years. 


237. Tofiiul the amount of an annuity left unpaid for a yivea 
numher of years^ Mounng interest. 

Let A be the annuity, r tlie interest of £\ for one year, the 
number of years, J/ the amount. 


At the end of the first year A is due, and the amount of tl.is 
sum in the remaining n - 1 years is A + (n - I) rA ; at the end of 
the second year another A is due, and the amount of this sum in 
the remaining (a -2) years is A + (n ~ 2) r A ; and so on. Now 
J/ IS tiie sum of all these amounts; 

M={A + {n - l)r.(} + {.I + {a-2)r.i \ + + (A + vA) + A, 

the series consisting of n terms : 


. - 1 /= 4- (1 + 2 + 3 + 



71 (n - 1) 
2 


rA. 


+ — 1 ) r- 1 


238. lo find the amount oj an annuity left unpaid for a 
given number of years^ alloioing cmnpound interest. 

Let A be the aimuity, 71 the amount of £l for one yt^ar n 
the number of years, Jf the amount. 

At the end of tlie lirst year A is due^ and the amount of this 
sum in the rernaiiung 7i - 1 years is A/l ~^ ; at the end of the 

second year another A is due, and the amount of this sum in the 
remauung n - 2 years is A and so on. 

M - AR“ ' + +A}l^ + AR + A 

= A ^1 -t. _f. to n terms) 

. R' - 1 
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239. In finding the present value of annuities it is always 
customary to reckon compound interest; the results obtained 
when simple interest is reckoned being contradictory and un- 
trustworthy. On this point anti for further information on the 
subject of annuities the reader may consult the Text-books of the y 
Institute of Actuaries, Parts I. and II., and the article Annuitie&^ 
in tlie Encyclopc^dla Briiaittiica. 

240. To find Ute prr’.aent value of an annuity to continue for 
a (jiven ntunber of years, allowing compound interest. 

Let A be the annuity, R the amount of £1 in one year, n 
the number of years, T the required present value. 

Tlie present value of A due in 1 year is AR~' ; 

tlie present value of A due in 2 years is AR~"^ ; 

the present value of A due in 3 years is AR 

and so on. [Art. 235.] 

Now V is the sum of the present values of the different 
payments ; 

. 1"^ -I- AR~' -1- AR‘^ + to n terms 




>IoTE. This result may also be obtaiued by dividing the value of JA 
given in Art. 238, by 72". [Art. 232.] 


Cor. If we make n infinite we obtain for the present value 


of a ijerpetuity 



241. If mA is tlie present value of an annuity J, tlie annuity 
is said to be worth rn years’ purchase. 

In the case of a perpetual annuity = — ; hence 

1 100 

wt = - = — 7 T y 

T rate per cent. 


1 
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y®"''®’ Purclmse of a perpetual annuity is 
obtained by dividing 100 by the rate per cent. 

As instances of perpetual annuities we may mention the 
^ ncome arising from investments in irredeemable Stocks sucl, as 
nany Go\ eminent Securities, Corporation Stocks, and P.ailway 
Debentures A good test of tlie credit of a Government is fui - 
nished by tlie number of years’ purchase of its Stocks; tlius tlie 

I ! oc “‘'•e worth 36 years’ purchase ; Egyptian 

p. c. Stock ‘ifc 96 IS worth 24 years’ purchase; while Austrian 
O p. c. Stock at 80 is only worth 16 years’ purchase. 

242. To find the present value of a deferred annnitn to 

comme7iee at the end oj p years and to continue for n years allow- 
xn(j compound interest. j y w 

Let A be the annuity, R the amount of £1 in one year V the 
present value. ’ 

The first iiayment is made at the end of (p + 1 ) years. 

[Art. 236.j 

Hence the present calues of the first, second, third pav- 

ments are respectively i J 

AR-<y^‘\ AR-<^^^> 

^ ^ « 

r = yf 7r A’-""- . t 

^ to tei’ius 


= AR- 

1 ~R 


- \ 


AR »' AR~^~^ 


R~l R-\ - 

Colt. The pre.sent c alue of a deferred perjyetuity to commence 
aftei j) years is given by tlie forinuia 

y_AR-^ 

R- 1 ' 

A. fir66ll0ld IS rill Xr-T 1 1 

annuity called the rent; and thus the' value of the 
to the present value of a perpetuity equal to the rent. 

It follows from Art. 241 that if we know the nnml e 

purchase tliat a tenant pays in order to buy his farm Ave 

the rate per cmt. at which interest is reckoned by dW din! foS 
by the number of years* purchase. ^ aiviaing lUD 


206 


HIGHER ALGEBRA. 


Example^ The reversion after 6 years of a freehold estate is bought for 
£20000; what rent ought the purclia.'^er to receive, reckoning compound 
interest at 5 per cent.? Given log 1*05 = *0211893, log 1*340096 = *1271358. 

The rent is equal to the annual value of the perpetuity, deferred for 6 
years, which may be purchased for £20000. 

Let he tho value of the annuity; then since 72 = 1*05, we have 


20000 = 


A X (1*05)“® 
^05 


.*. A x<l*05)-« = 1000; 
log .4 — G log 1*05 = S, 
log A =3*1271358 = log 1340-096. 

.4 = 1340 096, and the rent is £L340. U\ lid. 


241. Suppose that a tenant by paying clown a certain sum 
lias obtained a lease of an estate for + <7 years, and that wlien ■ 
<7 years have elapsed be wishes to renew the lease for a term 
/> + /i years; the sum that lie must pay is called the fin© for 
renewing ti years of the lease. 

Let ..I be the annual value of the esbite ; then since the 
tenant has paid for p of the 7 ? 4- n years, the iine must be equal 
to the present value of a deferred annuity yl, to commence after 
7> years and to cojitinue for n years ; that is, 


tlie tine = 


A Jr '' 

n - 1 


"A'-l 


[Art. 242.] 


EXAMPLES. XVm. b. 

The interest is supi>osed compound unless the contrary is stated. 

1. Tho amount of an annuity of £120 which is left unpaid for 
5 years is £G72 ; find the rate per cent, allowing simple interest. 

2. Find the amount of an annuity of £100 in 20 years, allowing 
oompound interest at 44 cent. Given 

log 1 -045 = '0 101 IC.3, log 24*1 1 7 = 1 *3823260. 

3. A freehold estate is bought for £2750 ; at what rent should it 
be let so that the owner may receive 4 per cent, on the })urchase money 1 

4 . A freehold estate worth £120 a year is sold for £4000; find the 
rate of interest. 
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5. How many years’ purchiise should be given for a freehold 
estate, interest being calculated at 3^ per cent.? 

6. If a i>er[>etual annuity is worth 25 yeai-s’ purchase, find the 
amount of an annuity of ^‘625 to continue for 2 years. 

7 If a i>erpetual annuity is worth 20 yeai*s’ purchase, find tlte 
annuity to continue for 3 years which can be purchased for £2522. 

8. AVhen the rate of interest is 4 per cent., find what sum must 
he paid now to receive a freehold estate of £400 a year 10 yei\rs hence; 

having given log 104 = 2 0170333, iog6‘75565 = -8296670. * 

9. Find what sum will amount to £500 in 50 years at 2 per cent., 
interest beiug payable ev’ery moment; given e"'=*3676. 

10. If 25 years’ purchase must be paid for an auuuity to continue 
V yeai-s, aiwl 30 years’ purchase for an annuity to continue 2n years, 
find the Fiite jier cent. 

11. A man borrows £5000 at 4 per cent. com}>ound interest; if the 
priuciijal and interest are to t>e re^niid by 10 equal annual instahuents, 
find the amount of each instalment; havinsr (riven 

log 104 = *01 70333 and log 675565 = 5-829067. 

12. A man has a capital of £20000 for which he receives interest 
at 5 |>er cent.; if he spends £*lttO0 every year, shew that he will be 
ruined Wfore the end of the 17‘*‘ year; liaving given 

log 2 = *3010300, log3=-4771213, log 7 = *8450980. 

13. The annual rent of an estate is £500; if it is let on a lease 
of 20 years, calculate the fine to be liaid to renew the lease when 7 years 
have elapsed allowing interest at 6 per cent. ; having given 

r log 106 = 2*0253059, log4-688365 = *6710233, log3*118042 = *4938820. 

14. If o, 5, c years’ purchase must be paid for an annuity to con- 
tinue 2 m, 3yt years respectively; shew that 

a- — a6 -h 6- = ac, 

15. Wliat is the present worth of a i>erpetual annuity of £10 

payable at the eml of the fii*st year, £20 at the end of the second, 
£30 at the end of the third, and so on, increasing £10 each year* 
interest being taken at 5 per cent, per annum ? * 


CHAPTER XIX. 


INEQUALITIES. 


245. Any quantity a is said to be greater than another 
quantity b when is positive; tlius 2 is greater than -3, 

because 2 — (- 3), or 5 is positive. Also h is said to be less 
tlian a when b-a is negative; thus -5 is less tlian —2, because 
— 5 — (— 2), or — 3 is negative. 

In accordance with this definition, zero must be regarded as 
greater than any negative quantity. 


In the present chapter we sliall suppose (unless the contrary 
is directly^tated) tliat tlie letters always denote real and positive 
quantities. 



246. If a > 6, then it is evident that 

«. + c > 6 + c ; 
a — c > 6 “ c ; 
ac >• be 
a b 




tliat is, aa inequality will still hold aftei' each side has been 
increased, diminished, mulliplied, or divided by th^ same positive 
quantity, 

247. If a — c >b, 

by adding c to each side, 

a>6 + c ; 

wliich shews that in an inequality any term may he transposed 
from one side to the other if its sign be changed. 


If a > b, then evidently h a , 

that is, if the sides of an inequality be transposed, the sign 
inequality must be reversed. 
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If a >■ h, then a — 6 is positive, and 6 — a is negative ; that 
is, -a- (— b) is negative, and tlierefore 

— a < — 6 ; 

hence, if the signs of all the terms of an inequality be changed^ 
the sign of inequality must he reversed. 

Again, if a > then ~~ a < — 6, and therefore 

— ac < — 6c ; 

that is, ij the sides of an inequality he multiplied hy the same 
negative quantity^ the sign of inequality must he reversed. 


248. If a, > 6,, > b.^. 


that 


a > 6, . it is cl 

in frt I 


ear 


and 


+ “2 + ®3+ ••• + + ^3 + ^3+ J 

••■a >666 ...6 


249.^ If a>6, and if q are positive integers, tiien 

or > 6’ ; and therefore > 6^; that is, a" > 6^ where n is any 
positive quanti^. 

Furthe^ ^ < A J that is a"” < 6"". 

Ct 0 


\W' square of every real quantity is positive 
therefore greater than zero. Thus (a - Uf is positive ; * 


and 


• • 


«"-2a6 + 6*> 0; 

a® + 6® > 2a6. 


Similarly 

that is the arithmetic mean of two positive quantities is greater 
than their geometric mean, 

equ^*'* inequality becomes an equality when the quantities are 

251. The results of the preceding article will be found very 

useful, especially in the case of inequalities in which the lettera 
are involved symmetrically. 
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Example 1. If 6, c denote positive quantities, prove tliat 

q 2 52 _}. ^2 > + ca + a 5 ; 

and *2 (a’ + h^ + c^) > (i + c) + ca (c -f a) + ah (a + 6). 

For 62-fc2>26c (1); 

+ a- >- 2ca ; 
a2 + 2,2>2ab; 

whence hy addition < 1 - + + ca + ah. 

It may be noticed that this result is true for any real values of a, c. 


Again, from (I) h-—hc + c->bc (2); 

6^ + c^>'&c (6+ c) 


Ky writing down the two similar inequalities and adding, we obtain 

2 (a3 + + <r*) > 6c (6 + c) + ca (c + a) + ah (a + h). 

It sbould be observed that (3) is obtained from (2) by introducinR the 
factor i + r, and that if this factor be negative the inequality (3) will no 

longer bold. 

Example 2. If a: may have any real value find which is the greater, 
a:®+ 1 or X“ + .t. 

+ 1 - (jr + .T)=jr3-x2 - (a: - 1) 

= (x2-l) (x-1) 

= (.c-l)* (x + 1). 

Now (x - 1)**^ is positive, hence 

+ l > or < x^ + x 

according as x + 1 is positive or negative; that is, according as x > or < -!• 
If :c= - 1, the inequality becomes an equality. 


^2. Let a and b be two positive quantities, S tlieir sum 
cand P tlieir product; then from the identity 

4ab = (a + b)’ — (« — 6)*, 

'>ve have 

4P = S^-i'a-by, and £^-4F^(a-'by. 

Hence, if S is given, P is greatest wlien a = i ; and if P is 
siiven, S is least when 

that is, if i/u> aum o/ two po^ili^ ^ 

is greatest tlterg are equal ; aiid \f //le ^oduct oj two y 

qZintUies is given, their gum is least when tlwy are eq^uu. 
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253 . To find the gntUest mlue of a pivditcl the sum of whose 
factors 28 constant. 

Let there be n factors a, b, r, ... k, and suppose that their 
^ sum IS constant and equal to s. 

Ck)nsitler the product ate ^ and suppose that a and h are 
any two unequal factors. If Ave replace the two unequal factors 

a, b by the two equal factors ~ ^ ^ P' oduct is increased 

while the sum remains unaltered; hence so long as the product 
contains f too unequal factors it can be increased without altering 
the suinof the factors ; therefore the product is greatest when all 
the factors are equal. In this case the value of each of the u 


factors is ^ , and the greatest value of the product is (^- 

' 71 


n 


or 


( 


a + + ... +l 


n 



Cor, If a, b, c, ... k are unequal. 


that is, 


( 


a+h-¥c+...^ I 


n 


') 


ahe k\ 


a b -^c ■¥ ... + k 


fi 


> {abc ... ky. 


By an extension of the meaning of tlie tenns aritfe^uetic menu 
and geometric mean this result is usually quoted as follows : 

Example. Shew that (l’‘+2'- + 3’-+ ... + „qn > 
where r is any real quantity. 


Since 


> { 1 ^. 2 '. 7irjn . 


n 


p*- + y-h3»-+... + , tr 

\ n 


^ tha* is, >((«)*■; 


whence we obtain the result required. 
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254. To find the greatest value of ... when a+b + c + ... 

is constant ; m, n, p,... being positive integers. 

Since 7/fc, py- are constants, tlie expression aTh’^c^... will 
be greatest wlien (fj (^) ••• is greatest. But tbis last 

expression is the product of m4-9i+7?+ ... factors whose sum is 
4 - n 4 - ]) or a + 6 + c + . . and therefore con- 

Hence will be greatest when the factors 


ni 
stant. 


a b c 

m n ]y 


are all equal, that is, when 


a 


ni 


a 




n p> 


• • 


7?i + n + 7; 4 - 


Thus the greatest value is 

Vl 4 - 6 4- C+ 


n 


ni n p 




ni 4- n 4-79 4* 


f) 


ExamjAc. Find the greatest value of (a 4-a:)^ (« - a-)* for any real value 
of X numerically less than a. 

The given expression is greatest when ( 4 ) greatest; hut 

fa 4 x\ . f a-x\ 

the sum of the factors of this expression is 3 ( ^ - 14-4 I “ 4 “ ) » 


or 2 <i ; 


a + x a — X 


a 


hence (a 4- x)^ (a - x^ is greatest when -g— = , or a; ^ ^ 

G® . S'* 

Thus the greatest value is ■ a7. 


255. The determination of maximum and minimum values 
may often be more simply effected by the solution of a quad- 
ratic equation than by the foregoing methods. Instances o 
this have already occurred in Chap. ix. ; we add a further 

Example. Divide an odd integer into two integral parts whose product 
is a maximum. 

Denote the integer by 2»4-l; the two parts by x and 2n4-l-^i 
the product by p ; then x x^=y \ whence 

2x = (2n 4- 1) ± + ; 
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but the quantity^under the radical must be positive, and therefore y cannot 
be greater than ^(Sri + l)’, or «■' + ji + i ; and since y is integral its greatest 
v^lue must be«- + n; in which casex = n+l,or k; thus the two parts area 


■^y + a - c + b ~ c 


256. Sometimes 'we may use the following method. 

Example. Find the minimum value of "t ■^) 

Put c-{-x = y \ then 

the expression - c + y) (6 - c + y) 

y 

_{a^c) {h-c) 

y 

_( J{a-c) [b-c) 

V \^y 

Hence the expression is a minimum when the square term is zero- that 
is when y = J{a-c){b~c). 

Thus the minimum value is 

a-c + f^-c + 2 J\a - c) {b - c ) ; 

and the corresponding value of x is {b-c)-c. 


- +a-c + 6- c + 2 J{a ~c}{b- c). 


EXAMPLES. XIX. a. 


1. Prove that {ab-^xy)(cuv-^by)>4aba.'p. 

2. Prove that (6 + c)(c + a)(a + i)>8a6c'. 

3. Shew that the sum of any real positive 
reciprocal is never less than 2. 


quantity 


and 



4. If a^4-b-==lj and .);2+y2^1, shew that ax- + 6y<]. 

5. Tf ami A*2H-y2_(_22^1^ 

ax+^y + crc 1. 

6. If a > 6, shew that a^b^ > and log - ^ loo- Li* 

Cl ® 1 + a 

7. Shew that -i-ph + z^x) {xf4-yz^4-zx'^) > 9x‘2y222 

8. Find w’hich is the greater Zah’'- or a^H-26''. 

9. Prove that d?h + ah^ < a** + b^, 

10. Prove that 6a6o < ic(i + c) + ca(c+a) + a6 (a + i). 

11. Shew that i V + c^-a^ + > a6c (a + 6 + c). 
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12. Which is the greater or x* -f- a: -4- 2 for positive values of x? 

13. Shew that x^ + 13a-x>5ax^ + if x>a. 

14. Find the greatest value of x in order that 7x- + ll may be 
greater than x®+ 17x. 

15. Find the minimum value of x*-12x + 40, and the maximum 

value of 24x - 8 - 9x®. 

16. Shew that ( >n", and 2 . 4 , 6...2w< (n + 1)". 

17. Shew that (x + y + 2 )^ > 27x^. 

18. Shew that n" > 1 . 3 . 5...{2n - 1). 


19. If n be a positive integer greater than 2, shew that 

2">1 +nV2"-L 

( n 4. 1\2” 

- - J • 

21, Shew that 

( 1 ) (x + 1/ + 2)3 > 27 (y + 2 - x) (2 + X - y) (x + y - 2). 

( 2 ) xt/z>{ij + z-x){z-hx~y}(x-hu-z). 


22. Find the maximum value of (7 - x)^ (2 + x)° when x lies between 
7 and - 2. 

00 T«- j XI • • 1 f (5+x)(2+x) 

2o. hind the minimum value 01 ; • 

1 +x 


*257. To -prove that if a and b are positive and uneqnalj 
a^ + bm /a + b\m , . .. r #•» 

2 ^ \ — 2 ~ ) * U'hen m 7 S a posiHve proper jract ton. 


a -\-b a — b 


- ) ; a 


, , /a-\-b a -by'* Ta+h a -by** 1 

We have- a"* + 6^ = (^— ^ — t- ^ -y 

since ^-^r— is less than — , we may expand each of these 


a —b 


expressions in ascending powers of ^ . [Art. 184.] 




=(- 


+ b 


^ — \) fa + by*' Va— 

(»! - 1){J« - 2)(») - 3) (a+by'-*/a - h\* 


1 .2.3.4 


- 
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(1) If m is a positive integer, or any negative quantity, 
all tl*e terms on the right are positive, and therefore 

( 2 ) If m is positive and less than 1 , all the terms on 
tlie right after the lirst are negative, and therefore 




O 


< 



If 7 a > 1 and positive, put 7/7 = - -where 7 i 

n 



1 ; then 


or a-^b 

> _ — 






r/i 


m- 


_ Hence the proposition is established. If m 
inequality becomes an equality. 


= 0 , or I, tl 


le 


208 . Jf there are n •positive quantities 2 ^.^ b, c,...k, then 

a"* b*” 4 - c"' 4- . . . + k*" 


n 


'a 4- b 4- c + ... 4- k V** 

/ 


unless in is a positive proper fraction. 

Suppose 7/1 to liave any value not lying between 0 and 1. 

Consider the expression a" + + c’" + . . . + i--, and suppose 

that a unequal ; if we replace n and h by the two equal 

quantities -4—, , the value of a4-J + c+. ..+/!: remains un- 

4- ... 4-^"* is diminished, since 


2 ’ 2 

iltered, but the value of «"* + 4- c 


+ 6"*>2 


(-r)' 
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Hence so long as any two of the quantities a, 6, c,.../care unequal 
the expression a”* *+- + c"‘ + . . . -h /;"* can be diminished wdtliout 
altering the value of a + 6 + c + ...-fA:; and therefore the value 
of a”' + + c"* + . . . + A'”’ will be least when all the quantities 
r/, h, Cj...k are equal. In this case each of the quantities is equal 

a + 6 + c+ ... + h 




n 


and tlie value of (C + h 


- C*'’ 4- ... 


Jc’' then becomes 


tt 4* ^ + C 4" • • . 4" A/* 


n 


n 


Hence wIjcti rt, 6, c,...k are unequal, 


f,- 4. y- + c”' 4- ... 4- A; 




'ii 


c- 


4- 4- C 4- ... 4- A; 


71 


) 


Vfl 



If lies between 0 and 1 we may in a similar manner piwe 
tliat tlie sign of inequality in the above result must be reveised. 

Tlie proposition may be stated verbally as follows : 

The (frifh7}ietic viea 7 i of the m*'* po 7 vers of n 270sitive qua 7 itiites 
is (jreciteT tluoi the jwweT oj theiv avith'tnetic inecin in oXl cases 
except Tjohen m lies beiuceen 0 a7id 1. 


*259. If a ayid b are 2 wsiiive hiteyerSy and a>h, and if y. he a 


positive quaniityy 




For 



= 1 4- X* 4- 




the series consisting of a 4- 1 terms; and 


X 


1 4-71 = 1 + X + 
b 




the sei’ies consisting of 5 4- 1 terms. 


2\ ^ 
“ h) 



After tlie second term, each term of (1) is greater t lan 
cori’esponding term of (2) ; moreover the number of terms * 
is greater than the number of terms in (2) ; hence the proposi 

is established. 


t 
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*260. To jp^'ove that ^ ^ 

ij X and y are jyt'oper fractions and jwsitive, and x 


'*1 


For 


according as 


But 


' and 



1 + a; 
i ~x 


or 



1, 1 +a; 

- log 


or 


X 


X 


1 + // 

1-y’ 


1 1 1 + y 


.y 


y 


= +1+1%...), [Art. 22G]; 


ilo 

y 


1 + V 

rr _ _ 0 


1 - 2 / 




0 


• • 


1, 1+a; 1, 1 + y 

— loir T > — lo" 


X 


I — X 


y 


1-2/’ 


and thus tlie proposition is proved. 


*261. To prove (hat (1 + x)^+* (1 - x)' *>1, if xd, and to 


deduce that 




a + 


Ct') 


Denote (1 (1 -a:)’"' by 7^; then 

logP=(l+a;)log(l +a;) + (l -a‘)log(l - x) 

= a: {log (1 + a:) - log (1 - a:)} + log (1 + a;) + log (1 - a;) 


o / a" a:" \ ^ /X* x" 




a; 

+ g-+... 


"Ho 


+ 


X 


X 


« 


+ 


3.4 5.6 


+ ... } . 


Hence log P is positive, and therefore P> 1 ; 
tliatis, (1 +x)*-^'(l-x)'-'>l. 
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Ill tins result put .r = - , where 7i>z ; then 

? 6 


1 + 




u + z 


w+s 


• • 




/ 


/ \ u 


(?« + s) 


Now put tt + z = a, V. — z-hy no that u = 


a + 6 


o ’ 


.r /® 


+ 6 


a + 6 




* EXAMPLES. XIX. b. 


1 . 

2 . 


3 . 

hers is 


4 . 


Shew that 27(a4 + 6* + c^) > (a + ^> + c)^ 

Shew that ?t (?* 4- 1 (1^ + 2^ + 

Shew that the sum of the «**’' powei*s of the fii*st n even mim 
greater than n (n+ 1)”*, if ja > 1. 

Tf a and fi are positive quantities, and « ahe^v that 


1-h 


ir»( 


1 + 


/3, 


Hence 

2-718.. 

5 . 


shew that if n>l the value of (l + i) lies between 2 and ^ 


Jf a, hy c are in descending order of magnitude, shew that 




c 

c 


/h-hcy 

\o-c) • 


G. Shew that 


at ^ 


a + ^ + c+...+j y + 1 + <r + - . * * ^ a«AV. . . /•*. 


n 


8. 


Prove that - log(l +a”‘) < ~ log(l + a”), if m > «. 

m n 

If n is a i)03itive integer and .v < 1, shew that 

1 — .r" ' 1 — ,v^ 


1 
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9. If a, bj c are in H, P. and « > 1, shew that a” + c" > 2/j'*. 

10. Find the maximum value of .x-3 (4a - .r)5 if .v is positive and less 

iWtioIr ’ •’■^(1 -■'■f "lien .r is a ,.ro,>er 


11. If .r is positive, sliew that log(l +.r) <.f and 


.V 


1 +.r • 


12. If .r+y + 2 = ], shew that the least value of 1 + i + i is *> ; 

and that (1 - J.') (1 - y) ( 1 - 2 ) > %x^z. V ^ 

13. Shew that (a h + c + d) (a'’ -h & ' + c* -f- of*) > {a- + Z*- + 1 * + d-)- 

14. Shew that the expressions 

a{a-h){a-c)-\-h {h-c){b~a) + c (c~a)(c~b') 
and a2 (a -b)(a-c) + b!‘(b - c) (b - a) + c‘(c - a) (c- b) 

aie both positive. 

15. Sliew that if 

16. Shew that a^b- < ' 

17. If a, bj c denote the siiles of a triangle, shew that 

( 1 ) <^Hp-<j){p~r)^l^{rj^r)(fj^py-^c^{r-p)(r~q) 

cannot he negative; p, ?• being any real quantities; 

(2) a\i/z + bhx-\-c^xi/ cannot be positive, if .v+^-^z — 0. 

18. Shew tlmt 1 i3 |5 |2/i-l > (|?<)" 

19. If a, ft r, d aj-e p positive integers, whose sum is equal 

to ji, shew that the least value of ^ 

M \ is (|7 )'’~'’(|y+1)'', 

where (/ is the quotient and /• tlie renwxindcr when n is dividetl by 


CHAPTER XX. 


LIMITING VALUES AND VANISHING FRACTIONS. 


a 

262. If a be a constant finite quantity, the fraction - can 
be made as small as ^ve please by sufiiciently increasing a:; that 

is, -we can make - approximate to zero as nearly as we please 

^ • 
by taking x large enough ; this is usually abbreviated by saying, 

“ when X is infinite tlie limit of — is zero.’^ 


A<'ain, tlie fraction - increases as a* decreases, and by making 
o ’ X 

X as small as we please we can make ^ as large as we please, 


thus when x is zero - has no finite limit; 

X 

pressed by saying, “ when x is zero the limit 


this is usually ex 
of - is infinite.” 

X 


263. When we say that a quantity increanes without lunii 
or is infinite, we mean that we can suppose the quantity to become 
greater than any quantity we can name. 

Similarly when we say that a quantity decreases 
limit, we mean that we can suppose the quantity to beco 

smaller than any quantity we can name. 

The symbol oo is used to denote the value of any 
which is indefinitely increased, and the symbol 0 is "seU 
denote the value of any quantity which is indefinitely 

nished. 
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264. The two statements of Art. 262 may now be written 
symbolically as follows ; 

if X is CO , then - is 0 ; 

X 


if a; is 0 , then - is oc . 

X 

But in making use of such concise modes of expression, it 
must be remembered that they are only convenient abbreviations 
of fuller verbal statements. 

265. The student will have had no difficulty in understanding 

the use of the word ZiVniV, wherever we have already employed it; 

but as a clear conception of the ideas conveyed by tlie \vords 

/u;fU and limiting value is necessary in tlie higher branches of 

Matliematics we proceed to explain more precisely their use and 
meaning 

O 


266. Dli IN iTio.v. If y —j and if when a; approaches a 

value a, the function f (x) can be made to dillbr by as little as 

we i)lease from a fixed quantity h, then h is culled the limit of 
y when x = a. 

For instance, if S denote the sum of terms of the series 

1 1 1 1 , 1 
^ 2^ 2 ' ^ then A’ = 2 - . [Ai-t. 56.] 


Here S is a function of and can be made as small 

as we please by increasing ; that is, tl.e limit of ^ is 2 when 
n IS intinite. 


267. We sliall often have occasion to deal with expressions 
consisting of a series of terms arranged according to powers of 
some common letter, such as 

+ a^x + + 

wl.ere the coefficients a a,, a are finite quantities 

independent of x, and the number of terms may be limited or 
unlimited 

It will therefore be convenient to discuss some propositions 

connected with the limiting values of such expressions under 
certain conditions. 


222 


HIGHER ALGEBRA 


268. The limit of the series 

+ a,x + a^x* 4 - a^x^ + 

when X is indefinitely diminished is a^. 

Suppose that the series consists of an infiriite number of terms, f 

Let h be the greatest of the coefficients a,, ; and 

let us denote the given series by + tlien 

S < Itx + bx- + bx^ + . . . ; 

hx 

and if a; < 1, we ha^ e o < ^ . 

Thus when x is indeHnitely diminished, -S' can be made as 
small as we please ; lienee the limit of the given series is a^. 

If t!ie series consists of a firiite number of ternis,^ -S is less j 
than in the case we have considered, hence a fortiori the pTO- 

position is true. 


269. In the series 


ay + a^x + a^x- + a^x® + . . . , 

by tahiiuj x small enough we may make any term as large as we 
please co^npared with the sum oj all that folio w it ; and by ta'iny 
X large enough we nitty make any term as large as we please 
compared with the sum of all that precedx it. 


The ratio of the term a/x’‘ to tlie sum of all that follow 


it is 


a X 

n 


a 




2 


or 


♦f 






When X is indefinitely small the denominator can be made 
as small as we please ; that is, the fraction can be made as large 

as we please. 

A-ain, tlie ratio of tlie term o.a;‘ to tl«e sum of all tliat 
precede it is 


... ’ 


where 



a 


or 
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hen x is indefinitely large, y is indefinitely small ; hence, 

as ,n the previous ease, the fraction can be made as large as 
we please. ® 

270. The following particular form of the foregoing pro- 
position IS very useful. ^ ® ^ 


In the expression 






consisting of a finite number of terms in Je.sce 7 ifi{n^ powers of a; 
by Uking .'y small enough the last term can be made as lar-e 
as ^ve please compared with the sum of all tiie terms that precede 
It, and by taking x* large enough the first term a x" cun he made 
as lai-ge as we please compai-ed with tl»e sum of all that follow it. 

we can make the first term of 

tPini«^ f J ^ please compared witli the sum of all the other 

teinis , that is we may take the first term as the equivalent of the wliole 

cxpjvssiou, w.,h an error as small as we please provided n be tate^Iart 


7ixa,„pie 2. Find the limit of whe« (1) x is infinite ; (2) x is 


zero. 


(1) In the numerator ami denominator we may disr^ard all terms but 


the first ; hence the limit is — , or ^ 

i)jr 5 

(2) When x is indefinitely small the limit 


Example 3. Find the limit of 


7 ^ 


. -4 1 


when X is zero. 


have 


I^et P denote the value of the given expression ; by taking Jogarith 


ms we 


log P = - {log(l +x) - log(l -X)} 


{Art. 226.] 


ieq,lir^“u ^ therefore the value of the limit 
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VANISHING FRACTIONS. 


271. 


Suppose it is required to find the limit of 


a;* + ax — 2a* 




wlien x — a. 

If -we put X — tt + A, tlien h ^vill approach the value zero as x 
approaches the value a. 

Substituting a + A for .r, 

X* 4- «x — 2a* 3rtA 4* 3a 4- h 

• 

.X' — a~ ^2ah 4- h' 2a 4- 4 ^ 

and M'hen 4 is indefinitely small the limit of tliis expression 

Tliere is liowever another way of regarding the question; for 

X* 4- ax — 2a* (x — a) (x 4- 2a) _ x 4- 2a 
x" — a* (x — a) {x + a) .x 4- a ’ 

and if we now put x — a the value of the expression is 
^ , as before. 


. X" 4- ax — 

If in the "iven expression . 

® ^ X" — a 


2a* 


we put x — a before 


0 


simplification it will be found that it assumes the form ^ , the 

value of which is indeterminate; also we see that it 
form in consequence of the factor x — a appearing m o i 
numerator and denominator. Now we cannot divide by a -ero 
factory but as long as x is not absolutely equal to a the rac o 
sc — a may be removed, and we then find tliat tlie nearer 
approaches to the value a, the nearer does the value o > 

fraction approximate to - , or in accordance with the definition o 

Art. 266, 


when x = a, the limit of 


X 


ax — 2a* . 3 

ar — a ^ 
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272. If f(x) and (x) are two functions of x, each of which 
becomes equal to zero for some particular value a of a; the 

fraction takes the form g, and is called a Vanishing 

Fraction. 


Example 1. If x = S, find the limit of 

x^-5x^ + 7x^ 3 
- X- - O.T - 3 


WTien x = 3, the expression reduces to the indeterminate form but by 
removing the factor x — 3 from numerator and denominator, the fraction 

X- - 2x + 1 


becomes 


x2 + 2x+l * 
required limit. 


When x = 3 this reduces to which is therefore the 


Example 2. The fraction ~ t . 0 . 

becomes - when x = a. 

To find its lim it, mult iply numerator and denominator by the surd 
jugate to ^3x - a - Jx + a\ the fraction then becomes 

(3.r - a) - (x -f n) 


con- 


, or 


t^3x — a + )^^x + a) >v/dx — a + ,^x + a ' 

whence by putting x = a we find that the limit is — 

1 - ^x 0 

Example 3. The fraction becomes ~ when x=l. 

•I* “ 0 

Thu^‘the“fractio’^“' + expand by the Binomial Theorem. 


1 - 








1 1 . 


1 2 , 


Now h = 0 when x = 1 ; hence the required Umit is - - 

3 

273. Sometimes the roots of an equation assume an in- 
determinate form in consequence of some relation subsistin<r 
between the coefhcients of the equation. ® 

H.H.A. 
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For example, if 


aac + b — cx-k-df 


(<t — c)x^d — bf 

a-h 


X = 


a — c 


But if c = a, then x becomes 


d--h 


J 


0 


, or CO ; that is, the root of 


a simple equation is indefinitely great if the coefficient of x is 
indetiiiitely small. 


274. Tl»e solution of the equations 


ax + + c = 0, ax + h' ^ + c" = 0, 


he' - l/c 


ca' — ca 


s 


X ~ 


ah' — ab * ah' — ab * 


If id> —a b = 0j then x and y are both infinite. In this case 
- — = 1)1 suppose ; by substituting for the second 

(t/ (j 


equation becomes ax ~ 


i 

If - is not equal to c, the two equations ax by c ^ 0 and 


1)1 


ax-k-ht/’\- — = 0 difier only in their absolute terms, and being 

i)h 

inconsistent cannot be satisfied by any finite values of x and y. 


f i 7 / 

If — ii; equal to c, we liave — t- = — , '“^d the two equations 

^ a b c 


are now identical. 


Here, since be — h'c = 0 and ca — ca — 0 the values of x and y 


each assume the form and the solution is indeterminate. In 


fact, in the present case we have really only o^ie equation 
involving two unknowns, and such an equation may be satisne 
by an unlimited number of values. 


The reader who is acquainted with Analytical Geometry wdl 
have no difficulty in interpreting tliese results in connection with 
the geometry of the straight line. 


VANISHING FRACTIONS. 
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Let tlie equation be 
If 0 = 0, then 


wlience 


ax^ + bx + c=0. 

ax~ -hbx=0; 

X = 0, or ; 

a 


that IS, one of the roots is zero and the other is finite. 

[A‘°’ niagnitude and opposite in 

tlia/^n to ix + c = 0; and it appears 

that in Wns case the quadratic furnishes only one root! 

namely - ? . But every quadratic equation has two roots, and in 
order to discuss the value of the other root we proceed as follows. 

W rite - for a; in the original equation and clear of fractions ■ 
thus ^ 

cif + by + a = 0. 

^ ow put a = 0, and we Iiave 

cy- + by = 0; 

the solution of which is y =. 0, or ; that is, a: = oo, or - i . 

./ .Srji'ot 17 “” "" 

student should notice that it i'h ° Mathematics, but the 

of the following fuller statementT*^* ^ convenient abbreviation 

u.d,in.a,.y 
to as its limit. 

ccay^’t: fassid 7n"a sim^ 
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EXAMPLES. XX. 


Find the limits of the following expressions, 


(1) when :r= cx) , 


(2) when A'=0. 


1. 

(2a: -3) (3-5.r) 

2. 

(ar2-l)2 

7a:‘^ - 6a:+'4 

or* + 9 

3. 

(3 + 2.r*) (.r - 5) 

(4a-^-0)(l+.r) * 

4 . 

(or -.3) (2-5.r) (ar+1) 
{2a.-- IF 

5. 

1 - .r2 , 1 - .r 

6. 

(3 - x) (a'+ 5) (2 — 7.r) 
(7a’ — l)(.r + l)^ 

b^iiul the limits of 



7 . 

0.-^ + 1 . , 

, when x= — 1. 

a*" — 1 

8. 

r,x _ hx 

when .r = 0. 

X 

9. 

/>X /> " ^ 

^ ^ , when x = 0, 

log(l+,X')’ 

10. 

f,mz />nia 

when x—a. 

x — a 

11. 

s/^-V2a + V^-2« ^ 

V x^ — 4a^ 

= 2«. 


12. 

’os(l+-"'" + -^), when .r = 0. 
Zx^{\-2x) ’ 



13. 

1— .r+log.7? , T 

— — , when .r=l. 

1 — V 2.r — X- 




14 . w 

{a^-ar^f+{a-xf 


15 . 


^Ja^ 4- ax + a‘ 2 - - a.r + 


*>Ja + x — *s/a — x 


when .r = 0. 


16 . 


71 + 


n 


1 \" 71 + 11 -»* 

-) - -,r| ’ 


when 71 = oo . 


17 , 


71 log ■ x\n^ » when 7i — cc . 


18 . 


7: 


. when x — 0. 



J 


a—x 


CHAPTER XXL 


CONVERGENCY AND DIVERGENCY OF SERIES. 




276 . An expression in which the successive terms are formed 
by some regular law is called a series ; if the series terminate at 
some assigned term it is called a finite series; if the number of 
terms is unlimited, it is called an infinite series. 

In the present chapter we shall usually denote a series bv 
an expression of the form ^ 

+ 1/3 + + w + 


277. Suppose that we have a series consistin'' of n termi 
pie sum of the series will be a function of n; if n increases 
iiulefnutely, the sum either tends to become equal to a certain 
unite lirntt^ or else it becomes infinitely great. 

An infinite series is said to be convergent when the sum 

of the first n terms cannot numerically exceed some finite 
quantity however great n may be. 

An infinite series is said to be divergent when tlie sum of 

tlie first terms can be made numerically greater than any finite 
quantity by taking n sufficiently great. 

278. If we can find the sum of tlie first 11 terms of a -iveii 
series, we may ascertain whether it is convergent or dive^ 
by examining whether the series remains finite, or becomes^ in- 
finite, when 71 IS made indefinitely great. 

For example, the sum of the first 71 terms of the series 


1 +x + x= + x=‘+ ... is - 


l-x‘ 


1 - 
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If X is numerically less than 1, the sum approaches to the 
finite limit , and the series is therefore convergent. 

\ — X 


If X is numerically greater than 1, tlie sum of tlie first 

OU ““ 1 .1 j 1 • /T* - ^ri 


n terms is ^ r- , and by taking sufficiently great, this ca 

X — I ^ . . 

be made greater than any finite quantity ; thus the series is 


divergent. 


If re = 1, tlie sum of tlie first 7i terms is n, and therefore the 
series is divergent. 

If .'j; ^ - - 1, the series becomes 

1 - 1 + 1 - 1 + 1 - 1 + 


The sum of an even number of terms is 0, while the sum , 
of an odd number of terms is 1 ; and thus the sum oscillates 
between the values 0 and 1. This series belongs to a class 
which may be called oscilldting or 'periodic convergent series. 

279. There are many cases in which we have no method 
of finding the sum of the first n terms of a series. We proceed 
therefore to investigate rules by which we can test the con- 
vergcncy or divergency of a given series without enectmg i s 

summation. 

280. An infinite series in which the terms are alternately 
positive and negative is convergent if each term is numerica y 
less than the preceding term and if the terms decrease indefinitely. 


Let the series be denoted by 

+ 7/3 - — Wg + 

where u, ^ 

The given series may be written in each of the following 
forms : 

(Mj - w,) + (^^3 - w J + (m, - wj + (1)* 

it, — {u^ — Uj) — (u^ — Wj) — (Wg - Wj) — (-')■ 

t 

From (1) we see that the sum of any number of terms J9 
a positive quantity ; and from (2) that the sum of any BUin 
of terras is less than ; hence the sum of the series is finite. 
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Also as u„ =s„ - s„_j and the limiting values of s„ and s , 

are the same when n (and therefore •« - 1 )-> oo , it follows that 
when n is infinite. 

Care must be taken not to regard this theorem as always 

. showing convergency. Its converse is not necessarily true as 'is 
shown in Art. 290 (II). 

281. For example, the series 

^~ 2 + 3 - 4 + 5 - 6 + 

sumTloST' that its 

Again, in the series 


1 - 3x 


3.4 , 3 
1 . 2 ^ 1.2 


4.5, 3 . 4 . 5 . 6 


x'^ + . -- - 


X*- 


, . 3 ■ 1 . 2 . 3 . 4 

term is greater than in the precedin<T 
erm, but the increase becomes less rapid as more and more terms 

are taken If 0<x<l, the powers of x decrease, and though the 
\ alues of the terms may increase at first, a stage will be reached 
when the increase in the numerical coefficients is offset by the 
ecrease m the powers of x. Hence afterwards the values of the 
terms continue to decrease indefinitely and the series is convergent. 

282. series in which all the terms are of the same 

hfieZ Zir ?>»»'% 

For if each term is greater than some finite quantity a the 

snffiV^ f this- hy faking „ 

sufficiently great, can be made to exceed any finite quantity. 

283. Before proceeding to investigate further tests of mn 
v,rge.cy and divergency, w. .hall f.y down t„„ traLfa"' 
principles, which may almost be regarded as axioms. 

•I. If a series is convergent it will remain convergent and if 
divergent It will remain divergent, when we add or remove any Sf ! 
number o its terms ; for the sum of these terms is a finite q'antS 

vergent, thtnlZM'^ne^ "is" con^Ie^t"n^ when'^roiT of iTll ‘of 'tZ' 

;:rZ^ hf effeZZ sZ^''^ the 

eontoryt'iT" *" *“ “>»“ ‘I'" 
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284. An infinite series is convergent if from and after soiM 
fixed term theratio of each term to the preceding term is nurnertcMy 
iess than some quantitg which is itself numerically less than un%ty* 

Let the series l^eginning from the fixed term be denoted by 


+ W 3 + + 


and let 

where r < 1 
Tlien 


<n 


< r. 


+ Wj + W 3 + “14^ + . . . 




1 

1 + — 2 + 
n. 




u u 

3^0. 




(1 + r + ?•' + r® + 


tliat is, 


- — i— , since r < 1. 

1 - r 


Hence the given series is convergent. 


285. In tlie enunciation of the preceding article the student 
should notice the significance of the words “from and after a 

fixed term.^’ 


Consider tlie series 

1 + 2a; + + 4a;'’ + + 


• 


Here 


u 'nx /, 1 \ . 

— = T =(1 + 1 

'n^i n^ 1 \ n— 1/ 


and by taking sufficiently large we can make this ^'^tio ap 
proximate to x as nearly as we please, and the ratio of each 
to the preceding term will ultimately be x. Hence 1 < 


series is convergent. 


nx 


But tlie ratio will not be less than 1, until _2 




that is, until n >■ . 

X sc 

Here we }iave a case of a convergent series in winch 
may increase up to a certain point and then begin 

For example, if » = then ^4^=100, and the terms do not 

begin to decrease until after the 100*'** term. 
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236. Jn tunynie series in xchich all the terms are of the same 
s«ju IS diveryent from and after some fixed term the ratio of each 
term to the precedxng term is greater than unity, or equal to unity. 

Let the fixed term be denoted by If the ratio is equal to 
umty, eacli of the succeeding terms is equal to u, and the sum 
ot n terms is equal to nu , ; hence the series is divergent. 

If the ratio is greater than unity, eacli of the terms after the 
fixed term IS greater than m., and the sum of n terms is greater 
tiian nWj ; Jieiice the series is divergent. 

287. In the practical application of tliese tests, to avoid 
liavmg to ascertain the particular term after which each term is 
greater or less than the preceding term, it is convenient to find 

V indefinitely increased; let this limit 

be denoted by A. 

If A< 1, the series is convergent. [Art. 284.] 

If A> 1, the series is divergent. [Art. 286.] 

If A=l, the series may be either convergent or diver«^ent 
and a fui*tlier test will be required ; for it may happen *that 

— < 1 but continually approaching to 1 as its limit when n is 

indefinitely increased. In this case we cannot name any finite 
quantity r which is itself less than 1 and yet greater than X. 

'* Hence the test of Art. 284 fails. If, however, ^ > 1 but con- 

to 1 as its limit, the series is ‘divergent by 
Art. 2oo. ® 


We sliall use Lim 


'LL 


H 




n = oo 


as an abbreviation of tlie words 


“the limit of — when n is infinite.” 

11 


II— 1 


Example 1. Find whether the series whose term is js con 

vergent or divergent. 

Here = {n + l)x" ' ^ _ (n + l) (« - 1)2 



Lim 

n»oo 
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hence 


if a;< 1 the series is convergent ; 
if a:>l the series is divergent. 


If x = l, then Lim — ^=1, and a further test is required. 


n=ao ^n-x 


Example 2. Is the series 

12 + 2 *a: + 32x* + 4*ar3 + 

convergent or divergent? 

'it 

Here Lim — ^=Li7n ^ 

n=aoWn-i n=oo(w-l)®^" * 

Hence if ar< 1 the series is convergent ; 

if .r>l the series is divergent. 

If a; = 1 the series becomes 1 * + 2* + 3- + 4* + . . . , and is obviously divergent, 


J 


Here 


Lim 


=Lim 


= x. 


n=<x> ^n-i n^oo 


Hence 


Example 3. In tlie series 


, . u„ j. ‘ a + (n ^ l)d 
Lim — 2- —Lxm ; - 77 -; . r — r ; 

n=« Wn-i n=® « + (^-2)d 


thus if r< 1 the series is convergent, and the sum is finite. [Sec Art. 50, Cor.] 


288. If there are two infinite series in each of which all the 
terms are positive^ and if tfie ratio of the corresponding terins in 
the two series is always finite, the two series are both convergent, 
or both divergent. 

Let the two infinite series be denoted by 


U, + Uo + + Wa + 


and + V 2 + ^3 + ^4 + 

The value of the fraction 


u, +Wo + w->4- 


+ w, 


V, + V- 4 - + 


lies between the greatest and least of the fractions 


[Art. 14.] 


and is therefore a finite quantity, L say ; 

W1 + M9 + W8 + ... + W„ = L(Vi + V2 + ^ 3 "‘"'’' 

Hence if one series is finite in value, so is the other ; if 
series is infinite in value, so is the other ; which proves t 
proposition. 




N 


COXVERGENCY AXD DIVERGENCY OF SERIES. 235 
289. The application of this principle is very important for 

1? * s’™” wftrrs;/” 

ished. The series discussed in the next article will frequentlv 
be found useful as an auxiliary series irequentiv 


290. The infinite series 


11 1 


1 


P o/' 3/' + 


ai.er.jent except r.ken p is positive and yreater than I, 
Cask I. Let;)>l, 

Tlie first term is 1 ; il,e next two terms together are less tl.au 


fol- 


V — mo Luyetiier are less I 

ijr ; tlie following four terms together ore let, then i ; the 

lowing eight tern,, together nr. lee. th.n | , .,,<1 I, Henee 

the series is less than 1 + + -t + , . 

— 4 ^’ 8 ^’ ; 

that IS, less than a geometrical progression whose common ratio 
^ IS less than 1, since ;i > 1 ; I.ence the series is convergent. 

Cask II. Let^^=:l. 

The series now becomes 1_^ 

2 3 4 5"^*" 

The third and fourtl. terms togetlier are greater tl.an or i ; 
the following four terms together are greater than i or )- ; the 

following eight terms together are greater than ^ or 1 ; Id so 

on. Hence tlie series is greater tlian " 

1^1 1 1 1 

^ ^ ^ 

and is tlierefore diveiirent . 

® ' [Art. 286.] 

Cask III. Let or negative. 

Casin'; — pondmg term in 

P is posid.-e an^grTatar^mYrnu^ty^^^ 
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Example, Prove that the series 


234 H+1 


is divergent. 


1 1 


Compare the given series with l + + + 


J 


Thus if and denote the n*** terms of the given series and the 
auxiliary fceries respectively, we have 


u,. + 1 1 n + 1 


hence Lim '-'‘=1, and therefore the two series aie both convergent or both 

divergent. B^ut the auxiliary series is divergent, therefore also tlie given 
series is divergent. 


This completes the solution of Example 1. Art. 287. 


291. In the application of Art, 268 it is necessary that the 


limit of ^ should be finite; this will be the case if we find our 

M 


auxiliary series in tlie following way ; 


Take the term of the given series and retain only the 
liighest powers of n. Denote the result by yj then the limit of 


— is finite by Art. 270, and may be taken as the term of 

A A 


tiie auxiliary series. 


Example 1. Shew that the series whose term is 


divergent. 

As n increases, approximates to the value 

4/2 1 


;y37,a » or .V3 ' J. 


Hence, if v„=i,we have Lfm ^ , which is a finite quantity; 

Jl 


9% 

therefore the scries whose term is may be taken as the auxiliary 


series. But this series is divergent [Art. 290]; therefore the given series 
divergent. 


1 


CONVERGENCY AND DIVERGENCY OF SERIES 


23? 


Example 2. Find whether the series in which 

«„= + 1 - n 

3 


is convergent or divergent. 


N 


Her 


e 


'■-■•(yn-i-l) 


. -( 


1 4 - 




+ 


-■) 


9,j5 


+ 


If we take 


— • , we have 


It 


3 


r„ 3- 

But the auxiliary series 

_1_ , 1 1 
2 - 2 - 3 - 


1 

~~r, + 

n- 


IS convergent, therefore the given series is convergent. 

r/Zt rcT'”“ 

P...Z “a,:;*' <’■* ■)" «f «'» 


U 

f- ' 


X. 


point 'the terms Vr’e alternateV 

i. ..,<1 al,v„js 1 ,„ 

No.- , i. 

Since X < 1 tile senes is convergent if all tlie terms are of +1 
same sign ; and therefore a fortiori it is convergent ^vl,en some of 
tl.e terms are positive and some negative. [Art. 283.] 

293. To shew that the expansion of a.^ in asremfi-nr, 
of X IS convergent /or every value of x. ascetiding powers 


~ ~ n-‘\ ’ therefore Lhn Z 2 _ 
the value of x ; hence the series is converjenr^ 


1 whatever be-- 
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294. To ahtLO that the expansion of log(l + a;) in ascending 
powers of x is convergent when x is numerically less than 1. 


\JL 1% 1 • 

Here the numerical value of — — = a*, which in the limit 

71 

is equal to x ; hence the series is convergent when x is less tlian 1 . j 

111 . ^ 

If a;=l, the series becomes - » 


vergent. [Art. 280,] 

If a; = — 1, tlie series becomes — 1 — 9 — 

divergent. [Art. 290.] This shews that the logaritJim of zei-o is 
infinite anc negative, as is otherwise evident from the equation 
e-^=0. 


295. Tlie results of the two following examples are important, 
and will be required in the course of the present chapter. 


Example 1. Find the limit of — when x is infinite. 

X 


Put x = e^ \ then 


loKX 


, ?/- ip 

1 + +13+ 


I -t i/ y '^ 

- + 1 + + ! a + • • • 

y \1 r 


also when x is infinite y is infinite ; hence the value of the fraction is zero. 
Example 2. Shew that when n is infinite the limit of jfx" — 0, when x<l. 


Let X = ~ , so that y > 1 ; 

y 


also let y *' = 2 , so that n log y = log z ; then 

„ n 1 log 2 1 


log« 


nx'^ = - - = . , - = \ . • 

y'‘ z logy logy z 


Now when n is infinite z is infinite, and — ^ = 0; also logy is finite, 

19 


therefore 


Lim nx^—0. 


296. It is sometimes necessary to determine whether tlie 
product of an infinite number of factors is finite or not. 

Suppose the product to consist of n factore and to be denoted by 


i 


.elA* 

then if as 71 . increases indefinitely w < 1 , the product will u i 


mately be zero, and if > 1 the product will be infinite ; hence m 
order that the product may be finite, must tend to the limit 


1 
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(l+Cl)(l+ig(l+C3) (1+U„). 

Denote the product by P and take logarithms ; then 

log P = log(l + i'ji) + log(l +i'j) + ... +log(l +r„) ( 1 ), 

and in order that the product may be finite this series must be 
convergent. 


C’hoose as an auxiliary series 


iS + 1^0 + V. 


-rV 


( 2 ). 


Now Lim 


1 


V 


= Lim 




n 


V 


=1, 


n 


since the limit of is 0 when the limit of is 1. 
proSicTLfti.^^ convergent, (1) is convergent, and the given 


Example. Shew that the limit, when n is infinite, of 

12.?. 2. 5 Z 2»-l 2ft + 1 
22 4 ‘ 4 ’ 6*6 

IS finite. 


2ft 


2ft 


The product consists of 2ft factors: denoting the successive nairs bv 
Wj, Ug* and the product by we have ^ ^ 


u 


n* 


where 


2ft-l 2ft+J 1 

j \ 


n 


2ft 


2ft 


4ft2’ 


( 1 ), 


^ “l + log «2 + log ftg + . .. + log 

and we have to shew that this series is finite. 

Now logtt„=log A- _ J . 

^ 4ftV 4ft* J 

isfinfZ^ ^ convergent, and the given product 

f In mathematical investigations infinite series occur so 

frequently that the necessity of determining their convergency or 
divergency is very important ; and unless we take care tha/the 
series we use are convergent, we may be led to absurd conclusions. 

[See Art. 183.] 
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For example, if we expand (1— ») * by the Binomial Theorem, 
we find 


(1 - x)-* = 1 + 2x 4- 3a;“ + 4x^ + 


But if we obtain the sum of n terms of this series as ex- 
plained in Art. 60, it appears that ^ 

1 — a;'’ nx" 

1 - 

wlience 


1 + 2a; + 3x^ + . . . + tix** ’ = 


1 


(1 - a:) 


= 1 + 2a; + 3x^ + . . . + nx 


n—t 


X 


+ 


4 - 


7iX 


n 


(1 — a;)* 1 — a; 


By making 7i intinitc, we see tliat 


1 


(1-xy 

garded as the true equivalent of the infinite series 


can only be re- 


1 4- 2a; 4- 3a;® 4- 4x^ 4- 


'I* 


ft 


N 


7 IX 

wlien 7 ,- .o4- - * vanislies. 

( 1 — x) 1 — a; 


If 71 is infinite, this quantity becomes infinite when a;=l, 
or a;>l, and diminishes indefinitely when a;<l, [Art. 295], so 
tliat it is only when a; < 1 that we can assert that 


1 


= 1 4- 2x + 3a;® 4- 4x^ 4- to inf. ; 


(i-x) 

and we should be led to erroneous conclusions if we were to use 
the expansion of (1 —x)~“ by the Binomial Theorem as if it were 
true for all values of x. In other words, we can introduce the 
infinite series 1 4- 2a: 4- 3a;® 4- ... into our reasoning without error 
if the series is convergent, but we cannot do so when the series 
is diversrent. 


The difficulties of divergent series have compelled a distinction 
to be made between a series and its algebraical equivalent. For 
example, if we divide 1 by (1— a:)®, we can always obtain as 
many terms as we please of the series 

1 + 2a; 4- 3a:* 4- 4a:® + 

whatever x may be, and so in a certain sense may be 

called its algebraical equivalent ; yet, as we have seen, the equi- 
valence does not really exist except when the series is con- 
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vergent. It is therefore more appropriate to speak of 
as the generating function of the series 

l+ 2 a; + 3 x 2 + 
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EXAMPLES. XXI. a. 


Find whether the following series 

1 , 1 _ ^ j 1 


are convergent or divergent 


X and a being positive quantities. 


1 1 

+ :r — 


1 . 2 ^2 . 3 ^3 . 4 '*" 475 '^ ** 

3 J 1 1 I 

(^+l)(y+l)+(i + 2)(y + 2)~(T+3)(« + 3) 

X and y being positive quantities. 


X x^ 3 ^ X* 

1 , 2 '^ 2 T 3 '^ 3 T 4 '*' 4 ~ 5 '^ 

1 0*^0 A r 7 . + = r + 


1-2 3. 4 ■^5. 6 +778'^ 

ft 1 , 2 “ 32 42 

+ 


8. 1 +3x + 5a:2 + 7jj^g^^ 

r^+^+^+45 + 

10 . 1 +^+^ + ^. , ^ 
2^5 + io + -+^qri + 


x + ~x<‘ + ~x> + l^x*+ „ 


11 . 
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-to . 2 6 14 , 

12. 1 + g + - + a:® + ... + 


2«-2 
2'» + l 


n—i 


IQ 1.1 1 1 

• ip ■’■ 3 P ‘^5P ■’‘7P + 


3x2 4^3 (?i+l)x” 

2-+-^+^+-+— 3—+ 


/22 2\-> /3“ 3\-* /4- 4\-* 

\P 1 ) '^\ 2 ^ 2 ) "^VS- 3/ 


, ^ . 1 22 3" 4« 

16- l+2i + 3^+^^+^ + 


17. Test the series whose general terms are 

( 1 ) s/n 2 + 1 - n. ( 2 ) V/i ^+1 - s/^^L 

18. Test the series 


( 1 ) - + 


( 2 ) - + 


1 

1 

L 

1 

4. -1- 

x + 1 

x + 2 

X + 3 

1 

1 

1 

+ - + 

X - 1 

x + 1 

x -2 


X being a positive fraction. 

19. Shew that the series 

2P SP 4P 



is convergent for all values of jp. 
i i 20. Shew that the inhnite series 

1^1 + W2 + W3 + M4 + 

is convergent or divergent according as Lim !;/«„ is <1, or >1 


21. Shew that the product 

2 2 4 4 6 
I'3‘3*5*5 **" 

is finite when n is infinite. 


2 n - 2 2 n - 2 2n 
■ 2 n - 3 ' 2 w - 1 * 2 n - 1 


\ W ♦ 

22. Shew that when x = l, no term in the expansion of (1 ^ 

infinite, except when n is negative and numerically greater than uni y. 
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298. The tests of coiivergency and divergency \vg liave 

given in Arts. 287, 291 are usually sufficient. The theorem 

proved in the next aiticle enables us by means of tiie auxiliary 
series 

11 1 _ ^1 

IP 2^* 3^ **' 

to deduce additional tests which will sometimes he found con- 
venient. 


l99. Jj u„, are Ute getieral terms of two infmite series 
in which all the terms are positive, then the u-series will be con- 
vergent when the v-series is convergent if after some particular term 

II 

~ < 7 ^ ; ^he u-series todl he divergent when the \-8eAes is 

^n-1 'n-i 

divergent if . 

Let us suppose that w, and are the particular terms. 


Cask 1. 


that is, 



Hence, if tlie ^;-seiies is convergent the w-series is also con 
vergent. 


\ 



Case II . 


Let 



u 


V 




then 
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u, , . 

that IS, + + + ...). 

Hence, if the v-series is divergent the w-series is also di- 
vergent. 

*300. AVe liave seen in Art. 287 tliat a series is convergent J 
or divergent according as tlie limit of tlie ratio of the n**' term 
to the ])rectdin(j term is less than 1, or greater than 1. In the 
remainder of the cliapter we shall find it more convenient to use 
this test in the equivalent form : 

A series is convergent or divergent according as the limit of 
the ratio of the term to the succeeding term is greater than 1, 

or less tlian 1 ; that is, according as Lhn '* > 1, or < 1. 

Similarly the theorem of the preceding article may be 
enunciated : 

The ?t-series will be convergent when the r-series is conv'ergent 
provided that Lim ; and the w-series will be di- 

vergent when the r-series is divergent provided that 


him '* ■< Lim . 


'«+ 1 


nt- 1 


*301, The sei'ies whose general term is u^ is convergent or di- 
vergent according as Lim ^ or < 1. 

Let us compare the given series with the auxiliary series 

1 

whose ijeneral term is . 

O /VI r 


When the auxiliary series is convergent, and 

case the given series is convergent if 


in this 


2 


that is, if 


»i+ 1 


or 


(n+1/ /, ly 

. P(P-^) . 


(— -0 




+ ... ; 


that is, if 



\ 
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But the auxiliary series is convergent if p is oreater th-iii 1 

by a hnite quantity liowever small ; hence the first part of the 
proposition is established. ^ 

^ auxiliary series is divergent, and by proceed- 
ing as before we may prove the second part of the proposition. 

Example, Find whether the series 


X 1 1.3 

1 2 * 3 “^2.4 


is convergent or divergent. 


x^ 1 . 3 . o x‘ 

5 2.4. 0’y*” * 


Here Lim = i - hence if x 

^n+i x2 


the series is divergent. 


1 the series is convergent, and if j;>l 


Ifx — 1, Zim — ” = 1 . In this 

1 . 


case 


»t+i 


1.3.5 

u..= 


(2«-3) 1 


and 


" 2. 4. 6..~.(2/t-2)’2yi * 

»n _ 2« (2?t + l) 

(2«-l)(2jt"-“l)’ 

J (2/i-l)^* 

hence when x = l the series is convergent. 

*302. The series whose general ter,,,, is u„ i. converge, U or di- 
ve, -gent, according as Lim ^n log — " ^ >1^ or c \ 

Let us compare the given seriel with the series whose general 
term is — . 

^Vhen p>l the auxiliary series is convergent and in this 
case the given senes is convergent if 


that is, if 


or if 


\ nj ^ 


[Art. 300.1 


1 ^ 
log— » 


u 


n+ 1 


n 


P 
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tliat is, if 


im ^ 


u 


Lim { n lo" — - 

° u 

n 




lienee tlie first part of the proposition is established. 


A\ hen y? < 1 -sve proceed in a similar manner ; in this case the| 
auxiliary series is divergent. ^ 


Example. Find whether the series 


4^0.-* 

"I” t m • • • 


li 11 ^ li 

is conver;»ent or divergent. 


li 


Here 




u 


It 


n4-l 




1/1 + 1 


(«+ l)"x 




Ltm — - = — . 


u 


n+l 


ex 


[Art. 220 Cor.]. 


Hence if a;<:- the aeries is convergent, if the series is divergent. 

^ 6 


If x = ^ then 

e 


V 


n 


V 


n4-l 


HJ 


log = log - « log ("l +i'\ 


" (n 2 h='^3h» •■•) 


~2n ’ 


•! 


n log 


1/ 


n 


5 3» + -’ 




hence when x = - the series is divergent. 


*303. If JAm. = 1, and also Lim [n ( ~ " — l')| = 1* H'® 
tests given in Arts. 300, 301 are not applicable. 


To discover a further test we sliall make use of the auxiliary 


1 


sci*ies wliose "eneral tenn is , , . . 

® n(log?i)^ 


In order to establish 


the convergency or divergency of this series we need the theorem 
pro>'ed in the next article. 
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*304. Jf ^ (n) is positive for all positive integral values of n 
and continually diminishes as n increases, and if a be any positive 
lutege'ij then the two tnjinite series 

^(1) + <^(2) + «^(3) -f ... -h <^(n) + 
a<^(a) + a*<^(aO + a^<^(a’)+ ... + a’‘<^(a-) + . . . , 

are both convergent^ or both divergent. 

In tlie first series let us consider the terms 

0(a*+l), <^(a* + 2), ^(«‘+3), (1, 

beginning with the term which follows 

Tlie number of these terms is or _ n ..r. i i 

of tl.eio is greater tl.an hence tl.e’ir sun/ is greate^ tull 

a‘(« - 1) <^(rt**'); that is, greater than A x al*' y, 

By giving to k in succession tlie values 0, 1, 2, 3 ,... we have 
<^(2) + <^(3) + ,^(4) + + ^(a) > X a.b(o) ' 

a T' \ / j 

<^(« + 1) + <^(a + 2) + <^(„ + 3) + + ^ ^ ^ . 

a -r\ 1 1 

^ • • • • « f 

tlierefore, by addition, 6', - .^(1) > ^ .S' 

UvTlv •'''ihe^l^oTelf tl'e f 

tneiv, the.efore if tlie second senes is divergent .so also is the 

^—fce t,. 

By giving to h in succession the values 0, 1, 2, 3... we have 

<^(2) + <^(3) + V.(4) + + < (a - 1) X ^(1); 

<^(«+l; + ./.(a+2) + 0(„ + 3)+ +.^(a=)<(a-l)xa^(a); 

therefore, by addition 

lienee if the second series is convergent so also is tlie first. 
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*305. The series 1 + 


1 


+ . . . + 


n (log n)P 


• • • 


2 (log 2)P 3 (log 3)>> 

is convergent ^'p>l, and divergent ^p = l, or p < 1. 


By the preceding article the series will be convergent or* 
divergent for tlie same values of as the series whose genera/ 


term is 


n 


1 


a X - 


or 


The constant factor 


a" (log a")'” ''' (/tloga) 

1 


(logo)'' 


X — . 




is common to every term ; tliere- 


(log a)^ 

fore the given series will be convergent or divergent for the same 
values of as tlie series whose general term is — . Hence the 


7V 


required result follows. [Art. 290.] 


V' *30G. The series whose gene^'ol term is is convergent 07' dl‘ 
vcrgeat according as Lhn |n ~ ^ ^ 


Let us compare the given series with the series 


1 _ 1 

^'^2{\og2y'^S{\og‘df 


1 




1 + • • • • 


n (log ny 

Wlien p>\ the auxiliary series is convergent, and in tins 


case the given series is convergent by Art. 299, if 

n (log 7iy‘ 


u 


n 


(!)• 




u 


»l+ > 


Now when n is very large, 


log (;^ + 1) = log n + log = log » nearly ; 


Hence the condition (1) becomes 

u 




that is, 


u 
u 




1 + 


n log 


osn/ ’ 


that is, 


u 


u 


r + l 


1 1 P 

1 + - + -f- > 

n n log n 


1 
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or 


or 




n(^-- -l). 


1+ p ■ 

log n ’ 


Hence tlie first part of the proposition is esbihlished. T1 
second part may be proved in the manner indicated in Art. 301. 


Example, Is the series 


22 2= . 4 ^* 22 . 42 . 62 

00 ^ OH ^ M.i ^ ...... 


32 • 32 . 52 ' 32 . 52 . 72 


convergent or divergent? 


Here 


u 


u 




n+l 


('2ny^ ■ H ' 4/t2 

proceed to the next test. 

“n+l 


From (1), 


n(^~l)=.l + L 

\“n+i / 4/i 


• « 


( 1 ) 


( 2 ) 


Lim. jii = 1, and we pass to the next test. 

From (2), J „ _ 1 ^ -iljogn = 

I \«H+1 / J 4/t ’ 

[ {'* " 0 ~ 4 

since = 0 [Art. 295]; hence the given series is divergent, 


*307. We liave sliewn iii Art 183 that tlie use of divergent 

^ries in mathematical reasoning may lead to erroneous results. 

Hut even when the infinite series are convergent it is necessary to 
exercise caution in using them. 

For iirstance, the series 


1 X* 

4/2 “ ;y 3 


X 


*5 


4/5" 


is convergent when 1. [Art. 280.1 But if we m 
series by itself, the coefficient of a;®'* in the product is 


ultiply the 
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Denote this by ; then since 

1 1 


1 




2 y 


or 




271 + 1 


a 




Jn 


, and is tlierefore infinite wlien n is infinite. 


J 


If .r=l, tlie product becomes 




+ a„- a + 


+ — a 


S-t 


2#i + J 




and since the terms ® 2„+2 ••• infinite, tlie series has 

no arithmetical meaninj?. 


This leads us to enquire under what conditions the product 
of two infinite convergent series is also convergent. 


*308. Let us denote the two infinite series 

+ a^x + a,x- + + . . . + 

i„ + 6,a; + + ...+ + ... 

by A and B respectively. 


If we multiply these senes together we obtain a result of 
the form 

+ ("/■’o + ^ + (“A + + <*0*3) + ■■• 

Suppose this series to be conlhiued to injinilf/ and let us 
denote it by C ; then we liave to examine under what conditions 
C may be regarded as the true arithmetical equivalent of the 
pi-oduct AB. 

First suppose that all the terms in A and are positive. 

Let yfj , B^ , denote the series formed by taking the first 
2?i + 1 terms of A^ By C respectively. 

If we multiply together the two series A^^, B^^, the coefficient 
of each power of x in their product is equal to the coefficient of 
the like power of a: in C' as far as the term x^* ; but in 
there are terms containing powers of x higher than a:'", whilst 
a;"'’ is the highest power of x in lienee 

If we form the product A^B^ the last term is a b_pd''\ hut 
C includes all the terms in the product and some other terms 
besides ; hence 


^4 n H 


> 
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Thus is intermediate in value between ^„/i„and 
-vvliatever be the value of n. 

Let A and B be convergent series ; put 

iTIv^K^ r ‘'1*® after n + 1 terms of the series 

V? ^ ^ ^ and Y are both 

indennitely small. 

•■• = (A- A') {]]- Y) =^An - IiX~A )'+ XY; 

therefore the limit of A,,/?,, is AB, since A and B are botl/finite. 
Similarly, the limit of A, B is AB. 

Therefore C which is the limit of C must be enn-,1 a n 
since it lies between the limits of A B and A B 


sign. 


Next suppose the terms in A and B are not all of the same 


In this case the inequalities A B O i /: i. 

necessarily true, and we cannot reason as in the fo.t'ler case 

two^striL' the positive terms in tl.e 

. ^ \ ' XT *®®P®t!ti\ely, and the aggregates of the 

negative terms by X, X'-, so that 

A = P- X, B = /->■ _ A"'. 
i.)l6n if Ccicll of til© ©XDrC^^innQ 

vergent series, the equation ^ ^ represents a cou- 

AB = PP' - XP'- PX' + A'iV; 

has a meaning perfectly intelligible, for each of tl,^ 

(\\ ’ !•’ convergent series, by the former nirt 

of tlie proposition ; and thus the product of the two series A and 
L IS a convergent series. ‘ 

iha^ZZaa f couv^gent provided 

But if each of the e.xpressions P X 7^' A^' 
divergent series (as in the preceding ;rtic’le, where aC"'*! p 
and A -X), tlien all tlie expressions PP\ XP' PN' ^r\r' 
divergent series. AVhen this is the case,’ a direful’ investor 
tioii IS necessary in each particular example in order to ascertebi 
^v hether the product is convergent or not. 
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^EXAMPLES. XXL b. 

Find whether the following series are convergent or divergent: 

n 1.3.5 ^ 1.3.5. 7.9 ^ 

^ 2 * 4 “^2 .“476 ■ 8 2. 4. 6. 8. 10 '12'^ 

o 1.3 , 3.6 2 , 3.6.9 „ 3.6.9.12 ^ 

2- ^ + 7-^-+ 7 riO-^-' + + 7 ■ 10 ■ 13 ■ 16 -^-* + 

„ 2-i ^ , 2 K 4 ^ .. 22.42.6^ 

■^ 3 . 4 '' ■^3.4. 5. 6"^ “^S. 4 . 5.6. 7 . ■*■ 

, , 2.1- 32«.'2 4V bU-* 

i+^+^ + Tr + -^+ 

5 - 

12 12.32 12.32. 52\, ^ 

22 22. 42*^ 22 . 42 . 62*^ +...#y^ 

ry 1 ,<*(!-«) . (l+a)a(l-a) (2-a) 

'• 12 + 12 22 

(2 + «) (1 + a) a(l — a) (2 - a) (3 — a) 

+ 

a being a proper fraction. 

a + .v (a4-2.r)2 (a + 3.f)2 

®- ~ + “2 “ + + 

a(a + l)(« + 2)/3(/3+l)(/9 + 2) 
1.2.3.y(y+l){y + 2) 

10. a.’2 (log 2)* + .v^ (log 3)'' + M* (log 4)’' + 

. a(a+l) . a(ce + l)(a + 2) 

11. l+a+ j g-" ■*• 177273 

12 If + ^ «*~* + + - where -t is a positive 

integer, shew that the series u^+U2+u^-{‘ is convergent 1 

A — a — 1 is positive, and divergent if A — a — 1 is negative or zero 




CHAPTER XXII. 


UNDETERMINED COEFFICIENTS. 


. 230 of the Elementary Algebra, it was proved 

that if any rational integral function of a: vanishes when x = a 
it 13 divisible by X - a. [See also Art. 514. Cor.] 

Let p^x' + p^x"-' + +p^ 

be a rational integral function of x of n dimensions, wliicl. 
vanishes when x is equal to each of the unequal quantities 

^at 

by x^- a°*Ve‘ hale''°*'°'' since /(x) is divisible 

/ i^) = - a,) (p^x"- ' + ), 

the quotient being of n — 1 dimensions. 

Similarly, since /(x) is divisible by x-a^, we have 

+ = (a; - + ), 

the quotient being of n - 2 dimensions ; and 

+ - a.) (py-" + ). 


visiSiT^^®'^"'^ after n di- 

/ (*) =/’.(*- a,) (a: - (x - aj ^x - aj. 

310. I/a rational integral function o/n dimensions rani^h^, 

(7zz:i:^imZn: :{ro‘'^ p-- 


Let the function be denoted by /(x), where 

/(*) = Po*’ + P,x"-' +p,x'-’ 4. 


+p.; 
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and suppose that /(x) vanishes ^vdien x is equal to each of the 
unequal \ alues a,, ; then 

/(»-•) = (^' - «■) - «•) (a: - “a) “„)• 


Let c be anotlier value of x which makes /{x) vanish; tlieiJ*^ 
since J\c) = 0, we liave 



Po (c - «,) - “a) (c - (<= - ; 


and tlierefore p^ — 0^ since, by liypothesis, none of tlie other 
factors is equal to zero. Hence / {x) reduces to 




V. • 


Ly hypothesis this expression vanishes for more than n values 
of .r, and tlierefore — 0. 


Til a similar manner we may sliew that each of the coelKcients i 
p^^ must be equal to zero. * 


Tliis result may also be enunciated as follows: 

Jf a rational integral function of ii dimensions vanishes for 
'more, than n values of the variable, it must vanish for every value 
of the variable. 

Cou. If the function f (x^ vanishes for more than n values 
of X, t he equation f (^x) = 0 lias more tlian 7i roots. 

Hence also, if an equation of n dimensions has 7nore tho.n n 
roots it is an identity. 


J'.xiouplr. Prove that 


{X - 6) (.r - c ) ^ (x - c) (x -a) ^ ( j - a) {x - fc) _ ^ 


i 


(a - h) {a (b-e) (c- a) (c - b) 

This equation is of tivo dimensions, anti it is evidently satisfied by each 
of the three values a, b, c ; hence it is an identity. 


311. Jf two 7'ational hitegral functions of n dimensions are 
equal for inore than n values oj the wtriable, they are equal Jot 
every value of the variable. 

Suppose that tlie two functions 






q x’' + q,x" ‘ + q^x' ® + 




JO Al 

are equal for more than n values of a:; tlien the expression 

Cpo-?o)^ + Cp. + + 
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\ anishes for more than 71 values of x’ 
preceding article, ^ 


and therefore, hy the 


}>o~<Jo=0, P,-<1, = 0, p,-q, = 0, = 

that is, 

Po - 9oJ Px~9iy 

Hence tlie two expressions are identical, and therefore are 
e(|ual for every value of the variable. Tims 

if two rational hUcjral functions are identicalhj equal, we man 
cqxiate the coejfficients oj the like qmwers of the variable. ‘ 

Ar7-!-'V^ the principle we assumed in the Eletnentary Ahjehra, 




..'-Tl'is proposition still holds if one of the functions is 
of lower dimensions than the other. Por instance, if 


p„a:" + ‘ + p 










n 


-f ^ 


we have only to suppose that in the above investigation q = 0 
~ 0, and then we obtain 

1\ = 0. P, =0, p^=q.., p.^=q„, p = q , 

312. The theorem of the preceding article is usually referred 
lo as the 1 rincijdeoJ hndeter mined C oejficie nts . The application 
of this principle is illustrated in the following examples.^^ 

Example 1. Find the sum of the series 

1 . 2 + 2 . 3 + a . 4 + + a (a + 1). 

Assume that 

1.2 + 2.3 + 3.4 + ... + H + = ^ + + 

lo bTdet’eniined?’ - independent of u, whose values have 

Change 71 into 71+ 1 ; then 

1. 2 + 2 .3 + ... + 7^(/t+l) + pi^2) {h + 2) 

By subtraction. + ^ + .... 

(a+1) ('‘ + 2) = B+C(2a+l) + Z)(3a= + 3„ + l) + £(4„. + fo,= + 4„^l,^ _ 

Tills 6(]u&tioQ being true for &11 inte^zr^il vrIhaq nf *ti #Vk cn • 

respective powers of n on each side mult be eqLl ; thul £ ird^^rsu "'i 
coefficieuta must be equal to zero, and ^ ^ ^ succeeding 

3D = 1; 3Z> + 2C = 3; JD + C+7; = 2; 

whence ^=1. C = 2 


3 
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Hence the sum 


. 2n , 1 , 

= — +n*+-7i». 


To find A, put n = l; the series then reduces to its first term, and 

2 = A + 2, or A =0. 


Hence 1 . 2 + 2 . 3 + 3. 4 + ... + n (;i+ 1) = .5 n (« + 1) (n + 2). 


J 


Note. It ■will be seen from this example that when the term is a 
rational integral function of n, it is sufficient to assume for the sum a 
function of n which is of one dimension higher than the n'** term of the 
series. 

Example 2. Find the conditions that -\-px- + qx + r may be divisible by 

X“ + ax + b. 

Assume ar* +par + gar + r = (x + i) (x- + ax + b). 

Equating the coefficients of the like powers of x, we have 

k + a—pt ak-^b = (it kb = r. J 

From the last equation k = ~\ hence by substitution we obtain 

- + a=p, and --+b=g; 

that is, r=6(p-a), and ar=b {q-~b)\ 

which are the conditions required. 


EXAMPLES. XXn. a. 


Find by the method of Undetermined Coefficients the sum of 



1. 12 + 3^ + 52 + 72 + ...to n terms. 

2. 1 . 2. 3 + 2 . 3. 4 + 3. 4. 5 + ...to terms. 

3. 1 . 22 + 2.32 + 3. 42 + 4. 52 + .. .to n terms. 

4 . 12 + 32 + 52 + 72 + . .. to n terms. 

5. l'* + 2* + 3* + 4^ + ,..to n terms. 

6. Find the condition that x^ — 3/)X'+2g' may be divisible by s 
factor of the form x2 + 2ax; + a^. 

7. Find the conditions that ax2 + bx^ + cx + d may be a perfect cube, , 

8. Find the conditions that a^aA-\-hx^-\-cx^+dr-{-f^ may be a 
perfect square. 

9. Prove that + + + f is a i^erfect square 

if h'* = ar,^ cP = af, 


10. lia 3 ^^bx^-\-cx + d is divisible by prove that ad=bc. 

11. lix^- 5 qx + 4 :r is divisible by {x-cY, shew tha,t 

12. Prove the identities : 

.jj aHx~b){x~c) b^x~c){x~a) cHx-a){x~b) 
(a-b)(a~c) (b-c)(b~a) (c-a)(c~b) 

(2^ (x-b)(x-c)(x-d) {x-c)(x-d)(x-a'> 

(a~b)(a-c)(a-d)'^ (b -c)(b- d)(b - a) 

, (x-d)(x-a ){x-b) (x-a)(x-b)(x-c) 
(c~d)(c~a)(c~b) (d-a)(d-b)(d-c)~^' 

13. Find the condition that 



ax2 + 2 hxy + by^ + 2 gx + 2/y + c 
may be the product of two factors of the form 

px + qy + r, p'x + q'y + r\ 

14. If J = lx + mi/ + nz, rj=vx + ly + mz, ^^mx + mj + h, and if the 
same equations are true for all values of a:, y, z when f, -q, ^ are inter- 
changed with x, y, z respectively, shew that 


+ 2mn = 1 , m- + 2 ln= 0 y 712 + 2 lm = 0. 


of tlie products 71 - r together of the n 

quantities a, a^, a®, ... is 


(a-^^-I)(a^^^-l)...(an_i) ^ 

(a-l)(a=-l)...(a"-''_l) 


313 If the infinite series -f ajX + agX^ + „ equal 

to zero for eve^, finite value of x for which the series is converqent 
then each coefficient 77iW5^ he equal to zero identically. * 

Let the series be denoted by S, and let S, stand for the ex- 
pression ^ -(- a^ -1- 03x2 + . then S = aa + xS^, and therefore, 

by hypothesis, a^ + xSj^ = 0 for all finite values of x. But since S 
1^8 convergent >Sj cannot exceed some finite limit; therefore bv 
taking X small enough xS^ may be made as small as we please. 
In this case the limit of ^ is ; but S is always zero, therefore 
Oq must be equal to zero identically. 

Removing the term a^, we have x5i = 0 for all finite values of 
X , that IS, Oj -I- 02X 4- a^x^ -f- vamshes for all finite values of x. 

we may prove in succession that each of the 
coethcients Oj, O2, ^3, is equal to zero identically. 
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314. If two infinite series are equal to one another for every 
finite value of the vairiahle for which both series are convergent, ilte 
coefficients of like powers of the variable in the two series are equal. 


Suppose that tlie two series are denoted by 


9 




and 


-Ip + J jX + + A 



tiieii the expression 

«o ^ + K - ^9) + («3 - ^3) + 

vanishes for all values of x within the assigned limits; therefore 
by the last article 

a^ — A^=^Oy a^ — A^ = 0y a^^A^ = 0y a^ — A^~ Oy 


tl lat is, a^ — “^0* ^1 ~ 1 > ^8 '^2* ^3 “^ 3 ,^ > 

which proves the proposition. 


2 4*X^ 

Example 1. Expand ■= , in a series of ascending powers of x as far 

as the term involving x*. 

2 4* 

Let ;i -„ = a. + aiX + a2X- + ajX^+ ..., 

1 + x- x- 

where fla,... are constants whose values are to be determined; then 

2 + x^= (1 + x- X-) (£/o + rtiX + a2X^ + rtaX^+ ...), 

In this equation we may equate the coefficients of like powers of x on 
each side. On the right-hand side the coefficient of x^ is an + 
and therefore, since x- is the highest power of x on the left, for all values of 

a >2 we have 

“ ^n-2 “ ® » 

this will suffice to find the successive coefficients after the first three have 
been obtained. To determine these we have the equations 

Uo = 2, a2 + Uo=0, (Jj + <*1 "■ Uq = 1 ; 

Uq = 2, ii^= —2, a2 = 5. 

+ = whence ^3= -7; 

03-03 = 0, whence 04 = 12; 

05 + 04-03 = 0, whence 05= ~ 19; 

-?±^ = 2 - 2x + 6x’ - 7x3 + 12x* - 19x*+ ... 

1 + X — X* 


whence 

Also 

and 

thus 
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(i/ 


Example 2 . Prov'e that if n and r are positive integers 


-n(n-lY+ („ _ 2 )r _ 

11 [£ 

IS equal to 0 if r be less than n, and to |n if r=n. 


^Ve have 


(c 


-l)»=(x 


X^ X^ X* 

+ ]2 +]^ + T + 


)■ 


— + terms containing higher powers of x...(l). 

Again, by the Binomial Theorem, 




(gZ _ l)n ~gnx_ „g(n-l)3r ^ ^ g(»-2)z _ 

1 • 


( 2 ). 




si’ 


nf 3^- °f tl'e terms ... we find that the coefficient 

Ox X lU \^J IS 

- (”-!)’ • . n(K-l) (n- 2 )’- «(«-l)(n- 2 ) (n-S)' 

t ■ t li • t 

and by equating the coefficients of x’’ in ( 1 ) and ( 2 ) the result follows. 

Example^. If i/ = ua: + ftx® + cx^ + 

express x in ascending powers of y as far as the term involving y^. 


Assume 


x=py-\-qy’i + ry^ + 




and substitute in the given series; thus 

2/ = a(py + ^y2 4-77/3+...) + 6(py + 5y2^...)2 + c{p7/ + 3y2+...)3 + 
Equating coefficients of like powers of y, we have 


::yy 


ap = 1 ; whence p — ~. 

a 


aq 4 - Q . ^vhence q= r . 


w 




ar + 2bpq -f cp^ 5 = 0 ; w’hence r = 


262 


a® a 


Thus 


^_y _ ^ , (262 - rtc) y^ 
a a® 


+ 


This is an example of Reversion of Series. 

Cor. If the series for y be given in the form 

y=k + ax + bx-+c3^+ ... 
y~k = z; 

then z = ax + bx^ 4 - cx® 4 - . . . ; 

from which x may be expanded in ascending powers of that is of y 


~k. 
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EXAMPLES. XXn. b. 


Expand the following expressions in ascending powers of a: as far 
as 


1 . 


l + 2x 


4. 


Z + x 


2 . 


1 - 80 ? 


2 — x — x^* 


5. 


1 — X — Gx^ * 

1 


3. 


1 


2+x-{-x^ 


1 + aa? — ax^ — x^ * 


6. rind a and b so that the n*** term in the expansion of ^ 
may be (3n-2);r’‘”h 


7, Find a, 6, c so that the coefficient of x^ in the expansion of 

k ^ I 


a + + cx 


may be n^ + 1. 


If ?/2 + 2y = :r (y+ 1), shew that one value of y is 

ix-^lx^-jlsx* + 

9. If cx^ -\-ax — ^ — 0f shew that one value of x is 

y cf Zc^y^ \2(?y^ 
a a* 


Hence shew that x:= *00999999 is an approximate solution ot the 
equation + 1 OUjc - 1 = 0. To how many places of decimals is the 

result correct ? 


10. In the expansion of ( 1 +^) ( 1 +aa:) ( 1 +a 2 a') ( 1 the 
number of factors being infinite, and a < 1, shew that the coefficient ol 


x'^ is 


a 




(1 - a) (1 -a-) (I - a-*) (1 -a^ 

11. When a < 1, find the coefficient of x" in the expansion of 

1 


i 


(1- ax) {I - a-x) {I - a^x) to inf. ‘ 

12. If n is a positive integer, shew that 


(1) + + (n-2)" + i- = lUlll* 


( 2 ) + = 1 ; 


the series in each case being extended to n terms ; and 


(3) 1 " - n2'> + a- - = (-!)» |n; 


(4) (n+pr-7i(n+p-l)’' + ’^^^^^^{n+p-2r- -|nj 


the series in the last two cases being extended to ?i + 1 terms. 


4 


CHAPTER XXIII. 


Partial Fractions. 


hv ^ Algebra, a group of fractions connected 

- simple form by being collected into one single fStL jio e 
-^denominator IS the lowest common denoniiimtor of t^ ::!ven 
fiactions. But the converse process of separating a fraction into 
a group of simpler, or partial, fractions is often required For 

i, i.' « »ri.s „t 

logoff >"etliod of Art. 314, Ex 1 and 

so obtain as many terms as we please. But if we wisli to find tl.o 

general term of the series this method is inapplicable and it is 

P> .xp,e.. the gi.„ £„«!,„ i„ U.reJS." i™ 

A ^ 

1 -X 1 -3x' expressions (1 -a-)-‘ and (1 _ 

> “::,rrui:.e'r"‘'"‘ “>»' «» s,-—! 

^ lesponds a partial fraction of the form to any linear 

‘ factor ai - 6 occurring tr^ce in the denominator there correspond 
two partial fractions, and ~~ 


a? — 6 


times, there is an additional fraction — 


(x — by * ^ — ^ occurs three 


(^x — by ’^ To 
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any quadratic factor there corresponds a partial 


7^/vj I 

fraction of the form — ; if the factor a* + + g occurs 


X' + jrx + q 

r x^Q 

twice, there is a second partial fraction ; and so on, . 

^ ^ (x ‘i-px q) i 

Here the quantities A,, 7?^, P, (?, P„ Q, are all 

independent of x. 


We shall make use of these results in the examples that 
follow. 


Example 1. 


Separate 


5 x-ll 
2x* + x — G 


into partial fractions. 


Since the denominator 2x- + x — 0 = (x + 2) (2x — 3), we assume 

5x-ll A B 

2x‘-^ + a:-6 “x + 2 2x-3 * 

where A and B are quantities independent of x whose values have to be 
determined. 

Clearing of fractions, 

5x - 1 1 = ^ (2x - 3) + B (x + 2) . 

Since this equation is identically true, we may equate coefficients of like 
powers of x ; thus 

2^+B = 5, -3A + 2B= -11; 

whence A =3, B=— 1. 

5x-ll 3 1 

•’* 2x-' + x-6“x4-2 2x-3' 


Example 2. Resolve 


mx-\-n 


(x - a) (x+ 6) 


into partial fractions. 


Assume 


vix + n 


A B 
x-a x+b 


(x-a){x+b) 

mx-^n = A{x-^h)+B{x — a) (Ih 

We might now equate coefficients and find the values of A and R, but il 
is simpler to proceed in the following manner. 

Since A and B are independent of x, vre may give to x any value we please. 

In (1) put x-a = 0, orx = a; then 

ma + n 


A = 


a + 6 
mb — n 


putting X + b = 0, orx=— b, ^ 


mx + n 


(x-a) (x + b) 


1 /ma + n mb — n \ 
~a+b \ X — a x + b/ 


i 
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Example 3. Resolve into partial fractions. 


Assume 


(2x - 1) (9 - x’) 
23x-llx3 A 


(21-1) (3 + x)(3-a:) ^2x-l + 

23x-lla:2=^ (3 + x) (3-x) + B (2x-l) (3 -a;) + C (2x - 1) (3 + x). 

By putting in succession 2x - 1 = 0, 3 + x=0, 3 -x = 0, we find that 

A = l, B = i, C=-l. 


B 


( 1 ): 


23x-llx» 


(2x-l)(9-x=) 2x-l''‘3 + x 3-x' 

Example 4. Eesolve _ .2jt fractious. 




Assume 


3x- + X - 2 


B 

+ r + 


(x-2)^(l-2x) 1 - 2x ^ X- 2 (x-2}2 ' 

3x“ + x-2 = ^ (*-2)= + i3(l-2x)(x-2) + C’(l-2x) 


Let 1 — 2x = 0, then 
let X — 2 = 0, then 


A=: -t. 

3 * 

C= -4. 


To find B, equate the coefficients of x®; thus 


B=A - 2B ; whence B = — 

3 


3x* + X - 2 


(x - 2)'i (1 - 2x) 3(l-2x) 

Example 5. Eesolve ~ into partial fractions. 


Assume 


42 - 19x 


Ax + B ^ C 


(x=' + l)(x-4) X- + 1 ■ x-4* 

42-10x=(.4x+B) (x-4) + (7(x2 + l). 

Let x = 4, then ^__2. 

equating coefficients of x^ 0=A + C, and A = 2; 
equating the absolute terms, 42 = - 4B + C, and B = - 11 

. _2x-ll 2 

(x2-t-l)(a;-4)~Ta + l “^^4* 

317. The artifice employed in the following example will 
sometimes be found useful. ° example will 
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9 r* “ 24** + 48* 

Example. Resolve — ^rin-T^ partial fractiona. 


Assume 


(*-2)Mx+l) 

9x® — 24x* + 48* A 


f(^) 


‘(x-2)Mx + l) *-rl (x-2)^* 


where A is some constant, and / (*) a function of * whose value remains tol 
be determined. 


. • . 9xS - 24*2 + 48* = A (* - 2)< + (* + 1)/ (*). 

Let *= - 1, then A = — 1. 

Substituting for A and transposing, 

(* + !)/ (*) = (* - 2)*+ 9**- 24*2-f 48*=*< + xS+ 16* + 16; 

.*. /(*) = *^ + 16. 


• **+16 
To determine the partial fractions corresponding to , put *-2=«; 


(x-2)* 


then 


*3 + 16 _ (z + 2)3 + lG ^3^5g2 + 12z + 24 


(*-2)^ 


1 6 12 24 

z z* 


+ 


+ 


12 


x -2 ' (*- 2)2 ■ (*~ 2)3 


+ 


24 


# • 


9*3 

“(*-2)^(* + l) 


12 


24*2 + 48* _ 1 P . 

'■ * + l’^*-2'^(*-2)2*^ (j._2)3 


+ 


24 


(*-2)^ 


318. In all tlie preceding examples the numerator has been 
of lower dimensions than the denominator ; if this is not the case, 
we divide the numerator by the denominator until a remainder is 
obtained which is of lower dimensions tlian the denominator. 


Example. Resolve ^^^^ 2 *- 4 partial fractions. 


By division, 


6*3 + 5*2-7 


and 


3*2 - 2 * - 1 

8* — 4 


= 2* + 3 + 


8* -4 


3*2 - 2 * - 

1 


1 ’ 


3*2 - 2* - 1 3* + 1 * - 1 ' 


6*3 + 5*2 -7 


= 2* + 3 + 


3*»-2*-l ‘ • 3* + l *-l' 

319. We shall now explain how resolution into parti^^J 
fractions may be used to facilitate the expansion of a rations 
fraction in ascending powers of x. 
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ExampU 1. Find the general term of when expanded in a 

Beries of ascending powers of at. ' ' 

Bj Ex. 4, Art. 316, we have 

3x* + x-2 1 /; .1 


(x-2)2(l-2x) 3(l-2x) 3(x-2) (x-2)* 


__ 1 5 4 

3(l-2xj*^3(2-x) f2-x)^ 

Hence the general term of the expansion is 

\ 3^6*2’* 2*’ / 


^ ExampU 2, Expand in ascending powers of x and find 

^ the general term. 

Assume ^ + x Bx + C 

{l + x)<l + x'^) 1 + x^ l+x2 ’ 

7 + x = A (l + x’) + (Bx+C){l + x). 

Let l + x = 0, then A = 3; 

equating the absolute terms, 7 = A + C, whence C = 4 ; 

equating the coefficients of x», 0 = A + B. whence B = - 3. 

7>x 3 . 4-3x 

(i + x)(l + x2) l + x'^l + a:2 

= 3 (1 +x)-i + (4 - 3x) (1 +x2J“i 

' / =3{l-x + x*- + (-l)PxP+...} 

+ {4-3x) {I_x* + x*- + (_i)PaJp_^ j 

To find the coefficient of x**: 


(1) If r is even, the coefficient of x*" in the second series is 4 
therefore in the expansion the coefficient of x’’ is 3 + 4 (- 1)5 

(2) If r is odd, the coefficient of a:’’ in the second series is - 3 ( - 1)“2~ 
and the required coefficient is 3 ( - 1) a -3. 

EXAMPLES. XXni. 


Resolve into partial fractions : 

7^-1 - 46 + 13x 


1 . 


1 — 6x+6x2’ 


2 . 


12x2-110?- 15 


3. 


l+3x + 2x2 


(l-2x)(l-x2) 
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4. 


X'^-I0.v+13 


6 . 


(.r — 1 ) {.v^ — 5.V + 6) * 

9 


5. 


^ - 3 


8 . 


2G.f2 + 20ar 


7. 


.r (.r— 1) (2x-f‘3)’ 


10 . 


(J72+ 1) (.v + 5) ' 

a>*-'^-8.r2+10 


9. 


(:r+l)2(.r-3) 
2x2 _ xia;4-5 


r 


(^-i)» 


11 . 


(.r — 3) (.r2 + 2x — 5) * 
5.v^ + 6x2 _|_ 


(X2-1)(X+1)3* 


Find the general term of the following expressions when expanded 
in ascending powers of x. 

l+3x 5x + 6 .. x2 + 7.r + 3 


12 . 


15. 


1 + 1 1 X + 28.t‘2 ' 

2x - 4 


13. 


14. 


(2-f-x)(l -x)‘ .r2 + 7x+10 

4 + 3x + 2.r2 


(1 - .r2)(l-2x)’ 


16. 


( 1 — .r) (1 + ^ — 2 x 2 ) • 


17. 


3 + 2x — x2 


(H-x)(l-4x)2 


18. 


4 + 7x 


(2 + 3x)(H-x)2 


19. 


2.r + 1 


(X-1)(X2+1)‘ 


20 . 


1 — x4-2x2 
( 1 - X j3“ 


21 . 


( 1 — ax) ( 1 — 6x) ( 1 — cx) 


22 . 


3 - 2x2 


(2-3x + .x2)2 


23. Find the sum of n terms of the series 

1 X 


..2 


( 1 ) 


+ 




( 2 ) 


(l+x)(I+x2) ■ (l+:f'^)(l+.r*) ■ (l+x3)(l+X’4) 

ax) , ax(l-a 2 ^) 


+ 


-1 


4* 


(1 -f x) (1 + a,v) (1 + a2x) (1 +ax) (1 4-a2x) (1 4-0^*^) 


4- 


24. When .v a Ij find the sum of the infinite series 

1 x2 x^ 


(l-x)(l-.z:3) + (i_^)(l_^) ■ (l-:c*)(l-x') 


4- 


25. Sum to n terras the series whose />*** term is 

.tP (1 +XP + 1 ) 


(1 -XP)(1 -xP + *) (1 -XP + 2)* 

26. Prove that the sum of the homogeneous products of n dimen 
sions which can be formed of the letters a, 6, c and their powers is 

a" + 2 (6 — c) + 6" 2 (c — a) 4- c" + 2 _ J) 


a 2 (ft _ c) + ft2 (c — a) 4- c2 (a - 6) 


CHAPTER XXIV. 


Recurring Series. 


320. A series u^ + u^ + u^ + u^+ , 

m winch from and after a certain term each term is equal to the 
sum of a faxed number of the preceding terms multiplied respec- 
ti\ely by certain constants is called a recuning^ series. 


321. In tJie series 


\ + 2x + 3a;^ + + , 

each term after the second is equal to the sum of the two 

preceding terms multiplied respectively by the co^xstanis 2x, and 

X , tliese quantities being called constants because they are 
the same for all values of 7 i. Thus ^ 


= 2a; . 4x" + (- a;*) . 3.x*^ ; 

that is, 

M. = 2xu^ _ ■ 

and generally when n is greater than 1, eacli term is connected 
with the two that immediately precede it by the equation 




or 


_ 9 


U — 'ixu , 


+ a;*w . = 0. 


n-2 


In this equation the coefficients of m , m , and u t-ihen 
with their proper signs, form what is called tlii'scale ofVelation. 

Thus the series 


1 + 2.a; + 3a;" + 4a;^ + 5a;V 

is a recurring series in which the scale of relation is 

1 - 2a; + a;*. 


322. If the scale of relation of a recurring series is .riven 
any term can be found when a sufficient number of the precedin ’ 


nr 

o 
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terms are known. As the method of procedure is the same 
however many terms the scale of relation may consist of, the 
following illustration will be sufficient. 



1 — px — qaf — rx^ 


is the scale of relation of the series 



we liave 


+ ajc^ + a.jx^ + 

U 1 » «l 


a^x’* ~j)x . ‘ + qx' . ' + 7'x ^ . 

thus any coefficient can be found wlien the coefficients of the 
three preceding terms are known. 


323. Conversely, if a sufficient number of the terms of a 
series be given, the scale of relation may be found. 

Example. Find the scale of relation of the recurring series 

2 H- 5x + 13 j:- + 35x^ + 

Let the scale of relation be \-px^qx^\ then to obtain 2? and q we have 
the equations 13-5/>-2(?=s0, and 35 - 132) - 5(7 = 0 ; 
whence 2) = 5, and 7= -6, thus the scale of relation is 

1 — 5x + 6x^. 

324. If the scale of relation consists of 3 terms it involves 

2 constants, p and q ; and we must have 2 equations to de- 
termine p and q. To obtain the first of these we must know 
at least 3 terms of the series, and to obtain the second we ^ 
must have one more term given. Thus to obtain a scale of 
relation involving two constants we must have at least 4 terms 
given. 

If the scale of relation be I — px ~ qx^ — rx^j to find the 

3 constants we must have 3 equations. To obtain the first of 
these we must know at least 4 terms of the series, and to obtain 
the other two we must have two more terms given ; hence to find 
a scale of relation involving 3 constants, at least C terms of the 
series must be given. 

Generally, to find a scale of relation involving 7n constants, * 
we must know at least 2m consecutive terms. ^ 

Conversely, if 2m consecutive terms are given, we may assume 
for the scale of relation 

1 ‘-p^x-ppf -pp:^- 




RKCURRING SERIES. 


269 


325. To find the ofi n terms of a recurrtTig 8 e 7 '^es. 

The method of finding the sum is the same whatever be the 

scale of relation; for simplicity we sliall suppose it to contain 
only two constants. 


Let the series be 


+ a a^x^ + a a;’* + 


( 1 ) 


— 7 >.o — q.c ~ ; 


and let the sum be S ; let the scale of relation be 1 
so that for every value of n greater than 1, we Iiave 

-?a.-3 = 0. 

Now S==a + a^x + a.x^ + ...+ a a;'"*, 

-px -pa„x -pa^x-~ ... - pa,^_pf-' -pa^^^x”, 

-qx^S= - qapr - ... - qa^_pr-' - qa,_,x’'-qa^_X*'. 

■ (1 -px - qx-) S=a^ + {a^ -pa^) x - {pa^_, + qa^_J x" - qa,_^x''*', 

for the coefficient of every other power of x is zero in consequence 
of the relation ‘ 

... + a:" + 

\- 2 >x- qx- 1 -px-qx‘ ‘ 

Thus the sum of a recurring series is a fraction whose cle- 
nominator is the scale of relation. 

326. If the second fraction in tlie result of tlie last article 
decreases indefinitely as n increases indefinitely, the sum of an 

infinite number of terms reduces to (“i ~ P"<) ^ 

1 — ])X — qx’ 

If we develop this fraction in ascending powers of a; as 
explained in Art. 314, we shall obtain as many terms of the 
original series as we please ; for this reason the expression 

I -px~ qx~ 

is called the generating function of the series. 

327. From the result of Art. 325, we obtain 

“o + (“, 


1 — px — qff 


= tty + ape + ajx- + . . . + a 

^ ^ I 


4 * 


(/>«„-, +g^„_.).V + a:"*' _ 
1 — /XB — qx* * 
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from Avliicli we see that although the generatinff function 

o o o 


"a + («, - P^O ^ 

1 — px — qx' 

may be used to obtain as many terms of the series as we please, 
it can be regarded as the true equivalent of the infinite series 


+ a^x + ajc + 


> 


only if tlie remainder 

(m-, + ?«„-») a:" + 


I 


1 — j?x — qxr 

vanishes when 71 is indefinitely increased ; in other words only 


wlien the series is convergent. 


328. Wlien the generating function can be expressed as a 
group of partial fractions tlie general term of a recurring series 
may be easily found. Thus, suppose the generating function 
can be decomposed into the partial fractions 

.1 ^ C 

1 —ax^ 1 + ia; ^ ( 1 — cxY ' 

Tlien tlie general term is 


{Aa' + (-!)' W/ + (r + 1 ) Cc^) x\ 

Tn this case the sum of n terms may be found without using 
the method of Art. 325. 


Kxample. Find the genex'ating function, the general term, and the sum 
to n terms of the recurring series 

1 - 7.C - A’* - 43x3 _ 


Let the scale of relation he 1 —px — qx^\ then 

-l + 7/)-(/ = 0, -43 + ;j + 7^? 
whence j? — l, 2 = 0; and the scale of relation is 


= 0 ; 


1 - X — Gx-. 


Let S denote the sum of the series; then 

S=l-7x- x2-43x3- 
-xS= - X -1-7x3+ ^ + 

- 6x-S = - Gx® + 42x3 + 

(1 — X — Ox®) S = 1 — 8x, 




1 — X — Ox® ’ 


which is the generating function. 


KEUUKKIMU SEKijyy. 


1 Qx 

If we separate = into partial fractions, we obtain — L_ . 

X — X — uor 1 ^ 1 Hj! ^ 

whence the (r+ 1)**^ or general term is 

^ Putting r=0, 1, 

! ^.the sum to n terms 

= { 2 - 22x + 23*^ 2« } - (1 + 3 j; + 32x« + . . . + j;'‘- 1) 

_ 2 -}- ( - l)n-i 2**+' 1-S^x^ 


l + 2x 


1-bjr 


329. To find the general term and sum of 7 i terms of the 

recurring series + a^+ we have only to find the 

general term and sum of the series a + a.cc + a a* + and nut 

111 the results. 


Jtxample. Find the general terra and sum of n terms of the series 

1 “h 6 + 24 -+• 84 + 

The scale of relation of the series 1 + 6x + 24x^ + 84ar^+ ... is i^5x + Cyjr, 

and the generating function is — ^ . 

1 — ox + Ox'-^ 

This expression is equivalent to the partial fractions 

4 3 

l-3x l-2x* 

If these expressions he expanded in ascending powers of x the ceneral 
term js (4 . - 3 . 2^) 

Hence the general term of the given series is 4 . 3»'-3. 2»‘- and the simi 
of terms IS 2 (3“ - 1) - 3 (2'‘ -- 1). o eum 


330. We may remind the student tliat in the preceding 

article the generating function cannot be taken as tlie sum of 
the series 

1 + 6a: 4- 24a:“ + 84a;^ + 

except when x lias such a value as to make the series convei'f^ent. 

Hence when a:= 1 (in which case the series is obviously divergent) 

Hie generating function is not a true equivalent of the series. 
But the general term of 

1 + 6 + 24 + 84 + 

ts independent of x, and whatever value x 7nay have it will always 
be the coeflSicient of x'* in 

1 + 6a: + 24a:® + 84a;® + 

We therefore treat this as a convergent series and find its 
general term in the usual way, and then put x 
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EXAMPLES, XXTV. 

Find the generating function and the general term of the following 
series : 

1. l+5.v + 9.r2+13;r3_^ 2. 2 - a* + 5.r2 - + 

3. 2 + 3.r + 5^2 _j_ ^ ^ 7 - 6.r + 9.r2 + 27^ + ^ 

5. 3 + 6.r + 1 4x2 + 360.-3 + 98.r * + 27ar* + 

Find the term and the sum to n terms of the following series : 

6. 2 + 5 + 13 + 35 + 7. -1 +6o:2 + 30.?;3 4. 

8. 2 + 7o; + 25o;2 + 91or3 + 

9. 1 + 2.r + 6.r2 + 20a^ + 66^* + 21 2+-^ + 

10. -i + 2 + 0 + 8 + 


11. Shew that the series 

12 + 22 + 32 + 42 + +n2 

13 + 23 + 33 + 43 + + 7i3^ 


are recurring series, and find their scales of relation. 

12. Shew how to deduce the sum of the first 71 terms of the re- 
curring series 

ao + a|07 + a2-*^2_^^^o_|_ 

from the sum to infinity. 

13. Find the sum of 2« + l terms of the series 

I 

3-1 + 13-9 + 41-53 + 

14. The scales of the recurring series 

Oq + a j,r + + , 

+ 

are I +pa;-y-qx^, l+r.r+ar 2 , respectively; show that the series whose 
general term is (a„ + 6 «).r" is a recurring series whose scale is 

1 + (p + 7’) a: + (q + s + jor) + (qr + ps) + qsx/^. 

15. If a series be formed having for its 71 *** term the sum of n terms , 

of a given recun-ing series, shew that it will also form a recurring ^ 
series whose scale of relation will consist of one more term than that 1 
of the given series. ] 


1 


I 
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CONTINUED FRACTIONS, 




331. An expression of the form a + 


— is called a 
c + ~ 

contmued fraction ; here tlie letters a, b, c, n,ay denote any 

quantities whatever, but for the present we sliall only consider 

the simpler form n, + i , where a^, are positive 


1 


a, + 


a + . . . 


integers. This will be usuaUy written in the more compact form 

1 1 


a. + 




332. When the number of quotients a^, a , a , is finite tl.e 

continued fraction is said to be ^ if^ ’the of 

<^ontiLe^ 

It IS possible to reduce every terminating continued fraction. 

333. To convert a given fraction into a continued fraction. 

Let - be the given fraction ; divide m by let «, be the 
quotient and p the remainder ; thus 

'm. p \ 

— = a, + -= a +-• 


n 


n 


V 
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divide h hy p, let be the quotient and q the remainder; thus 


1 


71 q 

p ^ p ^ p 


divide p by let be tlie quotient and r the remainder; and so^ 
on. Thus 


7)1 

— = a. + 

71 


1 


1 1 


‘ 1 

a, + — 


= a. + 


«3 + 


a 


If m is less than h, the first quotient is zero, and 'we put 

m 1 


71 n 


m 


and proceed as before. 

It ^vill be observed that the above process is the same as that 
of lindin" tlie greatest conimon measure of di and ii ; lienee if 
and 71 are commp.ns7i7’ahJe we shall at length arrive at a stage 
wliere the division is exact and the process terminates. Thus 
every fraction whose numerator and denominator are positive 
integers can be converted into a terminating continued fraction. 


Kxa inple. 


Reduce 


^1 

802 


to a continued fraction. 


Finding the greatest common measure of 251 and 802 by the usual 
process, we have 


5 

251 

802 

6 

G 

49 



1 


and the successive quotients are 3, 5, 8, G; hence 

251 1 1 1 1 

802 ”3+ 5+ 8+ 6* 


334. The fractions obtained by stopping at the first, second, 

third, quotients of a continued fraction are called the first, 

second, third, convergents, because, as will be shewn m 

Art. 339, each successive convergent is a nearer approximation 
to the true value of the continued fraction than any or tn 
preceding convergents. 
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converyents are alternately less and 
gveater than the contirvued Jraction, 




Let the continued fraction be a, + 


«2 + a + 


. 'i. ^ Tlie first convergent is and is too small because the part 
(■r:;: • •• omitted. The second convergent is , and is 

3 ^ ' 


too great, because the denominator is too small. The third 
convergent is a, + - , and is too small because ^ is too 


great ; and so on. ' “ 

When the given fraction is a proper fraction « = 0 • if in this 
case we agree to consider zero as the first convergent we mav 
enunciate the above results as follows : =■ ’ J' 

The converyents of an odd order are all less, and the converyents 
of an even order are all yr eater, than the continued fraction. 


336. To establish the law of formation of the successive 
vergents. 

Let the continued fraction be denoted by 


C07l‘ 


a,+ 


« 2 + « 3 + Cl + 


then tlie first three convergents are 


a, ttg + 1 


1 ’ 


1) + «. 


«3 • + 1 


and we see that the numerator of the third convergent may be 

formed by multiplying the numerator of the second convergent 

by the third quotient, and adding tlie numerator of tJie first pnn_ 

vergent ; also that the denominator may be formed in a similar 
manner. oimiicir 

Suppose that the successive convergents are formed in -i 
similar way ; let the numerators be denoted by n , » „ ’ ... ‘i 

tlie denominators by ^ ^ ^ ^ J J /oj ) 

thatlrsuppot' f-mation liolds for the ti- convergent; 


P" - +P„-„, q„ = a_ 


J 
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Tiie (n+ 1)^^ convergent differs from the only in having 
the quotient in the place of hence the (w + 1)^*^ con- 


a 


vergent 


n 4* 1 




(a . 




9,-. + 9,.-,) + ?,-, 


+ 1 Pu ^x [jy supposition. 


If therefore we put 


7^n + i ~ ^n+i Ph Pn-l^ ^n+l + 1 2^*i ^h— I * 

we see that the numerator and denominator of the {ii + 1)‘** con- 
vergent follow the law which was supposed to hold in the case of 
the n*'‘. But the law does hold in the case of the third con- 
vergent, hence it holds for the fourth, and so on ; therefore it 
holds universally. 


337. It will be convenient to call the partial quotient; 
the complete quotient at this stage being a„ -f 


• « • • 


“n..+ 


T 4 -r » . 

We shall usually denote the complete quotient at any stage by H. 
We liave seen that 


Pu_<^nPn.x±j^, 


n 




let tlie continued fraction be denoted by x ; tlien x differs from 
— only in taking the complete quotient k instead of the partial 

quotient a„ ; thus 


X = 




338 If — he the convergent to a continued fraction^ then 

qn 

Pn qn-l -Pn-,qn = (- 1)“ 

Let the continued fraction be denoted by 

1 1 1 

> 


a 


a, + a3+ «4 + 
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then 


)*' • 

' V 


= (- ^ 2 9,-3 similarly, 


But 

hence 


= {~'^T~‘{p^q, -}}, q^). 

/'s 9. 9o = (a, + 1) - a, . = 1 = (- 1)= ; 

9’,9.-.-9',-3 9,= (- 1)". 


continued fraction is less than unity, this result will 

still hold if we suppose that a, = 0, and tliat the lirst conver-ent 
IS zero. 

j --* calculating the numerical value of the successive 

'*• ' furaishes an easy test of the accuracy of the 


CoR. 1. Each convergent is in its lowest terms : for if » and 
q had a common divisor it would divide p q , _ « « or unit v 

which is impossible. ^ 

Cor. 2. The difference between two successive converf^ents is 
a fraction whose numerator is unity ; for “ 

P^i _ 9 ’"-> = 9 >, 9 ,-. -P.^xq, ^ 1 

9,-1 9 , 9,-1 9 , 9 ,- 1 * 


EXAMPLES. XXV. a. 

Calculate the successive convergents to 

1. 2+--V J_ J_ _i_ 1 

6+ 1+ 1+ 11+ 2’ 

2. — J- J- J_ ^ 1 1 

2+ 2+ 3+ 1+ 4+ 2+ 6* 

3. 3+ — -2- _L J_ 1 

3+ 1+ 2+ 2+ 1+ 9' 


fourth^conver^enfrS:^''^"'***"" the 

4. — . 5 ??? fi 1189 729 

179 159- ®- 535^7- 7. 


8. -37. 


9. 1 139. 


■ 3927 • 
10. -3029. 


2318' 
11. 4-316. 
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12. A metre i.s 39*37079 inches, shew hy the theory of continued 
fractions that 32 metres is nearly equal to 35 yards. 


13. Find a series of fractions converging to *24226, the excess in 
days of the true tropical year over 365 days. 

14. A kilometre is very nearly equal to *62138 miles; shew thatf 

tlie tractions - , , — - are successive approximations to the 


ratio of a kilometre to a mile. 


15. Two scales of equal length are divided into 162 and 209 equal 
parts respectively; if their zero points be coincident shew that the 
31"^ division of one nearly coincides with the 40“‘ division of the other. 


16. If-. 


-\-n- — 1 


is converted into a continued fraction, shew 


n-^ n- + n 1 

that the quotients are — 1 and 7i + l alternatelv, and find the suc- 


cessive convergents. 


17. Shew that 


(I) 


2^n + 1 — I J^n 


r2) 


7»i + 1 “ 

Pn + 2 _ I 
Pn 


'Jn 



1 - 




2^n 


^Jn + 2 _ I 



1 - 


7m - 1 


7n+l 


18. If — * is the convergent to a continued fraction, and the 
7 m 

corresponding quotient, shew that 


/^M + 2 7m — 2 /^M — 27m + 2 — ^M + 2 • + I • ®m "h + 2 


339. Each convergent is nearer to the contimied fraction than 
any of the 2 >i'^cediny convergents. 


ft 


Let X denote the continued fraction, and 

7« 7«^. 7«-^» 

V ^ • 

three consecutive convergents; then x differs from -- only m 
taking the complete (n + 2)”' quotient in the place of denote 


this by k\ thus 




• • 


-Pn? ...) ^ ^ 


q., 

I 


1 


+ 1 


_JPn* 1 P n 7rt-f 1 

(%... + ?,) y.+i + y.) 


and 
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Now k is greater than unity, and is less than 5 .,^,; l.ence on 
both accounts the difference between and a: is less tliau tlie 

I 

_ difference between and x; that is, every convergent is nearer 

to the continued fraction than the next preceding convergent 
and therefore a fortiori than any preceding convergent. ° 

Combining tlie result of tliis article witli tliat of Art 335 it 
lollows that ’ 

the convergents of an odd order continually increase, hut are 
always less than the continued fraction ; 

the convergents of an even order continually decrease hut ar 
always greater than the continued fraction. 

340. To find limits to the error made in taking any converqent 
jor the cojitinued fraction. ^ 

X .£^4“ M ^ I 2^ n + ^ 1 . # t . • 

’ 9 — ^ consecutive convergents, and let 

k denote tlie complete (n + 2 )*** quotient; 


e 


then 




n 


... 

+<?„) 


k 1 




Now k is greater tlian 1, therefore the difference betw 
^ is less than ^ and greater than ^ 


een x and 






Again, since < 7 ,..,, > 7 ,,, tlie error in taking " instead of x is 

1 1 
less than — ^ and greater than — - 

v„.. ■ 

341. From the last article it appears that the error in 

taking ^ instead of the continued fraction is less than — ^ - 

■*'*1 < 10 ^ 
j[ 2 I n i { 

-- ^ ; that is, less than ^ ; hence the laro-er 


or 




H-¥\l $i 


IS, the nearer does ^ approximate to the continued fraction • 
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therefore, any convergent which immediately precedes a large 
qtcotient is a near approximation to the continued fraction. 


Again, since the error is less than — 5 , it follows that in order 




to tind a convergent which will differ from the continued fraction 
hy less tlian a given quantity i, we have only to calculate the 




successive convergents up to — , where is greater tlian a. 

^fi 


342. Tlie properties of continued fractions enable us to find 
two small integers whose ratio closely approximates to that of 
two incommensurable quantities, or to tliat of two quantities 
whose exact ratio can only be expressed by large integers. 


Example. Find a series of fractions approximating to 3*14159. 

In the process of finding the greatest common measure of 14159 and 
100000, the successive quotients are 7, 15, 1, 25, 1, 7, 4. Thus 

.,1111111 

3*14159 = 3 + ,= — — = — = — 7 . 

7+ 15+ 1+ 25+ 1+ 7+ 4 


The successive convergents are 

3 22 333 355 

1* y * Ido’ m’ 

this last convergent which precedes the large quotient 25 is a very near 


approximation, the error being less than 25 “^(l 43 ] 2 * therefore less than 


25 X (100)2 


, or *000004. 


343. Any convergent is nearer to the continvxd fraction than 
any other fraction whose denominator is less than that of the 
convergent. 


Let X be the continued fraction, two consecutive 

9m 9n^l 


convergents, - a fraction wliose denominator s is less than 5 ',,. 


If possible, let - be nearer to x than ^ , tlien - must be 
nearer to x than [Art. 339] and since x lies between ^ 

9n-\ 

, it follows that - must lie between ^ and . 

9m-l « 9m 


i 
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Hence 








, tliat is 


1 




*• 


s 


sp < — ; 

I'n-l J 


that is, an integer less than a fraction; wliich is impossible, 
Tlierefore must be nearer to tlie continued fraction than - 




344. ^q» q' consecutive convergents to a continued 

fraction x, — is greater or less than x®, according as ? is 

44 ^ q 

greater or less than — , . 

4 


Let h be tlie complete quotient corresponding to the 

vergent immediately succeeding ; then a: = 

q kq' + q' 


con- 


• -ar- 

• / JU 
<11 


{pp' iW + lY - qq' {kp' +2)Y\ 


qq (kq' + q) 

_ {k-p<Y - pq) (pq - J,'q) 

qq ikq' + qy 

The factor k^q' - pq is positive, since p' > p, q' > «, and ^ > 1 : 
1 VP a . I i 

hence — , > or x , according as pq ~p'q is positive or negative ; 

that is, according as - > or < ^ 

S' q' 

Cor. It follows from the above investigation tliat the ex- 
pressions pq^p'q, pp'-^qqx\ p^ - q^x\ have tlie same 


sign. 


EXAMPLES. XXV. b. 


1. I ind limits to the error in taking yards as equivalent to 
a metre, given that a metre is equal to 1*0936 yards. 
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2. Find an approximation to 


. 1 1 1 


3+ 5+ 7 + 9+ 11 + 
whicli dift’ers from the true value bv less than *0001. 




3. Shew by the theory of continued fractions that 


differs frortr 


0 


1*41421 by a quantity less than 


11830 * 


«'* + 6a2+13a + I0 

5a + 7 


4. Express -r-, . V \ as a continued fraction, and 

a^ + ()a-^+14a-+K • ’ 


find the third convergent. 


5. Shew that the diflerence between the first and 7^^* convergents 
is numerically equal to 


1 


- - - + 


1 

• • • 


9 

i 




yn>l'?n 


6. Shew that if a„ is the quotient corresponding to - - , 


{\) -p- = a„+ ' 


1 


1 


2>n-l 


«a-2d" aj+ «i 


(2 -22- = «,.+ 


1 


1 


1 


7»-l 




a„«i+ «„_2+ a„_.'i+ Cf3+ a^ 


7. In the continued fraction 


1 1 


1 


a+ a+ «+ a + 
( 1 Pn^ +p-n t- I =Pn -lPn^l+ P»Pn + 2 ^ 


, shew that 


4 


(2 Pn = 'Jn~V 


8. If ^ is the converfjent to the continued fraction 

111111 


a+ b+ a+ b+ a+ b-h 


shew that 


a 


72 »» — P2n + li ^2n-l ^ 


9. In the continued fraction 

1 1 1 




shew that 

Pn±2-(^^ + ^)Pn+Pn-2 = ^y + 2 ^ + 2) + 7n -2 = 


CONTINUED FRACTIONS. 


283 


10. Shew that 


/111 X 

^ to 2« quotients j 


= OA'i + - 


1 


1 


•*'2 + <^^'3 + - 2^4 + 


to 2?i quotients. 


• ‘ J' ’ cy 7s - 1)'". (» - S)*" convergents to the 

continued fractions 

1 1 1 


1 


1 


1 


«i+ a^+ ag-h*-’ 


1 


i-r «2-r «3-r ' a^+ a^+ «.+ 

resiiectively, shew that 

+ ^V=(aia^ + 1) 1* a Jt 

12. If is the Ji"* convergent to 

1 1 1 


«+ «+ a-f ’ 

shew that ^ and are re-spectively the coefficients of .r" in the 
expansions of 

•2^ , aa: + .r2 

and 


1 — ax — x^ 


1 — ax — x^ * 


Hence shew that ^ ^ ^vhere a, ^ are the roots of tlie 

equation t‘^^at-\=0. 


13. If “ is the convergent to 

2n 

I 1 1 J__ 

a+ ^>+ a-t- *■* > 

ezi.ansVons o^f‘ the coefficients of in tl.e 

a,v + {ab + 1 ) j ;2 _ .^4 

1 -(a6 + 2).r2+.i4 ' 1 -(a6 + 2).r2 + .r4 * 


Hence shew that 


^Pin — 




p-^ + I *~ 2'ln = 


* 

a « + l-yg n + 1 _ 

a-^ 


where a, ^ are the vahies of a-2 found from the equation 

\~((xh + 2)x^-\~x^ = 0. 


CHAPTER XXVL 


INDETERMINATE EQUATIONS OF THE FIRST DEGREE. 

345. In Chap. X. we have shewn how to obtain the positive 
integral solutions of indeterminate equations with numerical co- 
efficients; we sliall now apply the properties of continued fractions 
to obtain the general solution of any indeterminate equation of 
tlie first degree. 

346. Any equation of the first degree involving two un- 
knowns X and ?/ can be reduced to the form ax^hy = ^ wliei'e 
a, c are positive integers. This equation admits of an unlimited 
number of solutions; but if the conditions of the problem require 
X and y to be positive integers, the number of solutions may be 
limited. 

It is clear that the equation ax-^by = — c has no positive 
integral solution ; and that the equation ax — = — c is equivalent 

to by — ax = Ci hence it will be sufficient to consider the equations 
ax^by = c. 

If a and b have a factor m which does not divide c, neither of 
the equations ax^by = c can be satisfied by integral values of x 
and y ; for ax =*= by is divisible by t/i, whereas c is not. 

If a, by c have a common factor it can be removed by division; 
so that we sliall suppose ay by c to have no common factor, and 
that a and b are prime to each other. 

347. To find ilvQ general solution in positive integers of 

equation ax — by = c. 

Let % be converted into a continued fraction, and let — denote 
b Q 

the convergent just preceding ^ ; then aq — bp = [Art. 338,] 
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I. If aq- bp = I, the given equation may be written 

ax — hy-c (aq — hp ) ; 

. *. a (x -cq)=h{y-^ c;j). 

1- ^ common factor, x~cq must be 

ciivisible by b ; hence x — cq=^ ht^ where t is an inteo‘er 

O > 


X — cq 


a ^ 


x = bt + cq, y^at + cp'j 

from wliich positive integral solutions may be obtained by ^ivincr 
to t any positive integral value, or any negative integral%'alue 

numerically smaller than the less of the two quantities ^ 
also t may be zero; thus the number of solutions is unlimited. ^ 


II. If aq — bp = — 1, we have 

ax-hy = — c {aq — bjf) , 
a{x + cq) = b {y + cp) ; 
x-\- cq y + cp 

' r — —ty an integer; 

y = at~cp\ 

from wliicli positive integral solutions may be obtained by givin- 
to t any positive integral value which exceeds the greater Sf tlie 

two quantities tlius the number of solutions is unlimited. 


III. If either a or 6 is unity, tlie fraction J cannot be con- 
verted into a continued fraction with unit numerators, and the 
investigation fails. In these cases, however, tlie solutions may be 

^ if 6=1, the equation becomes 

y _ c , whence y=ax-c, and the solutions may be found by 

ascribing to a; any positive integral value greater than - . 

a ' 


Note. It should be observed that the 
two arithmetical progressions in which the 
respectively. 


series of values for x and y form 
common differences are h and a 
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Example. Find the general solution in positive integers of 29a; — 42^ = 5, 

In converting ^ into a continued fraction the convergent just before ^ 
13 

is — ; we have therefore 

tj 

29x13-42x9 = - 1; 

.*. 29 X 65 — 42 X 45 = - 5 ; 

combining this with the given equation, we obtain 

29 (a: + 65) = 42 ( 2 / + 45); 
x + 65 y + 4.5 

••• — 42 - = ^ integer ; 

hence the general solution is 

j: = 42<-65, y = 29t - 45. 

348. Given one solution in positive integers of the equation 
ax — by = c, to find the general solution. 

Let h, k V)e a solution of ax — hg — c\ then ah --hk^c. 

ax — hy~ah — hk\ 

. a (x — h) = b {g — k ) ; 

X -'ll 


y 

, = — = t, an integer : 

0 a 

. • . x=.h 4-hty y = k-\- at ; 
which is tlie general solution. 

349. To find the general solution in positive integers oj the 
equation ax + by = c. 

Let Y Go converted into a continued fraction, and let — be the 
0 Q 

convergent just preceding ^ ; then aq — hp — ^ 1. 

I, If aq — hp~ 1, we have 

ax by = c {aq — bp) ; 
a{cq--x) = b{y + cp); 


• ■ 


cq-x y + cp ^ , 

— = — ty an integer ; 

0 a 

X = cq — bty y = at - cp: 






w « 
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from which positive integral solutions may he ohtainecl by givinf-- 


to t positive integral values greater than — and less than — 

b ‘ 


a 


Thus the number of solutions is limited, and if there is no integer 
fullilling these conditions there is no solution ^ 


IT. If aq -hjy — '- 1, we 1 


lave 


ax + bi/ 
. a (x + cq) 


-c(aq~ hp ) ; 


X 4- cq cq) — y 


a 


= t, an integer ; 


. • . x~bt~ cq, y = cp — at ; 

from which positive integral solutions may be obtained by giving 

to t positive integral values greater tlian ^ and less than ^ 

b ^ • 


As before, the number of solutions is limitLl, and tliere may "be 
no solution. ^ ^ 


t''® solution may be 

found by inspection as in Art. 347. ^ 


ax + bv-e^t"? POfilive integers of the equation 

dx + by _ c, to fi nd the general solution. 


Let h, A be a solution of ax 4 iy = c ; then ah + bk^c. 

. ' . ax+by = ah + bk\ 
a{x-h)==b{k~y)', 
x — h 

• • zr 


_k ~ y 

— — = t, an integer ; 


. . X ^rht, y ~ k — at ’j 
which is the general solution. 


eqJ^ tolutions in positive i>Ueqers of the 


ax + by = c. 


a 


Let ^ be converted into a continued fraction, and let I be the 
convergent just preceding ~ ; then aq ~ bp 
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I. Let aq~-h‘p — \\ then the general solution is 

x—cq—ht^ y — at — ep. [Art. 349.] 


Positive integral solutions will be obtained by giving to i 


eq 


positive integral values not greater than -g 


and not less 




than 


cp 


a 


c c 

(i) Suppose that - and g are not integers, 


Let 


cp 


cq 


a 0 


wliere ?n, n are positive integers and g proper fractions ; then 
tlie least value t can have is tn+ 1 , and the greatest value is 
therefore the number of solutions is 




Now this is an integer, and may be written — + a fraction, or 


c 

ah 


ah 


— a fraction, according as y is greater or less than g. Thus the 


number of solutions is the integer nearest to^, greater or less 


according *as y or <7 is the greater. 

c 


(ii) Suppose that g is an integer. 

In tliis case f/ = 0, and one value of x is zero. If we include 




this, the number of solutions is ^ +y "which must be an in- 
teo-er. Hence the number of solutions is the greatest integer m 


or — , according as we include or exclude the zero solution 
ah ah 


c • 

(iii^ Suppose that — is an integer. 


In this case/= 0, and one value of y is zero. If we include 
this, the least value of « is wi and the greatest is n; neu 


o 

the number of solutions is w — m+ 1 , or 
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32o 


number of solutions is tlie greatest integer in — + 1 or ac 
cording as we inclucle or exclude tlie zero solution 


• 0 0 
(iv) Suppose that - and j- are both iute«:ers 

a 0 ® 


In this case y'— 0 and = and both x and v/ liave a zero 
value. It we include these, the least value t can have is and 

tlie greatest is 7i ; hence the number of solutious is 7 i - 7 ?i + 1 or 
c . ' 

+ 1. If we exclude the zero values the number of solutions is 

a-'- 

TI. If = — 1, the general solution is 

x==ht — cq, 7j=cp — aty 
and similar results will be obtained. 

352. To tind the solutions in positive integers of the equa- 
tion ax + hj + cz = d, we may proceed as follows. 

By transposition ax + bij = d ~ cz from which by giving to - 

in succession the values 0, 1, 2, 3, we obtain equations of 

the form ax + by = c, which may be solved as already explained. 

353. If we have two simultaneous equations 

ax ^-hy + cz~ dy a'x -f- b'y + cz - d\ 

by eUminating one of the unknowns, ^ say, we obtain an equation 

of the form Ax + By = C. Suppose that x = f, ?/ = r/ is a solution 
then the general solution can be written ’ 

3c=f+Bft^ y=(7 — d.v, 

where s is an integer. 

Substituting these values of a: and y in either of the -iven 
equations, we obtain an equation of the form Fs + (?« = 7/ of 
which the general solution is ’ ^ 

8^h-\-Gt^ z=^k — Ft say. 

Substituting for we obtain 

X =/+ Bh + BGt, y==-g~Ah~AGt; 

KtesSrv’ir * *'■' 

H.II.A. v 


2yu 


HlGJblJliK ALiiEliKA. 


354. If one solution in positive integers of tlie equations 

ax hy cz = tf, ax + h'y + c'z — d\ 
can be found, the general solution may be obtained as follows. 

Lety^ <7, h be the particular solution ; then 

af-^ hg + ch ~ d, a'f 4 - h'g + ch — d' , 

By subtraction, 

« (^’ -f) + * (y - <7) + c (s - /t) = 0, 
a (x -f) + b'{y- ;/) + c {z-h) = 0-, 


wlience 


X ^ _y^ g ^ z~h _ t 
he ~b'c ca — da ah' — ah k' 


where t is an integer and k is the h c.f. of the denominators 
be — b'cy ca — ea^ aU — ah. Thus the general solution is 


X 


— y*+ {bd — 6'c) ~j , g = g (ca* — da) ^ , z~h + (ah' — a'h) 


EXAMPLES. XXVI. 


ImiuI the general solution and the least positive integral .solution of 
775 ^. _ 7 1 = 1 . 2. 455.?; - 51 = 1. 3. 436.r - 393y = 5. 

4. In how many ways can ^1. IQ.'?. Gd. be paid in florins and half- 
crowns ? 

5. Find the number of .solutions in positive integers of 

llj;-|-15y = 1031. 

6. Find two fractions having 7 and 9 for their denominatoi’S, and 
such that their sum is 1 J[|. 

7. Find two proper fractions in their lowest terms having 12 
and 8 for their denominators and such that their difference is — . 

8. A certain sum consists of x pounds y shillings, and it is half 
of y pounds x shillings ; And the sum. 

Solve in positive integers : 

9. 6j;-f-7y + 42 = 122'| 10. l2x-Uy-h4z==22) 

lla; + 8y-6^=145J ■ 5y-(- 2:=17J‘ 
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11. 

20.r-2Iy'=38I 

12. 

13a;+lU=rI031 


3y+ 43 = 34j * 


• 

II 

1 

13. 

7.r + 4^ + 192=^84. 

14. 

23.r+17^ + ll5=130. 


15. lind the general form of all positive integers which divided 
by 5, 7, 8 leave remainders 3, 2, 5 respectively. 

16. Find the two smallest integei-s which divided by 3, 7, 11 Iciivo 
remainders 1, G, 5 respectively. 

. l*^* number of three digits in the septenary scale is represented 

jn the nonary scale by the same three digits in reverse order; if the 
middle digit in each case is zero, find the value of the number in the 
denary scale. 

18. If the integers G, a, h are in harmonic progression, find all the 
possible values of a and h. 


19. Two rods of equal length are divided into 250 and 243 equal 
parts respectively; if their ends be coincident, find the divisions which 
are the nearest together. 


20. Three bells commenced to toll at the same time, and tolled at 
intervals of 23, 29, .34 seconds respectively. The second and third 
bells tolled 39 and 40 seconds respectively longer than the first* how 
many times did each bell toll if they all ceased in less than 20 mijiutesl 


21. Find the greatest value of c in order that the equation 
^.r+9y = c' may have exactly six solutions in positive integers. 


22. Find the greatest value of c in order that the equation 
14a*+lly=c may have exactly five solutions in positive integers. 

23. Find the limits within which c must lie in order that tlie 

equation 19.r+14y = c may have six solutions, zero solutions bein«» 
excluded. ® 


24. Shew that the greatest value of c in order that the equation 

aa* + 6y = c may have exactly n solutions in ^jositive inte^^ers is 

(n^\)ah-a-h, and that the least value of c is (n-\)ab-\-a°b zero 
solutions being excluded. ’ 


CHAPTER XXVII. 


UECUUHINf; CONTINUED FRACTIONS. 


355. We liave seen iu Cliup. XXV. that a terminating con- 
tinued fraction witli rational quotients can be reduced to an 
ordinary fraction ■with integral numerator and denominator, and 
thei’efore cannot be equal to a surd ; but we shall prove that a 
quadratic surd can be expressed as an infinite continued fraction 
whose quotients recur. We shall first consider a numerical 
example. 


Kxample. Express as a continued fraction, and find a series ol 

fractions approximating to its value. 

3 *^3 + 




5 


5 


+ 


s/19 + 3 


o I 


2 2 “^■'■^/19 + 3 ’ 


V19 + 3^^^V19-2^^, 


3 


s/ia + 2’ 


^19 + 2 g, v/19-4 _ 1 . 

./19 + 4 = 8 + (V19-4) = 8+ 


after this the quotients 2, 1, 3, 1, 2, 8 recur; hence 

, 111111 
^/19_4 + 2 _^ .... 

It will be noticed that the quotients recur as soon as we ^ 

quotient which is double of the first. In Art. 361 we shall prove that i 
always the case. 
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« 

i 


[Explanation, lu each of the lines above we perform the same series of 
operations. For example, consider the second line: we first find the 

greatest integer in ; this is 2, and the remainder is 2, that 

- ^ 19-2 ^ 3 ’ 

- . \Ne then multiply numerator and denominator by the surd 


IS 


8 


5 


(C 

ij: ■ 

rt: 

f.Li 


Vi 


conjugate to ^/19 - 2, so that after inverting the result " ^ , we begin a 

new line with a rational denominator.! 

The first seven convergents formed as explained in Art. 330 are 

4 9 ^ ^ ^ 170 1421 
1*2’ 3 ’ 11’ 14’ 39 ’ ‘Mo • 

The error iu taking the last of tliese is less than , and is therefore 

^ j (Owbj 

less than or , and n fortiori less than -00001. Thus the 

seventh convergent gives the value to at least four plaees of decimals. 

356 Every periodic continued fraction is equal to one of the 
roots of a quadratic equation of ichich the coefficients are rational. ' 

Let X denote the continued fraction, and y tlie periodic n-irt 
and suppose that ^ 


X a + 


1 1 


b -h c + 


and 


// = 7/1 + 


1 


71 + 


r 


1 1 

h+ k + y 

1 J^l 

71 + V + y 


wliere a, v are positive inteo-ers. 


P P 


Let be tire convergents to x corresponding to tl.e 

quotients h, A respectively; then since y is tl.e complete quotie.it 

we have a; = ; whence y = 

q y-\-q - '• 


qx-p 


V V 

Let be the convergents to y corresponding to tl.e 

quotients u, v respectively; then ^ ^ 

8 y + 8 * 

Substituting for y in terms of a: and simplifying we obtain a 
quadiatic of which the coefficients are rational 


i 
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The equation s + (5 — r')y — r = 0, which gives the value of 
V/, has its roots real and of opposite signs; if the positive value of 

)/ •+• 'j) 

y be substituted in , — - , on rationalising the denominator 




the \ alue of x is of the form 


c 


y where Ay By C are integers, 


B being positive since the value of y is real. 


Express 1 + .^ --L ^ 


* ... as a surd. 


Let X be the value of the continued fraction ; then ;r — 1 = 


2-h 3 + (.r-l)' 

whence 2.r2 + 2.r - 7 = 0. 

The continued fraction is equal to the positive root of this equation, and 

is tlierefore equal to ^ ^ , 

2 $ 


EXAMPLES. XXVII. a. 


lOxpress the following surd.s as continued fractions, and find the 
sixth convergent to each: 


1. 

V3. 

2. 



5. 

Vll. 

6. 

^/13. 


9. 

2 

10. 

4^/2. 


13. 

1 

^/21 * 

14, 

1 

^33 ' 


17. 

Find liin 

its of tlje 

error 

when 

18. 

Find limits of the 

error 

when 


3. 

^/6. 

4. 

V8. 

7. 


8. 

^/22. 

11. 

3^/5. 

12. 

4^10. 

15. 

yi- 

16. 

Vn 

208 

G5 

is taken for 



916 

191 

is taken for 

^/23. 



19. Find the first convergent to ^/lOl that is correct to five places 
of decimals. 


20. Find the first convergent to ^15 that is correct to five places 
of decimals. 

E.xpress a.s a continued fraction the positive root of each of the 
following equations: 

21. .^■=* + 2.r - 1 = 0. 22. _ 4.r - 3 = 0. 23. T.v^ - 8x -3 = 0. 

24. Express each root of — 5a: 4- 3 = 0 as a continued fraction. j 

25. Find the value of S + ttV « V eV 

o -f- o + D -h 

26. Find the value of ^ i ^ 


I 
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27. Find the value of 3 + -^^ — ? ^ JL 

14-2+3+1+2+3 + 

28. Find the value of 5 + — - ^ \ 


1+ 1 + 1+ 10 + 


29. Shew that 


3+ L _3 1 1 1 

^ 1 + 6 + 1 + 6 + ^ + 


1 


3+ 2+ 3+ 2+ 

30. Find the difference between the infinite continued fractions 

111111 


J- 1 1 1 1 1 

1-h 3+ 5+ 1+ 3+ 


3+ 1+5+ 3+ 1+ 6+ 


*357. To convert a quadratic surd into a coutinued fraction. 

]^t A" be a positive integer whicli is not an exact square 
and let a^ be tlie greatest integer contained in then 

^/.V = «, + (7iV" -«,) = «_+ , if = = 

A? + ^ 

Let be the greatest integer contained in . then 

r ^ 




2 


“o “ ~ ^*2 = — rt,\ 

Similarly 


r 


^ + a ^ 


' r 

a '2 


where =. 6„r, - and rj'^ = iV- af; 

and so on ; and generally 




r 




n 




where 


« - j 


\/ ' + (f 

' 14 


«n - and r„_,r., = 


Hence 


1111 


^ — (I, + - — , 

^1+ l>,+ b^+ b^+ ^ 

and thus J]V can be expressed as an infinite continued fraction. 

We si, all presently p,-ove that this fraction consists of re- 
cur, ,ng periods ; it is evident that the period will begin when- 
ever any complete quotient is first repeated. 
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We shall call the series of quotients 

JX + a, + a,, JX + 


s/^V, 


’A ’ ’*2 ’ ’*3 


the tii’st, second, third, fourth coinj^lete quotients. 


*358. From the preceding article it appeal’s that the quan- 
tities o,, ?■„ h^, b^y are positive integers; we shall now prove 


that the quantities a,, a^, , r^,...are also positive in- 


tegers. 


Let 


P P 1 


> 


• t 


, ,, ,, lie three consecuti^■e convergents to ^Xy and 


ff 


7 7 


let ” „ be the convergent corresponding to tlie partial quotient 


/ "V^ O/ 

'i'he complete quotient at this stage is ^ ^ ; hence 


-P+P 


ti 


' V- 


r 


n 


]/ JX+a„p r„p 


/A' 


V'’-' ' 


r 


7 -+• 7 


q ‘'.. 7 ' + ^‘..7 ‘ 


Clearing of fractions and equating rational and iriational 
parts, we have 

^K2> + '^',P = *^’7'> «..7' + ’*«7 = P i 
wiience <^'.Xpq ^pq) ^pp ''qq^i '*'»(pq ~ p q) ~ ^ ^ ■ 

But =*1, und pq -pqy pp-qq'^^y ~ P^ 

the same sign [Art. 344]; hence a,, and are positive integers. 

JX-^a, 


P 

\ 


Since two convergents precede the complete quotient 


this investigation holds for all values of n greater than 1. 


*359. 'fo prove that the complete and j>(^rtial quotients recur. 

In Art. 357 we have proved that == X-a,;. Also r a"f^ 

are positive integers ; hence must be less than >^/A, t m 
a. cannot be greater than a,, and therefore it cannot have any 
values except 1, 2, 3, ...a,; that is, the number of different values oj 

a^ cannot exceed a,. 

Again, that is rA = «.,+ 

rA. cannot be greater than 2^^; also is a positive inte^ > 
hence r cannot be greater than 2a,. Ihus r„ cannot have any 
values except 1, 2, 3 ,... 2a,; that is, the number of different va 

of cannot exceed 2a,. 
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Thus the complete quotient cannot liave more than 

a . 

-rtj different values; that is, some one complete quotient^ and 
therejo^'e all subsequent ones^ must recur. 

Also is tlie greatest integer in — ; hence the partial 

quotients must also recur, and the numher" of partial quotients in 
each cycle cannot be greater than 

*360. To prove that a, < a + r 
We have ; 

+«„:= or => r 

since is a positive integer ; 

. jy + rt,, > 


ti- 1 > 




T T 

' ti' n- I y 




ti y 




wiiicli proves tlie proposition. 


*361. To shew that the period he<jins with the second partial 
quotient and terminates with a partial quotient double of the first. 

Since, as we have seen in Art. 359, a recurrence must take 

place, let us suppose that the (n +!)**> complete quotient recurs at 
the {s + 1)“‘ ; then 

= = and 5, = 5,; 

we sliall prove that 


We have 






r r = r r • 

'* 14—1 U H-l * $ J 


r 


Again, 




a + a = b r 

\ n « — I M — 1 > 




a_ . — a 




— = 6 




= zero, or an integer. 


208 


HIGHEU ALGEBRA. 


But, by Art. 360, Oj— and that is 

«i - therefore hence is less 

tlian unity, and therefore must be zero. * 

Thus a^_^ — a„_j, and also b^_^ ~ 

Hence if tlie (n + 1)*^ complete quotient recurs, the com- 
plete quotient must also recur; therefore tlie (tj - 1)*** complete 
quotient must also recur; and so on. 

This proof holds as long as n is not less than 2 [Ai*t. 358], 
hence the complete quotients recur, beginning with the second 

quotient ‘ . It follows therefore tliat the recurrence 

begins witli the second partial quotient 5,; we shall now shew 
that it terminates with a partial quotient 2a,. 

Bet ^ '* be the coinj)lete quotient which just precedes the 

1 1 i i. • X -J ^ + a , , . ^ 2s + a 

second complete quotient ^ wlien it recurs; then 

^’,1 

1 v/iV+a, . . . , 

and are two consecutive complete quotients; thereiore 

but X — a,” = ; hence ?•„ = 1. 

Again, a, — a,, < r,, , that is < 1 ; hence a — a„ = 0, tliat is 




Also a„ + rt, = r„ = 6„; hence ft,, = 2«, ; wliich establishes the 
proposition. 

■*■362. To shew that in any ^period the jmrtial quotients equi- 
distant from, the beginninq and end are eqiud, the last partial 
quotient being excluded. 

Let the last complete quotient be denoted by ^ then 

^ n 

*„=2a,- 

We shall prove that 


. «„ -2 = “3 > K-2=K> 
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I 

‘I 


and 


AVe have 


Also 

= A- «/ = A 


"»-> + “, = «>-, + a. = r,_, 


«, + «. = ?•, 6,; 






— ^..-i = zero, or au iuteirer. 


But ^ fi.of ,v I 

r, r, ’ ^ ^ ~ » ^vIllch is less than 

unity; thus == 0; hence a„_, = and . 

Similarly r_, = r„, h . = h ■ ...A. 


’*.-2 = ? 


and 


so on. 


*363. From tlie results of Arts. 361, 362, it appears that 

when a quadratic surd ^/Ais converted into a continued fraction 
it must take the following form ’ 


a. , — 

+ ^2 + ^3 + 


J_ 1 1 

^3 + + 2a, + 


periol^' convergents of the recurring 

Let n he tlie number of partial quotients in tlie recurrin,. 

are'the convergents of the recurring period! 

, _,t , M convergents; let these be deimted by 

?i" P'^- }>B„ . 

^ } ~7 respectively. 

■In V2« Ysh 


Now + 


V3f. 

1 1 


-t- 6, + + 


I 1 

+ 2a, + 


so tliat the partial quotient correspondin'^ to — 


7K+i__ 

rt 9/*# I 


is 2« • hence 


?H + l -«i 7,. + <in~\ 

e sta^e consists of the period 


2a, + 


6, + 6 + 


1 

K-x^ 
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and is therefore equal to + jy ; hence 


+ JN)p„ + p„_, 

(a. + VA’) «7„ + 7,.-. 


Clearing of fractions and equating rational and irrational 
parts, we obtain 

Pn + Pn-l = + '7n-l = Pn ( 1 )• 

A^^aiu — can be obtained from — and by taking for the 

<7:.. 7,. 9n~l 

quotient 


^ I 1 

2a. + , -j — 

+ 6,4- 

wliich is etiual to a, + ~. Thus 

‘ 9n 


1 




' *** IT ■ 

jn ^ Zll 


^ 

9^'^ («.+^‘)7-.'+-7,.-. 7C + --'* 7,. 


9n 


9n 


, from (1); 


7^ ^ i /7i^ 
7,„ - V7» 


1 . -'^'7.. 


+ 


Pn 


) 


(5)- 


:r P 


In like manner we may prove that if ^ is tlie penultimate 

den 

convergent in tlie recurring period, 

«, Pen Pcn-l «I den + 7».-l =y'c..» 

and by using these equations, we may obtain ^ sue- 

dzn d\n 

cessively. 

It should be noticed that equation (2) holds for all multiples 
of n \ thus 


V 




i fPen . ^den 


dlen 




+ 


ett 


Cl* 




tlie proof being similar to that already given. 

*365. In Art. 356, we Iiave seen that a periodic continued 
fraction can be expressed as the root of a quadratic equation 
with rational coefficients. 
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Conversely, we uiiglit prove by tlie method of Art. 357 that 

an expression of tlie form where J, B, C are positi^■e 

integers, and 7> not a perfect square, can be converted into a 
recurring continued fraction. In tiiis c*ise the periodic pai-t will 
not usually begin with the second partial quotient, nor will 
the last partial (j^uoticnt be double tlie tirst. 

bor fuither information on the subject of recurring continued 
fractions we refer the student to Serret^s Courg dWlgehre Supe- 
rietire, and to a pamphlet on The Expression of a Quadratic tSnrd 
as a Continued Fraction, by Thomas Muir, IM.A., F.lbS.E. 


* EXAMPLES. XXVII. b. 

Express the following surds as continued fractious, and find the 
lourth convergent to each : 

1. s/a--ri. 2. fa- -a. 3. fa- - 1 . 

2a 


• \/i + ’ • 

V a 


7. Prove that 


• \/ 


+ 


b ’ 


/ .> a 

> n 


^Aja“ + 3 = 3a+ i 

I 


1 


1 


and find the iifth convergent. 


2a + (ja+ 2a -h Ga4* 


8. Shew that 

p + 


1 1 1 


1 


1 + p-\- 1+ p+ 1 + 

9. Shew that 

111 \ 1 

j =/»«! + 


= f p- + 4p. 


P «i + 


1 


a3+ ■■■* / - - ga,-f- pa,+ + 

10. If fa^-i-1 be expressed as a continued fraction, shew that 


11. If 


.V = - 


1 


1 




«i+ a^-h ai+ a.j+ 
1111 


shew that 


Z : 


2ai+ 2a2+ 2ai+ 

1 _ 1 1 1 
30^+ 3a2+ 3ai+ 3fZ2+ 
z ^) + 2y (52 - .t-2) + 32 (^.2 _y2) 


0 , 
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12. Prove that 


a + 


1 


h ct'\~ Oy 



_1 1 

b+ a+ 6+ a+ *"/ b 


13. If 


.f = a + 


^4" ^^4* cc4" f^4" 


• • • 


- 1111 
^ a -h a +b-\~b-\-' 




shew that 


{ab- -{-a + b).v— {a^b -\-a+b)i/ = a^ — b^. 


14. 


If — be the ?i"' convergent to ^a-4-1, shew that 
!/» 

+p/ + • - • +P^n + l_Pn + lPn + 2-PiP.t 


+ l 7«+l(7.i + 2“!/l72 


,2 


15. Sliew that 


1 1 


a-y b+ c + 



c 4- 


b+ a + c4* 


1 4-^c 
1 4'«6 


16. If — denote the r'** convergent to — — , sliew that 

P:i~^Pa~^ • - • 4-/?2„ _ 1 =/>2-i —p2J 173 + 75 + • • * + 2'2.. - 1 = '72'* ” 72* 

17. Prove that the difference of the infinite continued fractions 

111 111 


a 4- 6 4- 0 4- 




b-h a -h c 4 




is equal to 


a — b 
1 4-«6 * 


18. If is converted into a continued fraction, and if n is the 
number of quotients in the iieriod, shew that 

72-. = ^Pn 7n . Pin = ^P» 4- ( - I b 

19. If sjy be converted into a continued fraction, and if the lien- 

ultimate convergents in the first, second, ...-t*'* recurring periods be 
denoted by nj, respectively, shew that 


♦CHAPTER XXVIII. 


INDETERMINATE EQUATIONS OF THE SECOND DEGREE. 

*36G. Tlie solution in positive integers of indeterminate 
equations of a degree higher than the lirst, though not of inucli 
practical importance, is interesting because of its connection -vvitli 
the Theory of Numbers. In the present chapter we shall confine 
our attention to equations of the second degree involvin*** two 
variables. 

♦307. To shew Jcow to obtain the integral values of 

X aud y which satisfy the equation 

ax® + 2hxy + by® + 2gx + 2fy + c = 0, 
a, b, c, f, g, h being integers. 

Solving this equation as a quadratic in a*, as in Art. 127 we 
liave ” ’ 

ax + hy+y = ^J - a/) y - ac ). . . ( 1 ). 

Now in order that the values of a: and y may he positive 
integers, the expression under the radical, whicli we may denote 
by pif + ‘iyy + r, must be a perfect square ; that is 

jiif + ‘i.qy + ?• = S-, suppose. 

Solving this equation as a quadratic in y, we have 

py -pr + ; 

and, as before, tlie expression under the radical must be a perfect 
square j suppose that it is equal to (- ; then 

jS 

t ~ 2)z —q -2^r, 

where t and » are variables, and qb q, r are constants. 
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Unless this equation can be solved in positive integers, the 
original equation does not admit of a positive integral solution. 
We shall return to tliis point in Art. 374. 


If a, 6, h are all positive, it is clear that the number of 
solutions is limited, because for large values of x and y the sign 
of the expression on the left depends upon that of ax^ + 2hxy 
[Art. -GO], and tlius cannot be zero for large positive integral 
values of x and y. 


Again, if K~ ~ ah is negative, the coefficient of ?/* in (1) is 
negative, and by similar reasoning we see that the number of 
solutions is limited. 


Kxample. Solve in positive integers the equation 

_ 4xy + 6^= _ 2x - 20y = 29. 

Solving as a quadratic in ar, we have 

X = 2?/ + 1 ± v'aO + 24r/ - 2yK 

But 30 + 24y - 2^“= 102 - 2 (v — 6)2; hence (y - 6)2 cannot be greater than 
51. By trial we find tliat the expression under the radical becomes a 
perfect .square when (y- 6)2=1 or 49; thus the positive integral values of y 
are 5, 7, 13. 

Wlien y=5, x = 21 or 1; when y = 7, x = 25 or 5; when y = 13, 
.t = 29 or 25. 


*368. We have seen that the solution in positive integei'S 
of the equation 

ax~ + 2Itxy + hy^ + 2gx + 2fy + c = 0 

can be made to depend upon the solution of an equation of the 
form 

± Ny~ = ± a, 

where A and a are positive integers. 

The equation a;® A //* = — a has no real roots, whilst the 
equation x^ + Ny^~a lias a limited number of solutions, which 
may be found by trial ; we shall therefore confine our attention 
to equations of the form of — Ny* 


*369. To shew that the equation x*— Ky"=l can always he 
solved in positive integers. 

Let JN be converted into a continued fraction, and let 


Z 


P P'" 


/ 9 


90 


be any three consecutive convergents; suppose that 


determinathTkJu 
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JA- + « , 


// 


7\ 


H 


is the complete quotient corresponding to ; then 

(PQ' - 2^'9) = [Art. 358]; 


But 7-^= 1 ;it the end of any period [Art. 301] ; 

2^'^~^q^ = 2yq~V<l \ 


V 


being the penultimate convergent of any recurring period. 


If the number of quotients in the period is even, ^ is an even 

2 


convergent, and is therefore greater than and therefore 


greater than ^ ; thus p'q-pq' =\. In this case 

and tlierefore a- = ;/, 7 / = is a solution of tlie equation a* - Xy ^ . 1 . 


it 


r 

1 • 'P 

Since ^ is tlie penultimate convergent of anv recurrin 

period, tlie number of solutions is unlimited. 

If tlie number of quotients in the pei iod is odd, the penultimate 
convergent m the first period is an odd convergent but the 
penultimate convergent in the second period is an convergent 
thus integral solutions will be obtained by puttincr .a = ?/ J 

where ^ is tlie penultimate convergent in the second, fourth, 

sixth recurring periods. Hence also in this case the number 
of solutions IS unlimited. umoei 


“ solution hi positive integers of the equation 

As in the preceding article, we liave 

2^^ ~ ^ = i>'q — jY’ 


If tlie Iiuiulier of quotients in tlie period is odd, and if t 

q 

IS an odd penultimate convergent in any recurring period, < P , 
and therefore p'q-qY ~ — 1. ^ q 


e,uSo?i -i - ."'r.ri ‘iCi f;'? 


where ^ is the penultimate convergent in the first, third, fifth.., 
• > ^ 


recurring periods. 
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Example. Solve iu positive integers x-- ldy-= rtl. 

We can shew that 

,, '11111 
^13-3 + ^^- !+■ iT 1+ 0+ 

Here the number of quotients iu the ijeriod is odd; the penultimate con- 

18 

vergent in tlie first period is — ; hence .t = 18, y = 5 is a solution of 

0 

- 1 . 


By Art. 304, tlie penultimate convergent in the second recurring period ifi 

1/18 5 G40 

2 (t + 18 ^ 180 ’ 

hence j: = 049, ^ = 180 is a solution of x’- 13y-=l. 


By forming the successive penultimate convergents of the recurriug 
periods we can obtain any number of solutions of the equations 

.i:--13y2= -1, and x^-lSif=: +1. 

*371. Wlien one solution in positive integers of x' — = 1 

has been found, we may obtain as many as we please by tlie 
following metliod. 

Suppose that — //, y — k is a solution, h and k being positive 
integers; then {h^ - Nky = \, where n is any positive integer. 

Tlius N!f = {h^- Nky. 


{X + yjy) (x - yjy) = (h + kjNy (h - kjxy. 


Pl.t .e + 2/^/.v = (h + kjyy, X - 7jJN = {h - icjNy-, 

2x .- {h + kjNy + {h - kjNy-, 

■ 2 yjN = (A + kjxy - (h - kjxy. 


Tlie values of x and y so found are positive integers, and by 
ascribing to n the values 1, 2, 3,..., as many solutions as we please 
can be obtained. 


Similarly if a; = 4, y = k is a solution of the ecpiation 
x~ - Xif = — 1, and if n is any odd positive integer, 

_ Ny ^ .. (/r - Xky. 

Thus tlie values of x and y are the same as already found, but 
n is restricted to the values 1, 3, 5, 

*372. By putting x = ax\ y — ay the equations a*®— Ny^ = 
become ^/® — ^ 1 , which we have already shewn how to 

solve. 
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; *373. We have seen in Art. 3G9 that 

- ^■q'^ =-»■„( 2^1' - 2 >'<l) = . 

K 

Hence if a is a denominator of any complete quotient which 

occurs in converting JjV into a continued fraction, and if ~ is 

f the convergent obttuned by stopping short of this complete 
[ quotient, one of the equations a;^ — « is satisfied by the 

I values X =^/, y = <l'- 

i 

Again, the odd convergents are all less than and the 

even convergents are all greater than lienee if is an even 

/ 

convergent, x=2>\ ^ solution of a;"“Ay’=a; and if • 

is an odd convergent, x* = 7 /, y = is a solution of x' — A'y® = — a. 


* 374 . The method explained in the preceding article enables 
us to tind a solution of one of the equations x~ — Xy' ~^a only 
when a is one of the denominators which occurs in tiie process of 
converting JN into a continued fraction. For example, if we 
convert into a continued fraction, we shall find that 


7 = 2 + 


1111 

1+ 1+ 1+4 + 


and that the denominators of the complete quotients are 3, 2, 3, 1 


The successive convergents are 


2 3 

r 1’ 


8 

3’ 


^ 45 

14' 17' 


82 

‘31 ' 


127 
‘48 ' 


and if we take the cycle of equations 

a; — 3, X — ty = Zy x — ty^ = — a;" — < y* = 1, 

we shall find that they are satisfied by taking 

for X the values 2, 3, 5, 8, 37, 45, 82, 127, 

and for y the values 1, 1, 2, 3, 14, 17, 31, 48, 


A tor y the values 1, 1, z, 3, 14, 4t<, 

*375. It thus ^appears that the number of cases in which solu- 
tions in integers of the equations - Ny- = + ft can be obtained 
with certainty is very limited. In a numerical example it may, 
1 however, sometimes happen tliat we can discover by tnal a 
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positive integral solution of the equations a;" — iVy* when i 

is not one of tlie above inentionecl denominators ; thus Ave easily - 
find that the equation a:® — is satisfied by y = 2, cr = 9. 
When one solution in integers has been found, any number of ^ 
solutions may be obtained as explained in the next article. t 

*370. Suppose tl»at a* =/, y~(j is a solution of the equation ^ 
ur - = a ; and let x = h^ y = k be any solution of the equation j 

; then ' | 

a,- - = {r - {h^ - Kk^) ^ 


= (/A Xykf - N (fk ± yhy- J 

I 

]>y putting x ~~J'h^Xyk, y=jk^(jh^ \ 

I 

and ascribing to A, h their values found as explained in Art. 371, ' 

Avo niav obtain any number of solutions. T 

» • A 

4 

7 

*377. llitiierto it has been supposed tliat N is not a })erfect 
square; if, however, N is a perfect st|uare the e(|ualiou takes the 
form .'c' - ny - a, Avhich may be i*eadily solved as follows. 


Sui)pose that a- he, Avhere h and c are two positive integers, 
of which h is the greater; then 

(x + ny) (x — 'iiy) — he. 


Put x + ')ty = h, x-7tyc; if the A'alues of x and y found 
from these e(|uations .are integers Ave haAe obtained one solution 
of the equation ; the remaining solutions may be obtained by ^(r 
ascribing to h and e all their possible A alues. 

• I 

Example. Find two positive integers the difference of wliose squares is 
equal to 00. 

Let a:, 2 / be the two integers; then .r* — 60 ; that i.s, {x + y) {x — y) = ^^’ 

Now CO is the product of of the pair of factors 

1,G0; 2,30; 3,20; 4,15; 5,12; 6,10; 

and the values required are obtained from the equations 

x + y = 30, x + y=10, 

x~y- 2; x-y= G; 

the other equations giving fractional values of x and y. 

Thus the numbers are 1C, 14; or 8, 2. 
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Cor. In like luiinnei* we may obtain the solution in positive 
integers of 

ox* + 2/iai_y + hif + %jx + %fif + c = X:, 
if the left-hand member can be resolved into two rational linear 
factors. 

*378. If in the general equation a, or 6, or botli, are zero, 
instead of employing the method explained in Art. 3G7 it is 
simpler to proceed as in the following example. 

Example, Solve in positive integers 

Expressing y in terms of ar, wo have 

U^-12x + ll ^ , 6 

y= 2.r-5 + 

In order that y may be an integer must be an integer; hence 2x - 5 

miist be equal to ± 1, or ±2, or ±3, or ±0. 

The cases ±2, ±G may clearly be rejected; hence the admissible values 
of j; arc obtained from 2.c — 5=±b 2x-o=±3; 

whence the values of x are 3, 2, 4, 1. 

Taking these values in succession we obtain the solutions 

x = 3, y = ll; x = 2, 7/=-3; x = 4, ?/ = 9; x=l,i/=-l; 

and therefore the admissible solutions are 

x=3, y = ll; x = 4, 7/ = 9. 

*370. The principles already explained enable us to discover 
for what values of the variables given linear or quadratic 
functions of x and ?/ become perfect squares. Problems of this 
kind are sometimes called Diop/iaritine Problems because they 
were first investigated by the Greek mathematician Diophantus 
about the middle of the fourth century. 

Example 1. Find the general expressions for two positive integers which 
are such that if their product is taken from the sum of their squares the 
difference is a perfect square. 

Denote the integers by x and y ; then 

ir — xy •^y^ = z^ suppose ; 

.*. x{x — y)-=^ — y‘. 

This equation is satisfied by the suppositions 

7nx-n{z + y), n{x-y) = m{z~y), 
where m and n are positive integers. 
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Hence 7/u- — = 0, nx + (m — n)y — inz=0. 

From these equations we obtain by cross multiplication 

^ ^ . 

\£inn — )i- 7ii^ — inn + n'* 

ami since tlie given equation is homogeneous we may take for the general 
solution 

X = 2mn - 7i^y y = in- - n-, z = ni- - mn + n-. 

Here vi and n are any two jxjsitive integers, in being the greater; thus if 
7// = 7, 7i= l, we have 

j: = 40, 7/ = 33, 2 = 37. 

K.vatnple 2. Find the general expression for three positive integers in 
aritlirnetic progression, and such that the sum of every two is a perfect 
square. 

Denote the integei-s by x-y, .t, z + y; and let 

2z-y~p-, 2x — q-, 2x + y = r-; 
tllOll ^7' + 7*-=2f/", 

or 7 - - q- = q~ ~ 2^~’ 

This e<iUution is satisfied by the sujjpositions, 

7/1 {r-q} = n{q -//), n{r-\-q) = in{q+2}), 
where in and n are positive integers. 

Fi-oiii these equations we obtain by cross multiplication 

P _ *7 ^ r 

H- -i-2mH - in- 7 / 1 '-^+ 7/- m-+2tnn-n-' 

Hence we may take for the general solution 

2 > = n--\-2mn-m-, q = m- + n-, r = ni- + 2mn-ii-; 

whence x = ^^{ni- + n‘^)^^ y= lmn(m-—ii-}, 

and the three integers can be found. 

From the value of x it is clear that 771 . and n are either both even or both 
odd; also their values must be such that x is greater than ?/, that is, 

{m^ + u-)~:=^Smn (m- — 77 "), 

or 7 / 7^(771 — 877 ) + 2777-77® + 877771 ^ + 77"* =* 0 ; 

which condition is satisfied if 777 >877. 

If 777 = 0, 77 = 1 , then x = 3362, 7/ = 2880, and the numbers are 482, 3362, 
0242. The sums of these taken in pairs are 3844, 6724, 9004, which are the 
squares of 62, 82, 98 respectively. 
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^EXAMPLES. XXVIII. 


Solve in positive integers : 

1. 5j*2 — — 77. 

3. — 4ry + tiJiP- — lO.r = 4. 

5 . 3a.’ 4- 3a’y — 4y = 1 4 . 


2. 7a:2-2.ry + 3/ = 27. 

4. .^’y - 2a’ - y = 8. 

6 . 4 .^ 2 - 7/2 = 315 , 


Find the smallest solution in positive integers of 

7. 0^2-142/2 = 1, 8. 192/2 = 1. 9. .^2 = 412/2-1. 

10. a;2- 612/2 + 5 = 0. 11. a’2 - 72/2 - 9 = 0. 

Find the general solution in positive integers of 

12. o-*-32/2 = 1. 13. o:2_5^2_1^ 14^ 

Find the general values of .r and y which make each of the following 
expressions a perfect square : 

15. x- — Zxy-^^y-. 16. x-’^‘lxy -^-^y-. 17. hx^k-y-. 

18. Find two positive integers such that the square of one exceeds 
the square of the other by 105. 

19. Find a general formula for three integers which may be taken 
to represent the lengths of the sides of a right-angled triangle. 

20. Find a general formula to express two positive integers which 
are such that the result obtained by adding their product to the sum 
of their squares is a perfect square. 

21. “There came three Dutchmen of my acquaintance to see me, 
being lately married ; they brought their wives with them. The men’s 
names were Hendrick, Claas, and Cornelius; the women’s Geertruij, 
Catriin, and Anna : but I forgot the name of each man’s wife. They 
told me they had been at market to buy hogs ; each pei’son bought as 
many hogs as they gave shillings for one hog; Hendriek bought 23 hogs 
more than Catriin ; and Claas bought 11 more than Geertruij ; likewise, 
each man laid out 3 guineas more than his wife. I desire to know the 
name of each man’s wife.” (Miscellany of Mathematical Problems, 1743.) 

22. Shew that the sum of the first n natural numbers is a perfect 
square, if n is equal to k- or k'- — 1, where k is the numerator of an odd, 
and P the numerator of an even convergent to a/2. 


CHAPTER XXIX. 


SUMMATION OF SERIES. 


380. Examples of summation of certain series liave occurred 
in previous cliapters ; it will be convenient here to give a i 
synopsis of the metliods of summation which liave already been 

explained. i 

(i) Arithmetical Progression, Chap. IV. 

(ii) Geometrical Progression, Cliap. V. 

(iii) Series wliich are partly arithmetical and partly geo- 
metrical, Art. 60. 

(iv) Sums of the powers of the Natural Numbers and allied 
Series, Arts. 68 to 75. 

(v) Summation by means of Undetermined Coeflicieiits, 

Art. 312. 


(vi) Recurring Series, Chap. XXIV. 

We now proceed to discuss methods of greater generality ; 
but in the course of the present chapter it will be seen that some 
of the foregoing methods may still be usefully employed. 



381. If the r*’* term of a series can be expressed as tlie dif- 
ference of two quantities one of which is the same function of 
that the other is of r- 1, the sum of the series may be readily 

found. 

For let the series be denoted by 

w, Wg-t- ... + 

and its sum by and suppose that any term can be put in 
the form — then 



SUMMATION OF SERIES. 


313 


n 


Exanij?le, Sum to n terms the series 

1 1 1 

(1 + x) (1 + 2a:) (1 + 2x) (1 + 3x) (1 + 3x) (1 + 4x) 

If we denote the series by 


+ . 


we have 


) by addition, 


l/l+ Uo+ W 3 + 


+ « 


''^~x(l+x 1 + 2‘x)’ 

J: 

“^“xVi+2x i+3xy’ 

L ^ 

"»“x\l + 3x 1 + 4x7’ 

^ J 1 

xVl + «-C l + ;i+l.x/’ 

s JL 

” j;\l + x l + u+l.a:/ 


(1 + x) (1 + H+l . x) 

382. Sometimes a suitable transformation may be obtained 
by separating into partial fractions by the methods explained 
in Chap, xxiii. 

Example. Find the sum of 

+ 1 ; - + ... to « terms. 

(1 + x) (1 + ax) (l + ax)(l + a='x) (1 + a**x) (1 + a-^x) 

The „■» tenn= -PPO-'. 

= ^ (1 + a'‘x) + R (1 + a”“^x). 

By putting l + a^'^x, l + a"x equal to zero in succession, we obtain 

1 — 0 . 1 — a 


Hence 


similarly, 




1 /_L « \ 

l-a\l + x 1 + ox/’ 

_ 1 / a _ _ \ 

^'”l-a\l + ax 1 + a-xy 

_ 1 / _ _ g" \ 

1 ~ a \1 + g""'x l + a"x/ 

^^-l-a\l + x l + a”xy * 


1 
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383. To find the sum of n terms of a series emh term of which 
is composed of r factors in arithmetical progression, the first factors 
of the several terms being hi the same amthmetical progression. 

Let the series be denoted by + + + > 

^vllere 

Un = (a + nh) (a + /t + 1 . 6) (a + + 2 . i) . . . (a + n + r — 1 . 6). 

Replacing n by — 1, we have 

— (a + n — 1 . Z») (« + 7ih) {a + n+ 1 . h) ... (a + n-i-r—2 . b)', 

(a + n~ \ . b) ?/„ = (« + + r — 1 . h) Wn-i = ^^'7* 

Replacing n by + 1 we have 

{a + 7i + r . b) = 
therefore, by subtraction, 

(r+ l)b . w„ = v„^.i-v„. 

Similarly, (r + 1) 6 . — 


By addition, 


(r + 1) i = 

(?• + 1 ) 6 . = 

{r+l)b. Sn = 


v-s-v., 
V., — Vi . 




that is. 




I 


(r + 1)6 


(a + ?i + r . b) lin 


+ C, say ; 


(?• + 1)6 

wliere C is a quantity independent of which may be found by 
ascribing to n some particular value. 

The above result gives us the following convenient rule : 

Write down the n"* term, affix the next factor at the end, 
by the number of factors thus increased and by the common 
ence, and add a constant. 


It may be noticed that C ~ — 


V 


a 




it is 


(r+l)6 (r+l)6 

however better not to quote tliis result, but to obtain C as above 
indicated. 
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Example. Find the sum of n terms of the series 

1 .3 .5 + 3 .5 .7 + 5. 7 .9+ 

The 7 i‘*‘ term is (2n - 1) (2m + 1) (2/1 + 3) ; hence by the rule 


5 » = 


(2« - 1) (2m + 1) (2m + 3) (2h + 5) ^ 

4.2 


To determine C, put 7 t = l ; tlien the series reduces to its first term, aud 


we have 


„ 1.3. 5. 7 ^ 15 

15 + C ; whence C = — ; 

(2m - 1) (2m + 1) (2m + 3) (2m + 5) 15 

^n= y s' 


= 71 (2m^ + 8m- + 7m - 2), after reduction. 


384. The sum of the series iu the preceding article mny 
also be found either by the method of Undetermined Coetiicients 
[Art. 312] or in the following imuiner. 

AVe liave = (27i — 1 ) (27i + 1) (2n + 3) = S/t'’ + 1 2 h" — 2/i — 3 • 
usiuiT the notation of Art. 70 : 

- 27r (ri + 1)' 4- 271 (7t 4- 1 ) (27fc + 1) - n (n + 1) -3u 

= n (2)t^ + 8/t* + 7n- 2). 

385. It should be noticed that the rule given in Art. 383 is 
only applicable to cases in which the factors of each term form an 
arithmetical progression, and the first factors of the several ternu 
are in the same arithmetical progression. 

Thus the sum of the series 

1.3. 5 + 2. 4. 6+3.5. 7 + to?i terms, 

may be found by either of the methods suggested in the preceding 
ai'ticle, but not directly by the rule of Ai’t. 383. Here 

— n (7i + 2) (/t + 4) = (/i +1 + 1) (?^ + 2 + 2) 

= n (ti + 1) (w + 2) + 271 (n + 1) + 7t (?t + 2) + 2/t 

= 7i (rt + 1) (7i + 2) + 371 (7t + 1) + 3?l. 

The rule can now be applied to each term ; thus 

(7^+ 1) (7t + 2) (71 + 3) + 74 (tI + 1) (74 + 2) + #74 (74 + 1) + 0 

= ^ 74 (74 + 1 ) (74 4- 4) (/4 + 5 ), tlic coiistaut being zero. 
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386. To find the sum of n terms of a series each term of which 
is composed of the reciprocal of the product of r factors in aritlir 
metical progression, the first factors of the several terms being in 
the same arithmetical progression. 

Let the series be denoted by + Wg + + 

where 

-L = (cj + (a + n + 1 . h){a + n-\'2 .b) (a + rn- r — 1 .6). 

Replacing n by n— 1, 

-i— = (a + 7 i — 1 .b){a-\- nb) {a + rt + 1 . 6) ... (a + 71 + r — 2 . b)\ 

^^n-\ 

.*. {a + n ->r r - \ . b) = {a + n ~ \ , b) Wn.i = say. 

Replacing by ?^+ 1, we have 

(« + n6) 7tn = ^^n+i; 
therefore, by subtraction, 

(r- 1) & . = Vrt “ 

Similarly (t* — 1)6. Wn_i = 'Cn-i — 


(r — 1 ) 6 . t(., = V., — ^ 3 , 

(r — 1) 6 . 7^1 = V, — "^ 2 . 

By addition, (r — 1) 6 . ; 

.1 ^ • <? _ '*^1 - '^’•+1 _ r _ (" + 

tliat IS S„ - 0 6 ’ 

where (7 is a quantity independent of n, which may be found by 
ascribing to some particular value. 


Thus S„ = C- 


1 


(r — 1 ) 6 (a + 7i + 1 . 6) . . . (a + 7 i + 7* — f . 6) 
Hence the sum may be found by the following rule : 


Write down the term, strike off a factor from the beginning, 
divide by the number of factors so diminished and by the common 
difference, change the sign and add a constant. 

The value oi C = . , ■ . = T^ fTA advisable xn 

(r — 1) o (7* — 0 

each case to determine G by ascribing to n some particular value 
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Example 1. Find the sum of n terms of the series 




1.2.3.4 2.3,4.5 3. 4. 5. 6 


n 4" • • • • 



The term is 


7 i(n + 1)(« + 2) (n + 3) * 


hence, by the rule, we have 

S» = C- 


3 (71 + 1) {n + 2) (71 + 3) 


Put 71 = 1, then 


1 


1 . 2 . 3 . 4 




“ 18 3 (/i + 1) {n + 2) (71 + 3) ■ 


f 


By making 7i indefinitely great, we obtain = 
Example 2. Find the sum to n terms of the series 


S 4 _L_ 5 , 

“I* A •% ^ *T“ 


1.2.4 2.3.5 3.4. C 


V ^ 


Here the rule is not directly applicable, because although 1, 2, 3, , 

the first factors of the several denominators, are in arithmetical progression, 
the factors of any one denominator are not. In this example we may 
proceed as follows : 


n + 2 


(n + 2)2 


7i {iL + i ) (n + 3) n (n + 1) (ti + 2) (n + 3) 

7i(7t+ 1) +3n + 4 


7t(7t + 1) (71 + 2) (n + 3) 
1 


+ 


.7T + 


(/i + 2)(7i + 3) (n + 1) (n + 2) (71+3) n(n + l) (n + 2)(n + 3)* 


Each of these expressions may now be taken as the 74^^* term of a series 
to which the rule is applicable. 


L 


4 1 


• S - 

n + 3 2(n + 2)(n + 3) 3 {n + 1) (n + 2) {n + 3) » 


put 7t = l, then 


1 . 2 . 4 ”^ 


A _ - whence C — 

4 2.3.4 3.2.3.4* ^ 


. 5 

• » 36 » + 


3 2(n + 2>(n+3) 3 (n+1) (n + 2) (n + 3) 


i 
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387. In cases where the methods of Arts. 383, 386 are directly 
applicable, instead of quoting tlie rules we may always effect the 
summation in the following way, which is sometimes called ‘the 
Method of Subtraction.’ 

Example. Find the sum of n terms of the series 

2 • 5 + • 8 + 8 • 11 + 11 • 11+ 

4 

The arithmetical progression in this case is 

2, 5, 8, 11, 14, 

In each term of the given series introduce as a new factor the next term 
of the arithmetical progression ; denote this series by and the given series 
by .S’; then . 

S' = 2. 5. 8 + 5. 8. 11 + 8. 11. 14+ + (3n-l) (3n + 2) (3n + 5); 

.S''-2.5 .8 = 5. 8. 11 + 8. 11 . 14 + 11 . 14 . 17 + ... to (n-l) terras. 

By subtraction, 

-2.5.8 = 9[5.8 + 8.11 + ll.ll + ...to(/t-l)terms]-(3«-l) (3« + 2)(3/i + 5), 

- 2 . 5 . 8 = 9 [.‘J - *2 . 5] - (3/i - 1) (3/i + 2) (3 h + 5) , 

9S = (3« - 1) (37^ + 2) (3/! + 5) - 2 . 5 . 8 + 2 . 5 . 9, 

(3/i-^ + G« + l). 

388. When the term of a series is a rational integral 
function of n it can be expressed in a form which will enable us 
readily to apply the method given in Art. 383. 

For suppose <l> (n) is a rational integral function of n of ^ 
dimensions, and assume 

(/t) = ^1 + Bn + Cn (« + !) + Bn (n + 1) (rt + 2) + , 

where Aj By C, By are undetermined constants p + ^ hi 

number. 

This identity being true for all values of we may equate 
the coefficients of like powers of n; we thus obtain /? + 1 simple 
equations to determine the p + I constants. 

Example. Find the sum of n terms of the series whose general term ia 

«‘* + 67i^+5H-. 

Assume 

n* + Gn^ + 5n'^ = A+Bn+ Cn (;* + 1) + Z>n(n + 1) {n + 2) + EH {«+ 1) (n + 2)(n + 3)j 

Equating cooefficients of like powers of n, since this is an identity, gives 
A=0, 15 = 0, C= -6, Z) = 0, E=l. Thus 

n* + 671® + 5n*= n(n + 1) (« + 2) (a + 3) -6n (a + 1). 
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(H + l)(» + 2)(7t + 3)(H + 4) - 2/i(H + l) {n + 2) 
o 

= = n (II + 1) (II + 2) (ii’ + 7ii + 2). 


Polygonal and Figurate Numbers. 

in tlie expression n 4- 1)6, which is the sum 

of n terms of an arithmetical progression whose tirst term is 1 
and common difference b, we give to b the values 0, 1, 2, 3, 
we get 

n, (/i 4- 1), hi{3n—l)j , 

which are the terms of the Polygonal Numbers of the second, 

third, fourth, fiftli, orders; the fii*st order being that in wliich 

^ach term is unity. The polygonal numbers of the second, third, 

^ fourth, tifth, orders are sometimes called linear^ triangular^ 

square, 


Hence 

389. If 


390. To find the 8 U 1 U of the first n terms of the order of 
pohjgo'iial numbers. 

Tlie term of the r^^ order is st 4- ^n(}i — 1) (r — 2); 

. *. = 2/i 4- h (r — 2) 2 (?i - 1 ) 

+1) + ^ (r- 2) (n- 1) 7i {u + 1) [Art. 383] 

= > (^+ 1) 1)4-3}. 

391. If the sum of 7i terms of the series 


1, 1, 1, 1, 1, , 

be taken as the term of a new series, we obtain 

1, 2, 3, 4, 5, 

TI* • , '/t (n 4- 1) , . , . , 

it again we take , winch is the sum of 7i terms of the 

h'Tt series, as the term of a new series, we obtain 

^ 1, 3, G, 10, 15, 

' By proceeding in this way, we obtain a succession of series 
^ such that in any one, the term is the sum of n terms of the 
preceding series. The successive series thus formed are known 
as Figurate Numbers of the first, second, third, ... orders. 


1 
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i 

i 


39ii. 7o Jlnd the n*'* term and the sum of n tei'ins of the r*^ 
order of fi^urate numbers. 

Tlie term of tlie first order is 1; the w*'* term of the ^ 
second order is tlie term of tlie tliird order is that is^ 




},n {n +1); tlie term of the fourth order is 2 - 


pi’ , «... ife 


'n (-n + \^ (n + 2) , _ . + (n+2) 

; the term of the fifth order is 2 — » 

1 . 2.3 1 . 2.0 


, . (u + 1) (ri + 2) ()J + 3) , 

tliat IS — ^ ' ; and s 

4 


so on. 


Thus it is easy to see that the term of the r*** order is 
n(n+ l)(n + 2)... (n + r - 2) \n + r-2 


or 


7 * — 


- 1 |r- 1 


A"’ain, tho sum of 'n terms of the 7*^’* order is 

O * 

T-i. (?i 4- 1) (7i + 2) . .. (ti + 7* — 1) 


wliicli IS tne 7/,^'' term of the (r + 1)*'‘ order. 


Note. In applying the rule of Art. 383 to find the sum of n terms of 
any order of figurato numbers, it will be found that the constant is always 

zero. 


393. The properties of fujurate numbers are historically j 
interesting on account of the use made of them by Pascal in 
his Traite du triamjle amthmctique, publislied in 1GG5. i 

The following table exhibits the Arithmetical Triamjle in its“^ 
simplest form f 


1 

1 

1 

1 

1 

1 

1 

1 

o 

o 

O 

4 

5 

6 

t 

1 

3 

6 

10 

15 

21 

28 

1 

4 

10 

20 

35 

56 

84 

1 

5 

15 

35 

70 

12G 

• • • 

1 

6 

21 

56 

126 



1 

7 

28 

84 

• • • 



1 

8 

36 . 





1 

9 

• • • 






1 1 

8 9 ... 

36 ... 




A 


1 . 
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Piiscal constructed the numbers in the triangle by the follow- 
ing I’ule : 



Each yiumher is t ie su7)i of 
immediately to the left of it; 

thus 15^-5 + 10, 28- 


that inimediately above it 

7 + 21, 126-5G + 70. 


a7ul that 


From the mode of construction, it follows that the numbers in 
the successive hoi’izontal rows, or vertical colunuis, «are the tigurate 
numbers of the first, second, third, ... orders. 



A line drawn so as to cut off* an equal number of units from 
the top row and the left-hand column is called a base, and tlie 
bases are numbered beginning from the top left-hand corner. 
Thus the 6th base is a line drawn through the numbers 1, 5, 10. 
10, 5, 1 ; and it will be observed that there are six of these num- 
liers, and that they are the coetlicicnts of the terms in the ex- 
pansion of ( 1 + 

The properties of these numbers were discussed by Pascal 
with great skill: in particular lie used his Arithmetiad Triayufe 
to develop the theory of Combinations, and to establish some 
interesting propositions in Probability. Tlie subject is fully 
treated in TodhunteFs History of Probability, Chapter ii. 


394. AVliere no ambiguity exists as to the number of terms 
in a series, we have used the symbol 2 to indicate summation; 
but in some cases the following moditied notation, which indicates 
the limits between which the summation is to be efiected, will be 
found more convenient. 

Let </) (.+) be any function of x, then 2 (.x) denotes the sum 

of the series of terms obtained from (x) by giving to x all posi- 
tive integral values from I to in inclusive. 


For instance, suppose it is required to find the sum of all the 
terms of the series obtained from the expression 



( 7 > -I;(y- 2 ) ■■ J p-r) 


by giving to all integral values from ?• + 1 to p inclusive. 
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Writing the factors of the numerator in ascending order. 


. 1 (p-r)(p-r + l) ...(p-l) 

the required sum — 2. — 

i7 = r+l ^ 


— {1 .2.3. ...r4-2.3.4..,.(r + 1) + ... + (jo-r)(^-r + l)...(p 

T 


-1)} 




J_ . (p-r)(p-r + \) ... {p 
\r r + 1 

(y-l)(y-2) ...jp-r) 

lr + 1 


~l)p 


[Art. 383.] 


Since the given expression is zero for all values of p from 1 to 
r inclusive, we may write the result in the form 

{p-l)(p~2) ... {p~r) ^ p{p-\)(p-2) ... ip-r) _ 

7-1 k L'-^i ^ 


EXAMPLES. XXIX. a. 


Sum the following series to n terms : 

1 . 1 . 2. 3 + 2 . 3 . 4 + 3 . 4 . 5 + 

2. 1.2. 3. 4 + 2. 3. 4. 5 + 3. 4. 5. 6 + 

3. 1.4 .7 + 4 . 7 . 10 + 7 . 10 . 13 + 

4. 1.4. 7 + 2. 5. 8 + 3. 6. 9 + 

5. 1 .5. 9 + 2. 6. 10 + 3.7. 11 + 

Sum the following series to n terms and to infinity: 


111^ 

1 . 2 “^2 . 3 '*^3T4'^ 


Ill 
1 . 4 ^ 4 . 7 + . 10'*" 


^ - — + 


1.3.5 3.5.7 5.7.9 


+ 


“ + 


1 . 4. 7 4 . 7 . 10 7 . 10. 13 


10 . 


+ 


1.2.3 2.3.4 3.4.5 


+ » 




11 . 


r + - 


3.4.5 4.5.6 5.6.7 


+ 


12. t: 


1.2.3 2.3.4 3.4.5 4.5.6 


♦ • • • 
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15. 

3i2 — 1 ). 

16. 

17. 

n2 (742- 1) 

4n2 - 1 * 

18. 

19. 

n3 + 3?42+2n + 2 

n2_jr27i 

20. 

21. 

Shew that the n'** 

term of 


Find the suta of n tei'ma of the series : 

13 . 1 . 3 . 2 ‘^+ 2 . 4.32 + 3 . 5 . 42 + 

14. (n2 - 1 2) + 2 (ji'i - 22) + 3 (n* - 32) + 

Find the sum of 7i terms of the series whose term is 

(n2 H- on + 4) (n2 + 5n -f 8). 

71- + 71 
71^ + n2 + 1 
71^ + 71 


equal to the r'** term of the older. 

22. If the n*'‘ term of the order of fi^urate numbers is equal to 
the (n4-2)"' term of the (r — 2)**“ order, shew that r=n4-2. 

. 23. Shew that the sum of the first n of all the sets of polyfronal 

nninhers from the linear to that of the r“* order inclusive is 

(r- 1 ) 7i (?i4- 1 ) 

j2 ^(?7i-2n-r+8). 

Summation hy the Method of Diffeuencks. 

305. Let n„ denote some rational integral function of and 

let u.jj denote the values of M-hen for 7 i the values 

1, 2, 3, 4,... are written successively. 

Wo proceed to investigate a method of finding wlien a 
certain numl.er of tlie terms ,t,, u„ u„... are gi^^n. 

From the series ii., u,, u„ u„ u„... obtain a second series 

by subtracting eacli term from tjie term which immediately 
tollows it. 

The series 

thus found is called the series of the first order of differences, and 
may be conveniently denoted by 

A^fcJ, A2<3, 

By subtracting each term of tliis series from the term that 
immediately follows it, we have 

J ^ — AWy-AWo, A?£4 -Aw3,... 


I 


V 


Ao?q, Ae «29 A3M.J,... 
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From this series we may proceed to form the series of the 
third, fourth, fifth,,., orders of differences, the general terms of 
these series being respectively. 

Fi-om the law of formation of the series 

’b, U-zy 'ihy 

Amj, A?/2» Aa3, A?^^, Awj, 

Ag?^ j , Aj'?^.) , A^?^^ 

it appears that any term in any series is equal to the tenu 
immediately preceding it added to tlie term beloM* it on the left. 

Thus ?/2 = ?q + A?q , and Aiu = Ajq + AMj . 

By addition, since n.,-hAu.. = u^ we Iiave f 

= Ui 4- 2Aui + A.Mi . 

Jn an exactly similar manner by using the second, third, and 
foui th series in place of the first, second, and third, we obtain 

A?i3 = A?q + 2i\..u^ + AjUi. 

By addition, since u.j + Su.j — u^, we have 

?<4 = + 3A?q + SAoM, + Aj?q. 

So far as we have proceeded, tlie numerical coefficients follow 
the same law as those of the Binomial theorem. We shall now | 
prove by induction that this will always be the case. For sup- 
j)Ose that 

1 ^ 

+ l '^^A74 j H — — A^W^ + . . . -r ’*{7,.A,.7ij + ...... + A„7<i 

i , ^ 

then by using the second to the (n-h 2)"* series in the place of the 
first to tlie (n -t- I)'"' series, we have 

A7q,4i=: Aw^ + ?iA._.?/, ^ A3?<, + ... + ”(7r-iAr«i + ... + A„.,iWi- 

By addition, since 7<„ + i + Am„^j = we obtain 
W „^2 = 'Wi 4- (n + 1) A?q 4- ... + ("Or+”Or_i) A,.?q 4- ... 4- 


But ’'Cr + "C ,_1 = + l) X "C,_, = X »c,_. 

_ (h + 1) ... (u+ 1 - r+ 1) ^ 

1.2.3... (r- l)r 

Hence if the law of formation holds for it also liolds for 
but it is true in the case of therefore it liolds for and 
therefore universally. Hence 

(/i — 1) (h — 2) 

u,^ = + (?i — 1) Awj 4- ~ i~\) — + . • . + 

30G. To lind the sum of u terms of the series 

Wl, H.tj t/j, 

in terms of the differences of u^. 

Suppose the series u^, is the first order of differences 

of the series 

^’l y '^■2 ) ) ^'4 J ■ • • J 

then ( 2 ?„+i - u.) + {t\ - + ... + {vo- v^) + identically ; 

'*'*«+! = + ^il-l + + ^^1 + '^1- 

Hence in the series 

0 , V^y V.jy V^y 



Auj, Ai4o, Awg 

the law of formation is the same as in the preceding article; 

* n (n~ \) 

«'•,.+! = 0 + im, + — y~Y^ + • • • + ; 

« 

that is, ?tj 4- + W 3 4- ... 4 - u,^ 

n{n—\)^ n(n—l)(7i — '2) 

= 7lWi 4- — Aw 4- ^ XaIi 4- ... 4- A,,Wi. 

' J \o 

The formulie of this and the preceding article may be ex- 
pressed in a slightly different form, as follows ; if a is the first 
term of a given series, d^y d.,, d.^,... the first terms of the suc- 
cessive orders of differences, the w’** term of the given series is 
obtained from the formula 

/ i\ ; (h- 1) (w- 2) ( 71 - 3) , 

'd^+^ ^ 
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and the sum of n terms is 




j — j n (n — \) (n 2) (71 — 3) 

(/j H ^ I - 


i cL + 


d«+ ...I 


Example. Find tlie general term and the sum of n terms of the series / 

12, 40, 90, 1G8, 280, 432, 

Tlie successive orders of difiference are 

28, 50, 78, 112, 152, 

22, 28, 34, 40, 

G, G, G, 

0 , 0 ,... 

22(a-l)(»-2) G(a-l){;i-2}(H-3) 

Hence the term = 12 + 28 (« - 1) H + — 7„ 

11 

= /i^ + 5/(^ + G//. 

Tlie sum of n terms may now be found by writing down the value of 
+ 5— «- + Or we may use the formula of the luesent article and 

, . . 287i{K-l) , 22u(»-l)(n-2) . 6«fu-l)(«-2)(«-3) 

Dlitftin -- ~ ^ Tu 1 “3 

l_ ll ll 

= ^?^(3n2 + 2Gn + G9n + 4G), 




397. It will be seen that this method of summation will only 
succeed when the series is such tliat in forming tlie orders of 
diflerences we eventually come to a series in wliich all tiie terms 
are equal. Tliis will always be the case if tlie 7 a^'* term of the 
series is a rational integral function of ?i. 

For simplicity we will consider a function of three dimensions; 
the metliod of juoof, however, is perfectly general. 

Let the series be 


+ 77^ -f- 


+ u + u 


$t + 1 


ti -KS 




wl 


lere 


1C = + JjH^ + Cn + Di 


i 


and let v . v; . z denote the term of the first, second, third 

ft' n ’ 

orders of differences; 
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-I 




■It' 


30' 


,ini 


then -~u^ = A (37i* + 3 ti+ l) + i? ( 2 n + 1 ) + C i 

that is, + ( 3 ^ + 2 B) n 4 - A + 7 / 4 - (7 j 

Similarly +1)4- 3-1 + 27 > 

Thus the terms in the third order of diHerences are equal ; 
and generally, if the term of the given series is of p dimensions, 
the terms in the 7/^ order of difierences will be equal. 

Conversely, if the terms in the 7/^ order of differences are 
equal, the term of the series is a rational integral function of 
OL of 77 dimensions. 

Kxample, Find the 71 **^ term of the series - 1. - S, 3, 23, G3, 12lt, 

The successive orders of differences are 

-2, G, 20, 40, 6G, 

8, 14. 20, 26, 

C, 6. 6, 

Thus the terms in the third order of differences are equal; hence we may 
assume + Bn 4 - Cn~ 4- 

where A, 2>, C, I) liave to be determined. 

Putting 1, 2, 3, 4 for n in succession, we have four simultaneous 
eciuations, from which w'e obtain .4=3, B = -Sy C = -2, 7> = 1; 

hence the general term of the series is 3 - 3u — 2»^ + n^. 

308 . Jf a is a rational integral function oj p dtnifusions 
in 11, the series 

‘ «„ + o.£C + ax' + ... + tf a” 

, 0 I 3 II 

is a recurring sc'rieSy whose scale of relation is (1 — 

Let S denote the sum of the series; then 
.S’(l - a:) = a„ + (aj-«J.'r+ («^ - a,)a;' + ... + (a ^ J .r" - ax‘'"' 

— 4- b,x + bx' + ... + 6 a;" — a x" ^ say: 

0 1 3 H n ^ d > 

here b — a — a , , so that b.. is of « — 1 dimensions in 9t. 
Multiplying this last series by 1 — a’, we have 

= a„+(ij-ftJx + (6^-6,)x" + .,. + (i„-Z>„_j)x''-(«^ + 6J.c"'"'+«/t*’'*' 
= tty + (6j - a^)x + c„x' + CgX'" + . . . + c,X - (« , + ‘ ^ say ; 

here c„ = , sc that is of 7; — 2 dimensions in n. 
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Hence it follows that after the successive multiplications by 
1 -.r, the coefficients of x" in the first, second, third, ... products 
are general terms in the first, second, third, ... orders of differences 


of tlie coefficients. 






By liypothesis is a rational integral function of n of 
dimensions; therefore after p multiplications by 1— a: we slial/ft 
ai rive at a series the terms of wJiicli, with the exception of p 
terms at tlie beginning, and p terms at the end of the series, form 
a geometrical progression, eacli of whose coefficients is the same. 

[Art. 397.1 


Thus 


,V ( 1 - Xf = k {jf + ‘ 4- . . . + x") + / {x)y 

wiiere k is a constant, and / {x) stands for the ]} terms at 
the b(‘ginning and p terms at the end of the product. 




that is 


(i-xY 


V 




thus the series is a recurrinjr series whose scale of i‘elation is 


(1 - [Art. 325.] 


If the general term is not given, the dimensions of re. are 
readily found by the method explained in Art. 397. 


n 


Kxample. Find the generating function of the scries 

3 + 5x + 0.r- + 1 5.r^ + 23.r-» + 33.1-5 + 


Forming the successive orders of differences of the coefficients, we liave 
tlic series 



2, 4, (J, 8, 10, 

2 , 2 , 2 , 2 , ; 

thus the terms in the second order of differences are equal ; hence a,^ is a 
rational integial function of n of two dimensions; and therefore the scale 
of relation is (1 - .r) t We have 

S = S + 5x+ + 15^5 + 23.r^ + SS.r® + 

- ‘dxS = - 0.C - 15^2 - 27.t3 - 4‘ox* - GOx^ - 

3x^5 = 9x2 + 15J-3 + 27x* + 45x5 + 

— x^S = — 3x^ — 5x-* — 9x5 _ 

By addition, {1 - .r)2 5 = 3 - 4.c4-3x2; 


t 






„ _3 — 4x + 3x2 




399. We have seen in Chap. xxiv. tliat tlie generating 
function of a recurring series is a rational fraction whose clenoiui- 
nator is the scale of relation. Suppose that tliis denominator can 

be resolved into the factors (1 — aa;)(l — Z)x)(l — cx) ; then the 

venerating function can he separated into partial fractions of tl»e 


fo 


A 


B 


C 


rm 


+ 


1 — ax 1 — h.c 1 — cx 


+ 


Each of these fractions can be expanded by the Binomial J lieorem 
in the form of a geometrical series; Iience in tins case the re- 
curring series can be expressed as the sum of a number of 
"eometrical series. 

If however the scale of relation conbiins any factor 1 — ax 
moie than once, corresponding to this repeated factor tliere will be 

A A. 


partial fractions of the form 


. — - ; which 

(I — oxY (1 ~ 

when expanded by the Binomial Theorem do not form geometi'ical 
series; hence in tliis case the recurring series cannot be expressed 
as the sum of a number of geometrical series. 


400. TJie successive orders of differences of tlie geometrical 
j)rogression 


rt, aVy ar'y art, ar', 


are 


a(?*— 1), a(?*—l)r, a(r'-l)rt, «(?•— l)rt, 
a(>* — 1)", a(r— 1)V, a(?*— 


whicli are tliemselves geometrical progressions having the same 
common ratio r as tlie original series. 

401. Let us consider the series in wdiich 

= ar-' + ^ (n), 

where ^(><) is a rational integral function of of p dimensions, 
and from this series let us form the successive orders of ditierences. 
Each term in any of these orders is the sum of two parts, one 
arising from terms of the form a?*"”*, and the other from terms of 
the form ^{n) in the original series. Now since <i>{n) is of p 
dimensions, the part arising from <^(a) will be zero in the (;? + 1)^^ 
and succeeding orders of dilferences, and therefore these series 
will be geometrical progressions w'liose common ratio is r, 

[Art. 400.] 
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Hence if the first few terms of a series are given, and if the 
p order of differences of these terms form a geometrical pro- 
gression wliose common ratio is r, then we may assume that the 
general term of tlie given series is ar'"* +/(n), where /(n) is a 
rational integral function of 7i of p — \ dimensions. 


Example, Find the term of the series 

10, 23, GO, 169, 494, 

The successive orders of differences are 

13, 37, 109, 335, 

24, 72, 216, 

Tims the second order of differences is a geometrical progression in which 
the common ratio is 3; lienee we may assume for the general term 

7/„ = a . 3'*-i + 5H + e. 

To determine the constants o, 6, c, make n equal to 1, 2, 3 successively; 
then a + h-hc = 10, 3a + 26 + c = 23, 9a + 35 + c = 60; 

'vhence a = 6, 5=1, c = 3. 

Tluis = 6 . 3'*-i + « -t- 3 = 2 . 3’* + a + 3. 


402. In each of the examples on recuri’ing series that we 
liave just given, on forming the successive orders of differences 
ve have obtained a series the law of whicli is obvious on inspec- 
tion, and we have thus been enabled to find a general expression 
for the term of the original series. 


If, liowever, the recurring series is equal to the sum of a 
number of geometrical progressions whose common ratios are 
o, b, c, . its general term is of the form Ha'*'* + 7^5"-* + 
and therefore the general teiin in the successive orders of 
diflerences is of the same form ; that is, all the orders of differ- 
ences follow the same law as the original series. In this case to 
find the general term of the series we must have recourse to the 
more general method explained in Cliap. xxiv. But when the 
coefficients are large the scale of relation is not found without 
considerable arithmetical labour ; hence it is generally worth 
v hile to write down a few of tlie orders of differences to see 

whether we sliall arrive at a series the law of whose terms is 
evident. 


403. We add some examples in further illustration of the 
preceding principles. 
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Example 1. Find the sum of w terms of the eeries 

6 1.7 1.9 1 . 11 1 . 

2« + 3 1 

""“ji {n + 1) * 3"* 

2n +3 _A 11 
n {n + 1) ~ « 71 + 1 * 


Here 

Assuming 


we find 
Hence 

and therefore 



^ = 3, /)=-!. 

1 \ 1 _1 1 1 1 
n + 1 j 3'^ 71 ‘ 3"-^ 71 + 1 ’ 3*'* 



1 _ 1 
7na * 3^* 




Example 2. . Find the sum of n terms of the series 

15 5 7 

3 3 . 7 “** 3 . 7 . U 3 . 7 . 11 . 15 ’ 


The 7i‘*' term is 


2n-l 


Assume 


3.7.11 (In -5) (In-l)’ 

2n-l ^(n4-l)4-iJ 


A it -hB 


3.7 (4n - 5) (4n - 1) 3.7 4n - 1 

2n - 1 =^n + +2 j’) - (^n + 2?) (4rt 


3.7 (in-5) 


-1). 


On equating coefficients we have three equations involving the two 
unknowns A and and our assumption will he correct if values of A and B 
can be found to satisfy all three. 

Equating coefficients of 7t^, w’e obtain yf =0. 

Equating the absolute terms, -1 = 2C; that is = and it will be 
found that these values of A and Ji satisfy the third equation. 


u.. = x . - — 


'‘“2*3.7 (in - 5) 2*3.7 (In - 5) (4n - 1) ’ 


hence 


5 _1_1 _ 

”“2 2 *3.7.11 (ln-1)' 


Example 3. Sum to n terms the series 

6 . 9 + 12 . 21 +20 . 37 +30 . 57 +42 . 81 + 

^ , By the method of Art. 396, or that of Art. 397, we find that the Tith teiin 

of tlie series 6, 12, 20, 30, 42, is 7i^ + 3n + 2, 

and the Titb term of the series 

9, 21, 37, 57, 81, 


is + 6n + 1. 
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Hence «n = (n + I)(n +2){2«(n + 3) + 1} 

= 2n{n + l){n + 2){n + S) + {n + l){n+2) ; 

2 1 
= 5 «C« + I)(«+2)(?i + 3)(n + 4)+-(/t + l)(rt + 2)(?i + 3)-2. 

Example 4. Find the sum of n terms of the series 

2 . 2 + 6 . 4 + 12 . 8+20 . 16 + 30 . 32 + 

In the series 2, 6, 12, 20, 30, the «th term is 7 i^ + n; 

hence «„ = (n2 + w)2« 

Assume («" + «)2" = (A/t^ + 7?rt +C)2« - {A (« - 1)2 + 7?(;i - 1) +C} 2”"^ ; 
dividing out by 2”“* and cqtiating coefficient of like powers of 7 (, we have 

2^..1, 2=2.4 +^, 0 = C-A+B: 

" hence .1=2, B= - 2, C = 4. 

w„ = (2«2_2a + 4)2"-{2{n-l)2-2(ft-l)+4]2"-^ ; 

and *9„ = (2/i2_2/i + 4)2« -4 = (a2_,i + 2)2"+i -4, 

EXAMPLES. XXIX. b. 

Find the term and the sum of 7i terms of the series : 

1. 4, 14. 30, 52, 80, 114, 

2. 8, 26, 54. 92, 140, 198, 

3. 2, 12, 36, 80, 150, 252, 

4. 8, 16, 0, -64, -200, -432, 

5. 30, 144, 420, 960, 1890, 3360, 

Find the generating functions of the series : 


6. 

1 

+ 2x + 

7a:2 

+ \3x= + 2lx* + 31x^ + . 

7. 

1 

+ 2j: + 

9a:2 

+ 20x’ + 35x1 + 54^6 

8. 

2 

F5a: + 

1 0x2 + 1 7x’ + 20^4 + 37x= + 

9. 

1 

- 3a: + 

5a:2 

- 7x^ + 9x* - 1 la:^ + . . . . 

10. 

1 

* + 2^x 

+ 3^ 

a;2 + 4^x2 + 5^a:\+ 


Find the sum of the infinite series : 


11. 

1.2 2.3 

-1- 

3.4 4.5 

4 - 4 - -U 



3 3 ^ 

+ 33 1 34 +•■ 

» # • 

12. 

,, 22 32 

42 52 (i2 


"5 

g 3 54 55 

* » • « 
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Find the general term and the sxiin of n terms of the series 

13. 9, 16, 29, 54, 103, 

U. -3, -1, 11, 39, 89, 167, 


15. 2, 5, 12, 31, 86, 


16. 1, 0, 1, 8, 29, 80, 193, 

17. 4, 13, 35, 94, 262, 755 


Find the sum of n terms of the series : 

18. 1 4- 2.r 4- 3a.'2 4- 4.1-'^ 4- 5.i.*‘ + 

19. 1 4- 3.1* + 6 . 1-2 + + l5.r* -f 


3 1 4 15 1 , 6 1 

^ 2*2 2 ^ * 2^ 3 ^ ^ 

12 92 42 

21 . . 4 + . 4 - -(■ - — Z ■ 4 '* + ^ . 4 + . 


2.3 


3. 4 


4 . 5 


22. 3 . 44 - 8 . 114-15.20 + 24.31 -i-35.44 + 

23. 1. 3 + 4. 7 + 9. 13 + 16. 21 +25. 31 + ... 


24. I .5 + 2. 15 + 3. 31+4. 53 + 5.81 + 


1 _ 2 3 ^ _4 ^ 

1 . 3 1 . 3 ."5 1 T 375 ” 7 1 . 3 . 5. 7 . 9 


1.2 2 . 22 3 . 2 » 4 . 2 ^^ 

13 + If ^15 


27. 2. 2 + 4. 4 + 7 .8 + 11.16 + 16.32 + 


28, 1 .3 + 3.32 + 5 . 3^ + 7. 3^ + 9. 3' + 


29. 


1 . 3 


+ 


. 4- 


1.3.5 


2-3 

"ft + + r? « 


30. 


31. 


2.4 2.4.6 2. 4.6.8 2.4. 6.8. 10 


^ + A.2+.— .22+'.^A .2^ + 


+ 


1.2 2.3 


3.4 


5 


+ — 


+ 


4.5 
6 


1 . 2 . 3 ■ 3 2 . 3^. 4 * 32 3 . 4 . 5 * 32 


A 

~ K * h:i 4" 


«« 1 5 11 19 


33. 


19 


. + 


28 


1 

. •::: + 


39 


1 


: 4- 


52 


1.2.3*4 2.3.4’8 3.4.5‘16 4.5.6*32 


+ 
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404. There are many series the summation of which can be 
brought under no general rule. In some cases a skilful modifi- 
cation of the foregoing methods may be necessary ; in others it 
will be found that the summation depends on the properties of 
certain known expansions, such as those obtained by the Binomial, 
Logarithmic, and Exponential Theorems. 

Example. 1. Find the sum of the infinite series 

2 12 2S oO 78 

+ + + 


1 


n 



'/t 


r 


3 


The term of the series 2, 12, 28, 50. 78 is 3?i^ + n-2; hence 

•in^ + /i-2 3n{n - \) + 471 -2 

U ^ j 

4 2 

L"’ 

Put n cfiiial to I, 2, 3, 4, ... in succession ; then wo have 

! M., = - 

j |2 [3 


+ 


n - 2 71 - I 


i o ** 2 3 4 2 


and so on. 

Whence *^35 =3e 4- 4e - 2(e - 1 ) = 5€ + 2. 


hxa7nphi 2. If (1 + j-)” =rQ + rjX + C2X^ + ... + find the value of 

IV, + 2V2 H 3 V3 + . . . + nV„. 

As in Art. 308 we may easily shew that 

1 - -f 22.r 4- + 4 V-3 4- . . . + 4- . . . = . 

(1 

.\l.so 4'r„_,j:4- 4-roX" = (l +x)”. 

Multiply togctljer these two results ; then the given series is equal to 

n-i f* 


the coefficient of .c"-i in • . , that is, in 


The only terms containing x” * in this expansion arise from 
the given series — — ^ ^ ^ ^ 2"+* - n (a 4- 1)2" + V 2”-* 


MISCELLANEOUS METHODS OF SUMMATION. 
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Example 3. If t=:a + l, and n is a positive integer, find the value of 

By the Binomial Theorem, we see that 

(n-31(n-2) (n - 5) (« - 4) (a - 3) 

1. «-l, 12 ' ^ ' 

are the coefficients of d:", in the expansions of (1 -x)"', 

(1- x )-3, (l-x)-S respectively. Hence the sum required is 

equal to the coefficient of x’‘ in the expansion of the series 


ox 


2 


2^4 


+ 


a-x 


aV 


l-hx (i-6x)3 (1-i^x) 


4 + 


and although the given expression consists only of a finite number of terms, 
this series may be considered to extend to infinity. 


. 1 /, u.r^ \ 1 

But the sum of the Benes= ~ -^ ( 1 -r YZ i^ij ~ iT-bx 


+ ax- 


— - , , since !> = «+!. 

1 - (a + 1) x + ux* 


Hence the given series = coefficient of .r’‘ in 


1 / a 1 \ 

= coofficieut of x’^ in - , I . - - ^ ) 

a - 1 \1 - ax 1-xJ 


a 


n+i _ X 


tt-I * 


Example 4. If the series 


x^ X® 

^ + 13+ !(; + 


X* X' 

’ I?''' 


x" x’ 

’ 12 15"^ 


are denoted by a, b, c respectively, shew that a^ + b^ + c^-'Aabc~l. 
If u) is an imaginary cube root of unity, 

q. (j-'J — 3abc = (a + + c) (rt + oib q- w"c') (<t + + wc). 


Now 


.r* X* 


and 


., + & + c = l +x + ^ + '1^ + 15 + 15 + 




a + ujb + w-c = 1 + wx + - — 1 . jj- 


w-x- w^X-”* wff* Oi^X^ 

.r + — + -r^ + 


3 ■ |4 


= e 


u)X 


w-x 


X 44>X (l+w + <u*)x 


a + uj-b + wc = e 

+ h^ + — fiahc = . e =e 

= 1, Fince 1 + io + or = 0. 


similarly 
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405. To find the sum of the powers of the first n natural 
numbers. 


Let the sum be denoted by *S'^; tlieu 


.S =r+2'• + 3^ + ... + n^ 


Assume that 




(n 


wliere A^, A^, ... are quantities whose values liave to be 

determined. 


A\ rite 7i + 1 in the place of 7i and subtract; thus 

(« -I- l)' = ^„ {(n+ ly + {(n+ 

+ .l,{(ri+ ir'-»t’-‘} + yl^{(w+l)'-=-,r-’}+ ... +A^. 


•(2) 


Expand (n + 1)'^', (»t + I)', (71+ 1)’'“', ... and equate the co- 
elhcients of like powers of 71 . By equating the coefficients of 7 i', 
we have 


1 


1 = A^ {r +1), so that A^ = — ^ . 


Jly equating the coefficients of 7i.' we liave 


A (r + \ ) r . , 1 

’* - + A^r; wlience A^ = -. 


liquate the coefficients of 7i' substitute for and A , and 
multiply both sides of the equation by 




we thus obtain 


?* (r — 1) {r-2) ... {r - 2 J+ 1) ’ 


1 = 


P 


L + Ua/-^ Ajff) + i ^ ...(3). 

+ 1 2 ^ 1) ^ rf?*— IW?* — 2) ' ' 


(r- 1) (r-2) 


In (1) write 7i — [ in the place of 7i and subtract; tlius 
7i^=A^{n'^^-{n~iy^^}+A^ {n”- («- 1)^} + ^!^ _ (n - + ... 

Equate the coefficients of and substitute for A y A^j thus 




0= -A - \ A A ^ A , A /4) 

p + l 2 “r ^r(r-V ^r(r-l)(r-2) 


• • • » 


MISCELLANEOUS METHODS OF SUMMATION 
From ( 3 ) and. ("t)) addition and subtraction, 

1 _ J_ + a + 
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1 


r - r(j-- 1 ) (r-- 2 ) 


(S) 


0 = A (p^2) (p^_3) ^ 

r (?• - 1 ) * ?’ (r - 


(r-l)(r-2) (r-3) 


(6). 


By ascribing to j) in succession the values 2, 4, 6 , 
from ( 6 ) that each of the coefficients ^ 3 , A,,. 

to zero; and from (5) we obtain 

. 1 r . 1 r (r — 1 ) (r — 2 ) 

^^““30' 14 ’ 


we see 
is equal 


, 1 r(r-l)(r-2)(r-3)(/'-4). 

«“42' 16 


By equating the absolute terms in (2), we obtain 

1 =A„ + A^ + A^ + A^+ +Ap, 

and by putting n— \ in equation ( 1 ), we have 

+ 4- 


1 — A A , + A ^ A ^ 

0 12 3 


r + l > 


thus 


^ 1 ,.. = 0- 


406. The result of the preceding article is most conveniently 
expressed by the formula, 


1 


'• r + 1 2 ‘2 


r{r-\)( r^2 ) 


+ B 


r(r-l){r- 2) (r - 3) (r - 4) 


6 


- n 


j 


where B^ — J-, B^ — B^ — /?_ — B^ — . . . 

Tlie quantities B^, B^y • •• ^-re known as Bei'^ioulli' s Numbers; 
for examples of their application to the summation of other series 
the advanced student may consult Boole’s Finite Differences. 

Example. Find the value of 1® 4 - 2® + 3* + + n®. 


y^Q have 


11 '* _ o _ 5 . 4 . 3 






n= + C, 


71 ® 7 l' 


571^ 


n- 


- 6 2 12 12 ’ 


the constant being zero. 
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EXAMPLES. XXIX. c. 


Find the sum of the following series : 


.3 


- x-^ or X* 

1. IT + 77 + + 

li 1-5 • ' 


2 . r^ + 


X" 


X 


+ — : + 


1.2 2.3 3.4 


x^ X 


Si 


3. •^• + — +,jj + 




. 1 |2 |3 

4 1 L— 4. L 

li' 1^+1 ^ |?' + 2 ^ 


5. 1 + *2.c -\- 


22-1 .f2 a 3 _l .^.3 42^1 ^4 


|2 • 1 


U ■ 2 [4 ’s'*" 


6 . 


P*^ t ^ Q »''~2 q 2 o 3 

H l^’^l ' 1 | r-3 * j_3 to r + 1 terms. 


7 ^( 1 +^) 

1 + iix 


n{n - 1) 1+2^* 

:2 


+ 


7i(w-l)(?i-2) l+a.r 


L? 


’ ( 1 + rix)'-^ 


to n terms. 


ft 1 2 ?i+l _ / 2 «+lY 2 

^ Ur- ij ^ 


, ?i 2 ^ (,,2 _ 12 ) (,^2 _ 12 ) ^,^2 _ £ 2 ) 

^ ” 12 “• i“i ■ >2 “ Vi "02 02 h to ?i + 1 terms. 


12 . 2 


12 . 22.32 


10 , 


1 _L 02 1 4- 93 

(1 + 2) log, 2 + ^^^ (log,2)2 + -^- (log.2)3+ 


11 


1 


1 


o“ 7 ~r + 


1 


1.2.3 3.4.5 ' 5.6.7 


+ 


in 2 . 3 6 11 18 

jl+H +j 3 + (4 +i 5 + 


2.^2 x^ . 7 x* 23 x^ 121 x^ 


1'^"^ li 15 ■*■ 






14. Without assuming the formula, find the sum of the series: 
(1) l« + 2«+3« + + 720 (2) 17 + 2^ + 35' + 


SUMMATION OF SERIES. 


839 


33 43 53 

15. Find the sum of + 2^ + To + 7:5 + -7 + 

If d li 


.r 


n 


16. Shew that the coefficient of .r** in the expansion of _ 

1 + fi" ^ C + (;2 + ^ 

3 1 5 [7 


IS 


c.c 


\ 


17. 1 f n is a positive integer, hiul the value of 


2 -‘-(a- l) 2'^-2 + 


( /i-2)(a-.3) _ ( a-3)(n-4)(a-o ) 

12 - |3 


and if n is a multiple of 3, shew that 

!-(«-!)+ 2 Qj + 


18. If 7i is a positive integer greater than 3, shew that 

’!(!? -J ) („ - 2)3 + n{n-\){n-^){n - ?,) ^ _ 

12' 14 ^ 

= ?i2(,i + 3)2»- \ 


vr4- 


19. Find the sum of a terms of the series : 

1 2 . 3 _ 

I'+’l-'-Tl-* l + 2=^-f2l 1 + 32 + 3^^ 

5 3 0 7 13 11 17 

1 T 2 2. 3 '*"3. 4 4.5'^5.6 G.'7'^7.8 


20. Sum to infinity the series whose a‘'' term is ^ ^ (a ~ +" * 

21. If (1 4-A‘)" = Co + Ci.rH-c.yi:24,(.^_;(;34 _ + Ch-^”, n being a positive 

integer, find the value of 

(n— l)%i4-(?i — 3)-C3 + (a — 5)^3 + 

22. Find the sum of n terms of the series : 

2 4 8 16 32 

1.5 17.3l'^31.65 

7 17 31 49 71 

r72r3 “2“7374"‘"3.475 4. 5 . 6 p . 6 . 7 

23. Prove that, if a < 1 , ( 1 + a.r) ( 1 + a^x) ( 1 + a^x) 

ax a a®.r^ 

" ^ r- a2 (1 - a3) ( r^) (1 - a3)‘(l * 
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24. If ^1^ is the coefficient of :v^ in the expansion of 




22 



.V 


A 2 




prove that J,= + and ^ . 

ci 1 0 

25. If H is a multiple of G, shew that each of the series 
(n~l) (n-2 ) ^ n(7i--[)(7i-2)(n~3)( n-4) 

li ' li 

n(n- l){n-2) I ^ n(7i~l)(7i-2 ) (n- 3)(n-4) 1 


. 32- 


3 


is eciiial to zero. 


15 
1 


32 


26. If 71 is a positive integer, shew that 

(P + <jy'-(»-l)pq(p + q)’'--+ - 3 ) (p + ,j)n-4_ 

, . + 1 _ rt” + 1 

IS equal to ^ ^ — . 

27 -q 

27. If l\-={7i - r)(>i - ?• + 1 )(h - ?• + 2) (« - r+jo - 1), 

(?, = r(r+l)(r + 2) (,- + j-]), 

‘ihew that 

|g \”zA+p+q 


l\Qi + I\Q., + /'3ft + + = 


|;> + 7+l »-2 


28. If n is a multiple of 3, shew that 

^_k- 3 ^ (»-4)(«-r)) (?i-5)(n-G)r7i-7) 

'' (3 


[i 


+ 


_ ly-i ( 3i-r-l)(?t-r-2)...(?t-2y+l ) 

ir 


+ (-l) 


,.31 

IS equal to - or , according as n is odd or even. 


29. If .r is a proper fraction, shew that 


X 




+ 


x 


l-.r2 


__ .r x^ a*® 

“ 1 +^2 1 +7^ 1 +^10 


CHAPTER XXX. 


Theory of Numbers. 


407. In this chapter we slinll use the \vorcl ruiinb^r as equi- 
valent in meaning to 2 ^ositive integer. 

A number ^vhich is not exactly divisible by any number 
except itself and unity is called a ^n'inxe number ^ or a prime; a 
number which is divisible by other numbers besides itself and 
unity is called a composite number \ thus 53 is a prime number, 
and 35 is a composite number. Two numbers whicli have no 
common factor except unity are said to be prime to each other \ 
thus 24 is prime to 77. 

408. We shall make frequent use of the following elementary 
pi'opositions, some of which arise so naturally out of the definition 
of a prime that they may be regarded as axioms. 

(i) If a number a divides a product be and is prime to one 
factor 6, it must divide the other factor c. 

For since a divides 5c, every factor of a is found in bc\ but 
since a is prime to 5, no factor of a is found in b ; therefore all 
the factors of a are found in c \ that is, a divides c. 

(ii) If a prime number a divides a product bcd...^ it must 
divide one of the factors of tliat product ; and therefore if a 
prime number a divides 5", wliere n is any positive integer, it 
must div'ide b. 

(iii) If a is prime to each of the numbei-s b and c, it is prim& 
to the product be. For no factor of a can divide 5 or c ; there- 
fore the product be is not divisible by any factor of a, that is, a 
is prime to be. Conversely if a is prime to 5c, it is prime to each 
of the numbers 5 and c. 

Also if a is prime to each of the numbers 5, c, <7, it is 
prime to the product bed... ; and conversely if a is prime to any 
number, it is prime to every factor of that number. 
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1 


(iv; If « and d are prime to eacli other, every positive 

prime to every positive integral power of If, 
I his follows at once from (iii). 


(y) If a is prime to d, tlie fractions ~ and ~ aie in tlieir a 

b o"* ^ 

lowest tei ins, n and vi being any positive integers. Also if - and ^ 

b 


arc any two equal fractions, and is in its loM^est terms, then 
c and (I must be equimultiples of a and h respectively. 


4U'J. The 7iumber of primes is infinite. 


For if nob let p be the greatest prime numlier; then the 
jtroduct 2. 3.5. i . ll...p, in wJiich oacli factor is a prime num- 
bei, is divisilde l»y each of tlie factors 2, 3, 5, and therefore 
the number formed by adding unity to tlieir product is not 
divisible by any of these factors; hence it is cither a prime 
number itself or is divisible by some prime number greater than 
]f : in either case p is not the greatest prime number, and there- 
fore tlie numVier of primes is not limited. 




4lU. Ao rationnl algebraical fiormula can rejn'esent 
'numbers only. 

If possible, let the formula a + -j- -f . . . represent 

ju’ime numbers only, and sujqiose that when a*=?/i the value of 
the exjiression is so that 

jf = a + hm + cm- + dm^ + ; 

- m -r the expression becomes 

a + b [m + 7ip) + c (in -f- n^yy + d (m -f -h , 
a + hm + cm^ + dm^ -f- . . . + a multiple of ^>, 

]) -I- a multiple of ^7, 


wlicn ./ 


that iM, 
or 


thus tlie expiession is divisible by and is therefore not a prime 
number. 


411 . .1 yaunber cayi be 7’esolved into ^n'ime factoi'S in only one 


tray 


■ 


Let X denote the number; suppose N~abcd..., where 
«, b 0 , (7, ... are prime numbers. Suppose also that X — aPyb..., 
where a, y, 3, ... are other pidme numbers. Then 

abed . . . = apyb . . . ; 


I 


hence a must divide ahcd.., ; but each of the factors of this pro- 
duct is a prime, therefore a must divide one of them, « suppose. 
But a and a are both prime ; therefore a must be equal to a. 
Hence 6cd...=^yS...; and as before, /3 must be equal to one of the 
factors of bed... ; and so on. Hence the factors in afSyS... are 
equal to those in abed..., and therefore iV" can only be resolved 
into prime factors in one way. 

412. To find the nnnxhtT of divisors of a comjyosite iiuinber. 

Let X denote the number, and suppose A’'=a^6V..., where 
b, c, ... are different prime numbers and p, q, r, ... are positive 
integers. Then it is clear that each term of the product 

(1 ft 4- rt" + ... + (1 + b + + ... + 6') ( 1 -I- c 4- c* -t- ... + d)... 

is a divisor of the given number, and that no other number is a 
divisor ; hence the number of divisors is the number of terms in 
tlie product, that is, 

(p+l)(r/+l)(r-f 1) 

This includes as divisors, both unity and the number itself. 

413. To find the number of ways in vddeh a cojnposite number 
can be resolved into two factors. 

Let X denote the number, and suppose X = a^b’’d ...y where 
rt, by c... are difierent prime numbers and p, qy ?*... are positive 
integers. Then each term of the product 

^ 1 4- -I- (d 4- ... 4- (1 4-64" 6^ 4- ... 4- b^^ (l4-C4-tJ^4-... 4-cL-- 

is a divisor of X \ but there are two divisors corresponding to 
each way in which X can be resolved into two factors; hence the 
required number is 

i(/.+ l )(7 + l)(r4-l) 

This supposes not a perfect square, so that one at least of the 
quantities qy ?*, ... is an odd number. 

If X is a perfect square, one way of resolution into factors 
is JX X JXy and to this way there corresponds only one diHsor 
JX. If we exclude this, the number of ways of resolution is 

1) (<7 + 1)4 + 1) - l}. 

and to this we must add the one way JX x JX thus we obtain 
for the required number 
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414. To find the number of toays hi which a composite 
number can he resolved into two factors which are prime to each 
other. 

As before, let tiie number X ~ Of the two factors 

one must contain for otherwise there would be some power of 
a in one factor and some power of a in the other factor, and thus 
the two factors would not be prime to each other. Similarly 
must occur in one of the factors only ; and so on. Hence the 

requiied number is equal to the number of ways in whicli tlie 
product ahc... can be resolved into two factors; that is, tlie 

number of ways is ^(1 + 1) (1 + 1)(1 + 1)... or 2""’, where rt is 

A 

tlie number of different prime factors in A. 

415. To find the sum of the divisors of a number. 

Let the number be denoted by a''b'^c'...y as before. Then each 
tei in of the product 

(1 + rt + a* -t- ... +«'')(! +b + U- -¥ ... -k-b') (1 + c + + ... 

is a divisor, and therefore the sum of tlie divisors is equal to this 
product ; that is, 

,, . , 1 b‘^'-\ c^-^‘-l 

tlie sum refiuired = . z — .... 

a— 1 0—1 c—l 


Kxample 1. Consider the number 21G00. 

Since 21600 = 0-* , 102 = 2'* . 3L 2^ . 52=2* . 33 . 

the number of divisors = (5 + 1) (3 + 1) (2 + 1) = 72 ; 
2« - 1 3-* - 1 53 - 1 


the sum of the divisors = 


2-1 *3-1 ‘5-1 


= 63x40x31 
= 78120. 

Also 21600 can be resolved into two factors prime to each other in 23"*, 
or 4 ways. 


Example 2. If n is odd shew that ii («2— 1) is divisible by 24. 

We have n — l) = 7i (n — 1) (a + 1). 

Since n is odd, n - 1 and « + 1 are two consecutive even numbers; bcuce 
one of them is divisible by 2 and the other by 4. 

Again n - 1, a, n + 1 are three consecutive numbers; hence one of them 
is divisible by 3. Thus the given expression is divisible by the product of 2, 
3, and 4, that is, by 24. 




ExampU 3. Find the highest power of 3 which is contained in |100. 

Of the first 100 integers, as many are divisible by 3 as the number of 
times that 3 is contained in 100, that is, 33; and the integers are 3, 0,0,... 09. 
Of these, some contain the factor 3 again, namely 0, 18, 27,.. .90, and their 
number is the quotient of 100 divided by 0. Some again of these last 
integers contain the factor 3 a third time, namely 27, 54, 81, the number of 
them being the quotient of 100 by 27. One number only, 81, contains the 
factor 3 four times. 

Hence the highest power required = 33 + 11 + 3+ 1 = 48. 

This example is a particular case of the theorem investigated in the next 
article. 


41 G. To find the highest poiver of a prime number a u'hich is 
coniai)ted in |n. 

Let the greatest integer contained in respectively 

(I (C (I 

he denoted by / (a*) ’ 

1, 2, 3, ... n. there are I which contain a at least once, namely 

the numbers 2rt, 3a, 4«, ... Similarly there are ^ which 

contain (d at least once, and I wliicli contain at least once; 
and so on. Hence the liighest power of a contained in is 



417. In tlie remainder of this chapter we sliall find it con- 
venient to express a multiple of n by the symbol (yi). 


418, 'To 2 ^^'ove that the jyroduct of r consecutive integers is 
divisible by |r. 

Let stand for the product of r consecutive integers, tlie 
least of wliich is n ; then 

+ 1) (h -f- 2) ... {a + r~ 1 ), 

and -^^, + 1 = + 1) + 2) (vi + 3) ... (a + r); 

■ '• 1 = (« + ’*) Pn = y 

P 

P — P = —Ji X r 

Uf\ n 

= '/• times the product of r — I consecutive integers. 
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Hence if tlie product of r — 1 consecutive integers is divisible by 
1 ^— _ 1 , "Nve have 

= M(lr). 

Now I\ \r, and tlierefore I\ is a multiple of |r; therefore 

also I\, ... are multiples of |r. We have thus proved that if 

tlie product of r- 1 consecutive integers is divisible by |?*- 1 , the 

product of r consecutive integers is divisible by \r ; but the 

product of every two consecutive integers is divisible by | 2 ; 

tlior(‘foi e the lu odiict of every three consecutive integers isdiHsibTe 
by i3 ; and so on genei*ally. 

This pjoposition may also be proved thus: 

JJy means of Art. 410, we can shew that every prime factor 
is contained in \ u + r as often at least as it is contained in n r. 

This we leave as an c.xercise to tlie student. 

419. Jj p is (f. uujiibcry the coefficient oj' every term in 

the expansion f>/‘(a+ b)>‘, excejH the first and last, is divisible by p. 

With the exception of the first and last, every term has a co- 
etlicient of the foi'm 

- 1 ) ... (;>-r+ 1 ) 

\r 

where r may liave any integral value not exceeding j)— 1. Now 

this expression is an integer; also since is prime no factor of \r 

is a divisor of it, and since is greater than ?• it cannot divide 
any factor of ; tliat is, {p 1) {p - 2) ... (p - r -h 1) must be 

divisible by \r. Hence every coelticient except the first and 
the last is divisible by 7 ?. 

420. //’ p is a pyidme number, to p>rove thut 

(;i + b4-c + d + ...)'* = a>’+ b" + c»’+ dP -f ... + ]M(p). 

AA rite ft foi’ b c ... ; then by the preceding article 

Again + c + t/ + y)'* suppose; 

= i'' + y' + 

By proceedin g in this way we may establish tlie I’equired result. 
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4'21. [Feniiat’s Theorem.] If p is a n2(7n0e7- and N is 

prime to p, then K*’"* - 1 is a 7tiuhiple of p, 

AVe have proved that 

((t + h + c-^d+ ..,Y = a^'-^V‘+d' + d''+ + M (;>);' 

\ let each of the quantities a, h, c, t/, ... he equal to unity, and .sup- 
pose they are K in number ; then 

that is, l) = iVO>). 

But iV is prime to ]}, and therefore - 1 is a multiple of 



Cou. Since ;? is prime, — 1 is an even number except ^vhen 


p=2 


Therefore 


+ 1 ) -\) = M 0 >). 


ff \ • 1 

Hence either .iV 2 + 1 or K — 1 is a multiple of 
that is -V 2 - • Kj) 1, ^vhere K is some jmsitivc integer. 


422. It should be noticed that in tlie course of Art. 421 it 
M'as shewn that — A— d/(/?) xoheiher N is px'ime to p or not; 
this result is sometimes more useful tlian Fermat’s theorem. 

Example 1. Shew that if — n is divisible by 42. 
r Since 7 is a prime, if-n = ^L{l)\ 

also if - n — n (;i*^ - 1) = 7t (« + 1) {n - 1) {if -H n- -t- 1). 

Now (a *- 1) n 1) is divisible by |3; hence if ’-n is divisible by G x 7, or 42. 

Example 2. If p is a prime number, shew that the difference of the 
powers of any two numbers exceeds the difference of the numbers by a 
multiple of p. 

Let Xy y he the numbers ; then 

x^ — x = M{ 2 )) and — ]/ = {}>)* 

that is, - y^ - {■‘'c - y) = (p) l 

whence we obtain the required result. 

Example 3. Prove that every square number is of tlie form 5a or on ± 1. 

If N is not prime to 5, we have N- = 5n where 71 is some positive integer. 
If N is prime to 5 then N*— 1 is a multiple of 5 by Fermat’s theorem; thus 
either A^-_ 1 or + 1 is a multiple of 5 j that is, A'- = 5a±l. 
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EXAMPLES. XXX. a. 

1. Find the least multipliers of the numbers 

3675, 4374, 18375, 74088 

respectively, which will make the products 2 ^erfect squares. 

2. Find the least multipliers of the numbers 

7623, 109350, 539539 

resi)ectively, which will make the products i)erfect cubes. 

3. If X and y are j^ositive integers, and if x-y is even, shew that 
.x- — y^ is divisible by 4. 

4. Shew that the difference between any number and its square 
is even. 


5. If 4.i; - y is a multiple of 3, shew that 4x- + 7xy - 2y- is divisible 
bv 9. 

0. Find the number of divisoi-s of 8064. 

7. In how many ways can the number 7056 bo resolved into 
two factors ? 

8. Piove that 2^'* — 1 is divisible by 15. 

9. Prove that (k + 1) (?i + 5) is a multiiffe of 6. 

10, Shew th/it every number and its cube when divided by 6 leave 
the same remainder. 


11. If n is even, shew that ?i(?i- + 20) is divisible by 48. 

12. Shew that — 1) (3^4-2) is divisible by 24. 

13. If n is greater than 2, shew that 9«^-5a3q-4;i jy divisible by 

120 . 

14. Prove that 3*'* + 7 is a multiple of 8, 

15. If n is a 2 )rime number greater than 3, shew that is 

a multi 2 )le of 24. 

16. Shew that — is divisible by 30 for all values of n. and by 
240 if 71 is odd. 

17. Shew that the difference of the squares of any two 2 )rime 
numbers greater than 6 is divisible by 24. 

18. Shew that no square number is of the form 3a — 1. 

19. Shew that every cube number is of the form 9a or 9a± 1« 
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20. Shew that if a cube number ia divided by 7, the remainder 
is 0, 1 or 6. 

21. If a number is both square and cube, shew that it is of the 
form In or TjiH- 1. 

22. Shew that no triangular number can be of the form 3/i. — 1. 

23. If 2n + l is a prime number, shew that 1^, when 

divided by 2n+ 1 leave different remainders. 

24. Shew that a*-t-a and a* -a are always even, whatever a and .r 
mav be. 

V 

25. Prove that every even power of every odd number is <>f the 
form 8r-t- 1. 

26. Prove that the 12'^ power of any number is of the form 13a 
or 1 3/1 + 1 . 

27. Prove that the 8‘'' power of any number is of the form 17/i 
or 17«±1. 

28. If n is a prime number greater than 5, shew that sf*— 1 is 
divisible by 240 

29. If n is any prime number greater than 3, except 7, shew that 
n^* — l is divisible by 168, 

30. Show that is divisible by 33744 if n is prime to 2, 3, 19 

and 37. 

31. When w + l and 2/) + l are both prime numbers, shew that 
.r2p-l is divisime by 8 (/?+ l)(2/)-PI), if is prime to 2, _??-fl, and 
2^>4-l. 

32. If ^ is a prime, and .r prime to jo, shew that ^ — 1 is 

divisible by p’‘. 

33. If in is a prime number, and a, b two numbers less than m, 
prove that 

^ a ’" “^6 + ^' 4 - 4 - 6 "*“*^ 

is a multiple of ?/i. 


4*23. If a is any number, then any other number iV may 
be expressed in the form ^ = aq + r, where q is the integral 
quotient wlien is divided by «, and r is a remainder less than a. 
The number n, to whicli the otlier is referred, is sometimes called 
tlie modulus ; and to any given modulus a there are a different 
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/brms of a number y, each form corresponding to a different 
value of r. Thus to modulus 3, we luive numbers of tlie form 
o» 7 , 3*y4-l, 3q + 2; or, more simply, 3q, 3^=tl, since 3^' + 2 is 
to 3 (< 7 + 1)- 1. Ill like manner to modulus 5 any number 
Nvill ])e one of the live forms 5<2, 5q ^ 1, dq ^ 2. 

424. If 5, c are two integers, which when divided by a 
leave the same reimiinder, they are said to be congruent with 
respect to the modulus a. In tins case 5 — c is a multiple of and 
following the notation of Gauss we shall sometimes express this 
as follows : 

5 = c (mod. a), or 6 — c = 0 (mod. a). 

Hither of these formuhc is called a congruence. 

425. 7j* 1), c (ire coiujrnent with respect to modulus ca, then 
pb uud pc are conijruent^ p being any integer, 

Foi*, by supposition, 5 — c - where n is some integer; 
therefore pb pc = jnm \ which proves the proposition. 

420. 1/ a is prime to b, and the <iuantities 

a, 2a, 3a, (b — 1 ) a 

are divided by b, the remainders are all different. 

For if possible, suppose that two of the quantities ma and 
m'a when divided by b leave the same remainder r, so that 

UKL : <76 f r, m'a — (I'b -t- r ; 
then (/a — //t') a= (^q — q) b ; 

therefore b divides {m — in) a ; hence it must divide m — m\ since 
it is prime to a, ; but this is impossil)le since in and ni ai'e each 
less than b. 

Thus the reimainders are all diffei'ent, and since none of the 
quantities is exactly divisible by 6, the remainders must be the 

terms of the series 1, 2, 3, b ~ 1, but not necessarily in this 

order. 

Con. If a is prime to 6, and c is any number, the b terms 
of the A. p. 


c, c + a, c + 2a, 


c + (6 — 1 ) a, 
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■when divided by h will leivve the siinie veniaindeis as the tenus 
of the series 

t’, c + 1, c + 2, c + (6 — 1), 

though not necessarily in this order; and therefore tlio re- 
mainders will be 0, i, 2, 6- 1. 

427. -//‘b^, bg, b 3 , ... areresiyecUvelij coiujrueniio Ci, ... 

with ve^ctnl to nwciultis a, thtu the jn'oiliicts bjb^b^ ..., 
are also conyrueat. 

For by supposition, 

- Cg --- b.^ - fa = . . . 

where n,, ut^y ... are integers; 

.-. ={c,-^n^a) {c,^ + u^a) {c.^ + u.ji) ... 

= c,c/3... +J/(a), 

which proves the proposition. 


428. We can now give another proof of Fermat s Theorem. 

Jf p be a irrime number and N 2 )riv\e to p, then — 1 /*■ 
a mulitjtle of p. 

Since jS' and j} are prime to each otlier, the numbers 

lY, 2iV, 3.V, {p-l)^y (1), 

when divided by ]? leave the remainders 

1, 2, 3, 0.-1) (2), 

though not necessarily in this order. Therefore the product of 
all the terms in (1) is congruent to the product of all the terms 
in (2j, p being the modulus. 


That is, p — 1 and Ip — 1 leave the same remainder wlien 


divided by p ; hence 




but p— 1 is prime to p; therefore it follows tliat 

- I = Jl {2J). 

429. We shall denote the number of integers less than a 
number a and prime to it by the symbol <j> (a) ; thus <f> (2) = 1 ; 
<^(13) = 12; ^(18) = 6; the integers less than 18 and prime to 
it being 1, 5, 7, 11, 13, 17. It will be seen that we here 
consider unity as prime to all numbers. 
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430. To shew that if the numbers a, b, c, d, ... are prime to 

each other, 

<j> (abed ...) = <f> (a) . </> (b) . ^ (c) .... 

Consider the product ab ; then the first ab numbers can be 
written in b lines, each line containing a numbers ; thus 

1, 2, h, 

a+ 1, « + 2, a + k, a-frt, 

2^+1, 2rt4-2, 2« + ^', 2a + «, 

(0^\)a+l, (6-l)« + 2, ... {b-l)a + k, ... (6- !)« + «. 

Let us consider tlie vertical column wliicli begins with k; if 
k is prime to a all tiie terms of tliis column will be prime to « ; 
but if k and a have a common divisor, no number in tlie column 
will be prime to a. Now the first row contains ct> (<') numbers 
pi ime to «; therefore there are <^ («) vertical columns in each 
of wliich evei-y term is ])rime to a; let us suppose that tlie 
vertical column which begins with k is one of these. This column 
is an A.P., the terms of which wlien divided by b leave remainders 
0 *1 2 3, ... 6 - 1 [Art. 42G Cor.]; hence the column contains 

j> (b) integers prime to b. 

Similarly, eacli of the <l> (a) vertical columns in which every 
term is prime to a contain (b) integers prime to b ; hence in the 
table there are <b (a ) . <t> (b) integers which are prime to a and 
also to b, and therefore to ab ; that is 

</) («6) = <t> («) • <l> (^)- 

Therefore <t> {abed = <f> («) • <{> {bed ...) 

= («) . <t>{b) . <t> {cd . . .) 

= ff> (a) . <j> (b) . <!> (c) . tfi (d) .... 

431. To find the number of positive intajers less than a 
given number, and prime to it. 

Let jV denote the number, and suppose that a'Vc' , 
where a, b, c, ... are different prime numbers, and p, q, r ... 
positive integers. Consider tiie factor a ' ; of tlie natural num- 
bers 1, 2, 3, ... a'’ - 1, a^ the only ones not prime to a are 

a, 2a, 3a, ... («'-’-l)a, (a'-')a. 
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and the number of these is a'”’* ; lienee 


(a") = (l 

Now all the factors a'’, b\ c'', ... are prime to each other, 

. *. ) = 4 * ^ (^0 ' ‘ • 





that is, 








l-i 

c 


Examjple. Shew that the sum of all the integers which are less than A’ 
and prime to it ia (f> {N). 

If X is any integer less than N and prime to it, then N-x is also an 
integer less than N and prime to it. 

Denote the integers by 1, p, r, , and their sum by S ; then 

S = l+p + q+r+ ... + {N-r)-i-{N-q)-i-{N~p) + {N - 1). 

the series consisting of <p (N) terms. 

Writing the series in the reverse order, 

S = {N-l) + {N-p) + {N-q) + {N-r) + ...+r + q+ 2 >+l\ 

by addition, 2S = N + N + N+ ... to ^ (N) terms; 

S = lN<p{N), 

432, From the last article it follows that the number of 
integers which are less than iV and not prime to it is 


iV -N I 


1 

a 



1 


1 

b 



1 


1 

c 



1 


1 

d 


that is, 


iY W X 

— + — - 4 - — 4 - . . . 

a 0 c 

y 


N N 


N 


ab ac be * ' abc ^ 


Here the term — gives the number of the integers 


a, 2a, 3a, ... — .a 

Cl 


N 


which contain a as a factor ; the term — ^ gives the number of 


M 
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the integers ah, 2ah, 3«6, • which contain ah as a factor, 

and so on. Further, every integer is reckoned once, and once 
only ; tlius, each multiple of ah will appear once among the 
multiples of a, once among the multiples of 6, and once negatively 
among the multiples of (th, and is thus reckoned once only. 

.Vgain, eacli multiple of ahc will appear among tlic — , , — 

tmnis which are multiples of a, h, c respectively; among the 

\' V A’’ 

j ^ terms which are multiples of a5, ac, he respectively; 
ah ae he 

X 

and amoim the -V multij)les of that is, since 3 - 3 + 1 = 1, 

^ a he 

each multiple of ahe occurs once, and once only. Similarly, otlier 
cast's may ho discussed. 

433. [Wilson’s Theorem.] If he a priine 7iU7nhery\ + \p~\ 

is dlvisiUe by p. 


]>V Kx. 2, Art. 314 we have 


|;.-l=(y;-ir'-(;.-l)(/.-2) 


. (/>-!) 0 ^- 2 ) 


1 . 2 


{P - 3 ) 


(/,_1)(^_2)(;,-3) 


{p - ‘ . to — 1 terms ; 


and by 
(p - 2r 

\p-\ = 


Fermat’s Theorem each of the expressions 
*, (p~ 3)''“*, ... is of the form 1 •\-M(p)\ thus 




- ... to;; - 1 terms 


= J/ (;;) — 1, since /? — 1 is even. 
Therefore 1 + — i = J/ (/;). 


This theorem is only true when p is prime. For suppose p 
has a factor q\ then q is less than p and must divide p—\\ hence 

1 + I — 1 is not a multiple of q, and therefore not a multiple of p. 


Wilson’s Theorem may also be proved without using the 
result quoted from Art. 314, as in the following article. 


1 
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434. [Wilson’s Theorem.] If p he a number, 1 + |p— 1 

is divisible by p. 

Let a denote any one of tlio numbers 

1, 2, 3, 4, ... 0.-1) (1), 

then a is prime to the products 

l.a, 2.rt, 3. a, {})- \)a 

are divided by p, one and only one of them leaves the re- 
mainder 1. [Art. 426.] 

Let this be the product ma ; then -we can shew that the 
numbers m and « are different unless a=p— 1 or 1. For if <«' 
were to give remainder 1 on division by y?, we sliould liave 

a' — I = 0 (mod. 

and since p is prime, this can only be the case wlien a+ \ = p, 
or a — 1 = 0; that is, wlien « = ^> — 1 or 1. 

Hence one and only one of the products 2rt, 3a, ... — 2)a 

gives remainder 1 when divided by ; that is, for any one of tlie 
series of numbers in (1), excluding the tirst and last, it is 
possible to find one other, such that the product of tlie pair is of 
the form M (/>) -i- 1. 

Therefore the integers 2, 3, 4, ... (p — 2), the number of 
which is even, can be associated in pairs such that the product of 
each pair is of the form J/ (p) + 1. 

Therefore by multiplyiii" all these pairs together, we have 

2.3.4 ... (;>-2) = J/(p) + 1; 

tliat is, 1.2. 3. 4 ... (p - 1) = (/? - 1) { -f 1 } ; 

whence — 1 = J/ (/>) 4-y> — 1 ; 

or 1 + Ip — 1 is a multiple of p. 

Cor. If 2p+l is a prime number + (-!)'' is divisible 

by 2p + 1 . 

For by Wilson’s Theorem 1 + |2p is divisible by 2p + 1. Put 
n = 2p + 1, so tliat p + 1 = n — p ; then 

’2p = 1. 2. 3.4 2^{p+ 1) (p + 2) (n- 1) 

^ = 1 - 1) 2 (n - 2) 3 (h - 3) ... p (n - p) 

= a multiple oi n+ {— 1)' (|p)*- 

Therefore l + (- 1/ ([p)^ is divisible by n or 2p + 1, and 
therefore ('p)®+(“l/ is divisible by 2p+L 
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435. ^fany theorems relating to the properties of numbers 
can be proved by induction. 

Example 1 . If is a prime number, - x is divisible by p. 

Let - X be denoted by / (.t) ; then 

/ (.r + 1) -/ (x) = (x-f 1)P - (x + 1) - (x^ - x) 

xP--+ ... +px 

= a multiple ofp, ifp is prime [Art. 419.] 

/ (x + 1) =/(x) + a multiple of p. 

If therefore/ (.r) is divisible by p, so also is /(x + 1) ; but 

/(2) = 2P-2 = {l + l)P-2, 

and this is a multiple of p when p is prime [Art. 419] ; therefore f (.S) is divisible 
by p, therefore /(4) is divisible byp, and so on; thus the proposition is true 
universally. 

This furnishes another proof of Fermat’s theorem, for if x is prime to p, 
it follows that - 1 is a multiple of p. 

Example 2. Prove that - 24;i - 25 is divisible by 576. 

Let 5-’*''^ - 2 In - 25 be denoted by /(n) : 
then /{/t + 1) = 5-”'^^ - 24 (/i + 1) - 25 

= 52 . 5=”+=- 2 la -49; 

.-. / (n - 1) - 25/ (») = 25 (24a + 25) - 24a - 49 

= 57G(a + l). 

Therefore if /(a) is divisible by 576, so also is/(a + l); but by trial we 
see that the theorem is true when 7t=:l, therefore it is true when a = 2, there- 
fore it is true when a = 3, and so on; thus it is true universnllj'. 

The above result may also be proved as follows; 

5-'*^- - 21a - 25 = 25"+* - 24a - 25 

= 25 (1+24)" -24a -25 
= 25 + 25 . a . 24 + M (242) _ 24a - 25 
= 576a +iV (576) 

= iV(57G). 

EXAMPLES. XXX. b. 

1. Shew that 10" + 3 . 4" + 2 + 5 is divisible by 9. 

2. Shew that 2 . 7"+3 . 5"-5 is a multiple of 24. 

3. Shew that 4 . 6" + 5" + * when divided by 20 leaves remainder 9. 

4. Shew that 8 . 7 " + 4 " the form 24 (2r — 1). 


5. If p is prime, shew that 2 ^ - 3 + 1 is a multiple of 7 >. 

6. Shew that a'*'' ^ - a is divisible by 30. 

7. Shew that the highest power of 2 contained in - 2^- 1 is 

8. Shew that 3 ^'‘ + 2 + 52 n + i a multiple of 14. 

9. Shew that 3 '-" + “ + lOO/i^ - 56>i- 243 is divi-sible by 512. 

10. Prove that the sum of the coefi&cients of the odd powers of x 
in the expansion of (H-:i:+a'- + a'3 + .r-*)'‘-S when n is a prime number 
other than 5, is divisible by n. 

11. If n is a prime number greater than 7, shew that 1 is 
divisible by 504. 

12. If n is an odd numl>er, in-ove that + 11 is a 

multiple of 128. 

13. If is a prime number, shew that the coefficients of the terms 
of (n-a')p-i are alternately greater and less by unity than some mul- 
tiple of p. 

14. If » is a prime, shew that the sum of the (/>—!)“' powers of 
any p nurnbei-s in arithmetical progression, wherein the common diffier- 
ence is not divisible by />, is less by 1 than a multiple of p. 

15. Shew that a'- — 6^^ is divisible by 91, if a and h are both prime 
to 91. 

16. If p is a prime, shew that \p - 2/- j2r - 1 - 1 is divisible by p. 

17. If 91—1, 91 + 1 are both prime numbers greater thaii 5, shew 
that n{n^ — 4) is divisible by 120, and 36 -(h- + 16) by 720. Also shew 
that n must be of the form 30^ or 30^ + 12. 


18. Shew that the highest power of which is contained in \tV' ~ I 


is equal to 


n^-nr-^r — 1 
91—1 


19. If ^ is a prime iiun^ber, and a prime to », and if a square 
number can be found such that c^ — a is divisible by jo, shew that 

cp’‘ ^ — 1 is divisible by p. 

20. Find the general solution of the congruence 

98a.'— 1=0 (mod. 139). 
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21, Shew that the sum of the squares of all the numbei’s less than 
a given number A^and prime to it is 






and the sum of the cubes is 


y-* 

4 




t/, 6 , c... being the different jjrime factora of A”. 

22. If p and q are any two positive integers, shew that \jpq is 
divisible by ([^)^. \q and by (|y)P. \p. 

23, Shew that the square numbers which are also triangular are 
given by the squares of the coefficients of the powers of x in the ex- 
pansion of r — o , and that the square numbers which are also 

1 o.v + *v^ 

pentagonal by the coefficients of the powei’s of .r in the expansion of 

1 


1 - lO.v-ba'2 * 

24. Shew that the sum of the fourth powci*s of all the numbers 
less than A^ and prime to it is 





o, bj c,... being the different lu'ime factoi's of A' 

25. If (A'") is the number of integers which are loss than A' and 
prime to it, aiul if x is prime to A^, shew that 

- 1=0 (mod. N). 

26. If c/j, cfg, c/ 3 , ... denote the divisors of a number A’’, then 

<j> 1 ) + 4> d* <t> (^ 3 ) 4* . . . = A . 

Shew also that 


X 




( 3) + <^ (5) -...ad in f. = - 


♦CHAPTER XXXI. 


The Geneiial Theouy of Continued Fractions, 


*436. In Chap. xxv. %ve liave investigated the properties of 

Continued Fractions of tlie form a, -i — ^ ^ .... where 

are positive integers, and a, is either a positive integer or zero, 
AVe shall now consider continued fractions of a more general 
type. 


*437. The most general form of 

— ' ' — — where a,, « , a, .. 

any quantities whatever. 


a continued fraction is 
» ^ 3 » I’epresent 


The fractions — , — , — , are called coiuvoneyits of the 

a, a. 

continued fraction. We shall confine our attention to two cases; 

(i) that in which the sign before each component is positive ; 

(ii) that in which the sign is negative. 


*438. To investigate tJee law of formation of the successive 
convergeuts to the continued f raction 


I 


3 


a, + a^+ a 3 + 


The first three conver<rents are 




a 


+ b. 




«3 (“-“l + ^o) + *3-«, 


A^'e see that the numerator of the tliird convergent may be 
formed by multiplying the numerator of the second convergent by 
and the numerator of the first by b^ and adding the results 
together; also that the denominator may be formed in like 


manner. 
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Suppose that the successive convergents are formed in a 
similar ^vay ; let the numerators be denoted by 7 ^ 3 **** 

and the denominators by 9 ^ 3 , ... 

Assume that the law of formation holds for the con- 
vergent ; that is, suppose 

p = a, p ^ + b p o =a o , + b Q 

T]»e (?i +!)**' convergent differs from the 71 **^ only in liaving 

a + — * * • in the place of a ; hence 

u Jr « / 

^11 + 1 

the (m !)*’* cojivergent 



S',. + ■ 


If tlierefore we put 




a 


H+ 1 




+ 6 


M + 


/In- 


I » 


we see that tlie numerator and denominator of the (?i 4 - con- 
vergent follow the law which was supposed to hold in case of tlie 
But the law does hold in the case of the third convergent; 
hence it holds for the fourth; and so on; therefore it Jiolds 
universally. 


*4.39. In the case of the continued fraction 

A_ b. 

a,~ a^- a^- ’ 

we may prove that 

Pn = <KPn~l - K2K~2 y <ln = i 

a result Avhich may be deduced from that of the preceding article 
by changing the sign of b^. 


*440. In the continued fraction 

«1 + + 

we ha\ e seen that 



p =a p , 4-6 » 


< 7 ,. = “.y.-. + 
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• • 



but 


■ IK + 1) <7„ 9,, + &„■>, 

<7. 


7(1+ 1 


_ _ 2\,-x \ . 

\<7,. 

^,4'.7 „-, ^ 


n Tf) ^ 

and is thei*efore a proper fraction ; lienee ^ — — is numerically 

less than — - , and is of opposite sign. 

nn-^ 


By reasoning as in Art. 335, we may shew that every con- 
vergent of an odd order is greater than the continued fraction, 
and every convergent of an ev^en order is less than the continued 
fraction ; hence every convergent of an odd order is greater than 
every convergent of an even order. 




Thus 

0''2.i+ I 


is positive and less than ^ ^ 


---- : hence 


y^g.. + l ^'LT-' 

^?2/i+1 ^2n~\ 


V, 


Also — — - is positive and less tlian 

^ 2/1 — 1 — 1 

P-io ^ Pin- 3 


]K>„—\ P-2„ — a , 


— 2 


hence 


^2n-2 

Hence the convergents of an odd order are all greater than 
the continued fraction but continually decrease, and the con- 
versents of an even order are all less than the continued fraction 

O 

but continually increase. 

Suppose now that the number of components is infinite, then 
the convergents of an odd order must tend to some finite limit, 
and the convergents of an even order must also tend to some 
tinite limit; if these limits are equal the continued fraction tends 
to one definite limit ; if they are not equal, the odd convergents 
tend to one limit, and the even convergents tend to a ditierent 
limit, and the continued fraction may be said to be oscillating ; in 
this case the continued fraction is the symbolical representation of 
two quantities, one of which is the limit of the odd, and the other 
that of the even convergents. 


362 


HIGHER ALGEBRA. 




4-H. !Po sheiv that the coi^ttfiued J^Tdctio^x 


j 


a 


a, + + a + 


has a definite value if the limit of when n is infinite is 

greater than zero. 


The continued fraction ■will have a definite value when n is 


infinite if the difference of the limits of and ^ is equal to 

9n+i q. ^ 


zero. 


No 


\\ 


/Vl __ Vn 

q 

wlience we obtain 


'** = _ 1 . 
'* q^+x \i 7 n q^-J ^ 


But 


and 


7fl+l 

II 

I 

(-])- 

h„q„_ 

9*H-1 qn 

2 

Kq, 

• • 

q* 

Kqx 

^/a 

\q. 

-)■ 

qj 


b 

'*+1 




1 





qn+l 

^n+1 + ^r.+l 

'?n-l 

»n+l qn 

y 

+ 1 







^+1 

qn-l 





^ "--fl 

(«..7n-l + Kqn. 


«n«„+I 


1+1 

11-3 . 


^H+l qn-l 





4. 

Wi7,.- 

} 

i 


also neither of these terms can be negative; lienee if the limit of 
-"-=±-' is greater than zero so also is the limit of • in wliieh 

h 


n+l 

case 


«+l !7n- I 


the limit of jg Jess than 1; and therefore ■^'^±1— — is 

the limit of the product of an infinite number of proper fractions, 
and must therefore be equal to zero; that is, ^ and tend to 
the same limit ; which proves the proposition. 


For example, in the continued fraction 

V 2* 3' 


n 


3 + 5 + 7 + 


2n+ 1 + 


Zim _ 4 . 


n+l 


and therefore the continued fraction tends to a definite limit. 
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*442. In the continued fraction 2 


a 




if the denominator of every component exceeds the numerator hy 
unity at leasts the. converge^its are positive fractions in ascending 
order of magnitude. 

By supposition — , — ^ , — , . . . are positive proper fractions 

^3 

in each of which the denominator exceeds the numerator by 
unity at least. The second convergent is — ill— ^ and since 

exceeds by unity at least, and -- is a proper fraction, it follows 

that a, ~ is greater than that is, the second convergent is 

a positive proper fraction. In like manner it may be shewn 
that ' ~ is a positive proper fraction ; denote it by y,, then 

the third convergent is — ‘ - , and is therefore a positive proper 

~J \ 

K K ■ 

-- IS a positive 


fraction. Similarly we may shew that 


a,- «3- 


proper fraction ; hence also the fourth convergent 


I 


a — Cl — a Cl 


is a positive proper fraction ; and so on. 


Again, p = a p ^ —b p q — a a ~h q 

O ^ In n/w — i n/ll-•2* 1 $% ulii— I 

p., V h 

9 


^ ^ /K _ IK-A . 

n + 1 9„ 9',,+ i 9n-V 


hence and — — have tlie same sign. 

9.^^ 9n 9n 9n.l ^ 




9z 9i “ ^2 


«A ^1 ^ 1^2 1 • *1 C 

= — ^ , and IS therefore positive ; 


a 


9i9 


2^. 


hence ^ ^ > — - , ^1* ■ and so on; whicli proves the 

9, 9, ^3 9^ 9, 9 f 

proposition. 
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Cor. If the number of the components is infinite, the con- 
vergents form an infinite series of proper fractions in ascending 
order of magnitude ; and in this case the continued fraction must 
tend to a definite limit which cannot exceed unity. 

*446, From the formula 

Ave may always determine in succession as many of the con- 
vergents as Ave please. In certain cases, hoAvever, a general 
expression can be found for the convergent. 


0 C G 

Example. To find the con\ergent to ^ 

o ~ o — o — 

We have Pn = ^Pn-\ - ^Pn-n'^ hence the numerators form a recurring series 
any three consecutive terms of Avhich are connected by the relation 

Pn ~ ^Pn~l + QPn-2* 

bet ,V =7Jj +p^r +/)3.r2 + . . . + . . . ; 


then, as in Art. 325, Ave have 

1 — 5x + ox® 
6 30 

But the fir.st two convergents are r , ; 

O ^ t/ 


5= 


G 


18 


12 


l_6.r + 6x® l-ar 1 - 2x * 


whence 


= 18 . - 12 . 2'»-i = G (3'' - 2”). 


Similarly if 
we find 

whence 


S' = q^ + q.pc+q.jX-+ ...+qJ^x*^ * + 

5-Gx 9 4 , 

l-5x + Gx- 1-3^ l-2x' 

q„ = 0. 3'*-» - 4 . 2"-i = 3"+> - 2’H'i. 

, G (3»-2" ) 

' * ”3»+i-2»+»* 


Tliis method Avill only succeed Avhen and b„ are constant 
for all values of 7i. Thus in the case of the continued fraction 

... , we may shew that the numerators of the 

successive convergents are the coefficients of the poAvers of x in 

b 


tlie expansion of 


1 — ax — bx 


2 J 


and the denominators are the 

a + bx 


coefficients of the powers of x in the expansion of _ ^-5 

X dCC osc 
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*444. For the investigation of the general values of and 
the student is referred to works on Finite Differences ; it is only 
in special cases that tliese values can be found by Ahjehra. The 
following method will sometimes be found useful. 



Example. 


Find the value of , 

1 + 


2 

2 + 


3 
3 + 


The same law of formation liolds for p,^ and q,^\ let us take to denote- 
either of them ; then ”“n-i ^ ”“n- 2 » 

or - (n + 1) «n-i= - (»n-i - ““u-sb 

Similarly, «n-l”””n- 2 = -(“n- 2 “”“ ^ “n-s)* 


- 4 m 2 = - (“ 2 “ y 
whence by multiplication, we obtain 

7i„ - (n + 1) i(„_i = (- (».j - 3»d- 

1 2 

The first two convergents are - , - ; hence 

Pn - (a + 1) = (- 1)"-^ q„ - (h + 1) = (- 1)“'^ 


Thus 


P,x 


y’n-i (-1) 


n-1 


« + l 


n 


\!L 


On 


On-l 


n— 2 




(^1) 

n + l * 


|7t+l |H 

On-l _ ^ (- 1 )" 

In |n - 1 jn 


-3 


► ^ 


Vi Pi_ 


li II '± 


1 

3’ 


11 


1 

2 ’ 


whence, by addition 


Pn 


liTil li’ 


2 ^ 


| 2 ' 


71 + 1 


1^1 i_ 

|2 |4” 


+ 


(- 1 )" 


71+1 


-1 




^ J. 11 

71 + 1” 12 '*'1^ 


+ 


(- 1)"-- 
7i + l 


By making n infinite, vre obtain 


fl--) = 

On ^ \ ej 


€- 1 * 


which is therefore the value of the given expression. 
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*445. If every component of 

fraction with integral numerator 
fraction is incommensurable. 




a, + + 

and denominator, 


is a proper 
the continued 


For if possible, suppose that the continued fraction is com- 
niensuiable and equal to , where and B are positive integers; 

B h 

’ "'I'^re denotes the infinite continued fraction 

Ab-Ba, C 

i * • ■ ^ hence „ suppose. Now .4, B, h, 

ai e integers^ and y, is positive, therefore <7 is a positive integer. 

Similarly ^ , where y’ denotes the infinite continued 

'i J 2 

fi action hence y'^ = — j and as 

before, it follows that 7? is a positive integer; and so on. 

..BCD , j] 

^vgain, — , — , ... are proper fractions; for — is less 


than —, which is a proper fraction; ^ is less than ^ 

1 ^ B C 

less than - ; and so on. 

«3 

Ihus A, By Cy Dy ... form an infinite senes ol positive integers 
in descendmg order of magnitude; which is absurd. Hence the 
given fraction cannot l5e commensurable. 


D . 


IS 


The above result still holds if some of the components are 
not proper fractions, provided that from and after a fixed com- 
ponent all the others are proper fractions. 

For suppose that ~ and all the succeeding components are 

CL 

proper fractions; thus, as we have just proved, the infinite con- 
tinued fraction beginning with ~ is incommensurable : denote 

it by ky then the complete quotient corresponding to is y , 

and therefore the value of the continued fraction is , 
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V. 


jy 7) 

This cannot be commensurable unless and tliis 

Qn—l (7ft— a 

$ 

condition cannot hold unless ^ ^ ^ ^ , . . . , and 

(7ft — a (7 h — 3 !?n-3 (?ft — 4 

linallv ^ : that is 6 6 0, which is impossitde ; hence the 

iriven fraction must be incommensurable. 


446. !/ every component of 


b, 


Si ^ ^ 

l 2 3 


is a irroper 


fraction with integral numerator and denominator^ and if the 
value of the infinite continued fraction beginning with any com- 
ponent is less than unity, the fraction is incommensurable. 

The demonstration is similar to that of the preceding article. 


* EXAMPLES. XXXI. a. 

1. Shew that in the continued fraction 

7>| h.y 5^ 


a^- ao- as- 


Pn — ^H.Pn — \ — 2> !?ft — I 


2a;+l\2 

2. Convert ( — ^ — \ into a continued fraction with unit nume- 


rators. 


2.r 


3. Shew that 


( 1 ) fa“-\-b = a-{- 


2a + 2a -h 


(2) ffd^ — b = a — 


2a — 2a - 


4. In the continued fraction — 






Oj a.2 


if the denominator 


of every component exceed the numerator by unity at least, shew that 
and increase with n. 


5. If ttj, are in harmonical progi’ession, shew that 


a 


n 


a. 




2 - 2 - 2 - 


2 — a■^ 


I 

\ 
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6, Shew that 


a + 


and 


a 4 


2a+ 2a + 
1 1 


+ 


\ 2a — 


2a- ‘ 


) 


^2a\ 



1 


1 


a — -~ 


2a 2a-\- \ 2a— 2a — ' 

7. In the continued fraction 


) 


= a^ 


1 


2a-- 2a2_ 




shew that 


h h_ h_ 

a+ a+ a -f ’ 

Pn + 1 = Hn » Hn + 1 “ + l = - 1 • 


8. Shew that 


= 6. 




a-H «+ a+ + 

.r being the number of components, and a, /3 the roots of the equation 

— ak — h — 0, 

9. Prove that the product of the continued fractions 

± L 1 1 1 1 

b+ c+ (/+ a+ 
is equal to - 1. 

Sliew that 


a + 


-6+ -a+ 


10 . 


11 . 


12 . 


13 . 


14 . 


15 . 


1 

4 

9 

64 

(3j2 - 

1)2 (k + 1)(« + 2)(2h + 3) 

1 - 

5- 

13- 

- 25- 

w- + (ti 

+ 1)2 6 

2 

3 

8 

n--l 

_ 71 (71 + 3) 

1~ 

5- 

^ — 

2n+ 1 

2 

• 

2 

3 

4 

71 -h 1 

31 + 2 

= l + l + |2f' 3 + ..,+ j3i. 

2- 

3- 

4- 

71+1 — 

3i + 2 

1 

1 

2 

3 31—1 

,...=e— 1, 

1- 

3- 

4- 

5- ?i+l- ** 

4 

6 

8 

2it + 2 


2(e2_l) 

1 + 

2 + 

3 + 

7t + 


e^+l * 

3.3 

3 . 

4 3 

. 5 3 (71 

+ 2) 

6(2e34-l) 

1 + 

2-h 3 

+ 71 

• • « 

+ 

5e3-2 ‘ 


16 . = * 


a + 6 


a + 6’ “^“a + 2i’ 


, each successive fraction J 


being formed by taking the denominator and the sum of the numerator 
and denominator of the preceding fraction for its numerator and denomi- 

fn _ 1 

nator respectively, shew that — * 
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17. Prove that the convergent to the continued fraction 


r 


r+1— r+1 — 


IS 


+ 1 ^ 

^n+l_ I 




18. Find the value of 


a 


a., 


a 




Cj + 1 — a2 + 1 — -f 1 — 


«i) « 3 v being i>ositive and greater than unity. 


19. Shew that the n*** convergent tol- 
the convergent to gT ^ 


4- 


1_ 

4- 


is e(iual to 


\ 


20. Shew that the convergent to 

1111111 


5- 2- 1 - 5- 2-1-5- 


]S 


n 


3n + l 


21. Shew that 


1 


3 


2+ 3+ 4+ 


3-e 
e-2 ’ 


hence shew that e lies between 2‘^ and 


Conversion of Series into Continued Fractions. 

*447. It will be convenient here to write the series in the form 


1 1 1 

— H h 


+ 


u. u. u 


1 


u 


Put 


then 


1 1 
— + — 


1 


U W ^ , U -V X 

r r+l r r 




u 


.*. x_ = — 


1 


Hence 


J_ _ 
-u, “ 


1 




u 


'“i- 


^1” 


\ S 


+ u 
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Similarly, 

i i 


1 1 1 

— 4- h — = — 4 

It 'it. U. tl 


1 




I 2 -3 "I U^ + tt^ + X, 


1 


u 


u 


w, - + Wj - -Wjj 4- 7^3 

and so on ; lienee generally 

1 


1 1 1 
— + — + 


+ 


’^1 ^'-2 


tc 


u 


1 


u 


tl 


u 


w-1 


- 




4* 


E.vample 1. Express as a continued fraction the series 


1 X X‘ 

— — 


f(-ir 


* • ^fi 


Put 


then 


Hence 


X 


("» + !/n) (««+i - -^l = «»«„+! ; 

a,.x 

"»+i 


.T 


rr„.r 


«o Vi «o + !/o <^o+ ^1-*^ 


Again, + = 




‘^0+ (ii+Ui-x 


Qf^X OyT 


^0+ rtj — x+ a.^-x' 


X 


and generally 1 - 


^0 


-... + (- ir 


>n 


OqX 


dfyU^Cta- • • ® H 
<?j.r 


a© + aj - X + flo “ ^ + 


a„-.T 


Example 2. Express log (1 + x) as a continued fraction. 


We have 


X‘ 


X^ .T"* 


log(l+x)=;r-:^- + -^-.:^ + 


The required expression is most simply deduced from the 
fraction equivalent lo the series 


continued 


X x^ X* 

1 j. 

a, rto rt™ Qa 
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By putting 


1 

a 


X 


H 




we obtain 


hence wo have 


!/u = 






X X* X 


a 


o 

a.y^X 


a./r 


a 


(ijj <13 




, ^ X Vx Z-.V d-.r 

•■* log(l + -r)-i_^ 2-.C+ 3-2.t-+ ‘4-'iic4- 


2-.V 


S^x 


‘"'-t-tS. lu certain cases we may simplify the components of tiie 
continued fraction by the help of the following proposition : 

The continued fraction 




Ul 4- 

is ecpial to tlie continued fraction 


c,i, 




o,rt, + (•/<, + c,a^ + + 

where c,, c^, c^, c,, are any quantities wliatever, 


Let y’ denote — — ^ 


^3+ ^L + 


the continued fraction = 


b. 


then 




«i +/i + c,/ ■ 


Let /’ denote ... ; then 

^ «_ 4- « f 




_ 


c.ci) 


o ^ 


^2 Vi + C. 2 A 


C C 1) 

Similarly, . ; and so on; whence the proposition 

is established. 
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1 . 




3. 


4. 


5. 


6 . 


^EXAMPLES. XXXL b 


Shew that 


J- _ 1 + 2 L ^ 


V 


0 


V 


u,, 


u 


n 


1 


11 




«0+ u.^-n^ + 


1 X 
- + — • + 


.1'- 


a 


0 


a^ai 


«uCri«2 


+ 


1 


+ 


.V 


aQa^a2...a,^ 


a,,v 


a^.v 



O'o- 

- «i4- 

r — 1 r 

r4-l 

r4-2 

r - 2 r - 

r 4- 1 — 

r4-2- 

2a 1 

1 1 

1 

?i4-l ” 1- 

4- 1 - 

- 4- 


aj + .r— ffjj+.f — 


- 1 

I 


a,» + x 


1 1 

12"^ 2 “ * * 


+ 


+ 


.... to ?i quotients, 

^ — 

1 114 9 

71+1 “1- 3- 5- 7- " 

1 1 14 


4) 

71 - 


2« + l ' 




7. c>*=l + 




(n + l)-^ 1- 12 + 2-^- 

X 2.r 3a.’ 


?i2 + (?2 -j- 1 )* 


1— .x’ 4*2— .r + 3- x+4^ 

1 la 


a 1 1 1 

g ^ ^ _. I . 

a ab abc abed a+ b—l+ c—l+ o?— 14- 


9. 


10 . 


r 


1 2 i _L _i 1 __ 

?'4 j.lO + • ■ - ^ — ;*3 -f- 1 _ 7*5 I _ 7.7 ^ I _ 




a 


I 


a„ 


a 


flj “h 6^2 ^3 "I* 

a 6 


a 


a 


n 


H 


1 


a 


a 


11. If 7* = 


1+ eti+ a 2 + ^3 + 

a b c 


— 2 
— 1 


c? + ^4* c+ * 6 4“ c4* d+ * 

shew that 7* (a 4- 1 4- <?) = ct 4- 

a* 


^ \v2 


12. Shew that J. _ 


7i 7 i72 9/^3 939 i 


+ ... is equal to the con- 


X 


X 


.V 


tinned fraction -— - where q,. q.,. y,, ... are the 

ai+ a^+ a.f+ a^+ ■'4* 

denominators of the successive couver^ents. 
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CHAPTER XXXIL 


PROBABILITY. 


440. Definition. If an. event can liappen in a ways and fail in 
b ways, and each of these ways is equally likely, the probability, 

or the chance, of its happening is ^ , and that of its failing is 

( 1^0 



For instance, if in a lottery there are 7 prizes and 25 blanks, 
tlie chance that a person holding 1 ticket will win a prize is 

25 

and his chance of not winning is . 

450. The reason for the mathematical delinition of pro- 
bability may be made clear by the following considerations : 

If an event can happen in a ways and fail to liappen in b 
ways, and all these ways are equally likely, we can assert that the 
chance of its happening is to the chance of its failing as a to b. 
Thus if the chance of its happening is represented by ka^ where 
k is an undetermined constant, then the chance of its failing 
will be represented by kb. 

chance of happening + chance of failing = k (a + b) 

Now the event is certain to happen or to fail ; therefore the sum 
of the chances of happening and failing must represent certainty. 
If therefore we agree to take certainty as our unit, we have 

1 = k (a + h). or k — , : 

the chance that the event will happen is — , 

a + b 

and the chance that the event will not happen is . 

a + b 

Con. If 2^ is the probability of the happening of an event, 
the probability of its not happening is 1 — jt?. 
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451. Instead of saying tliat the chance of the liappening of 

an event is , it is sometimes stated that the odds are a b 

a b 


in favour of the everit, or h to a against the event. 

452. The definition of probability in Art. 449 may be given ^ 
in a sliglitly diderent form wliich is sometimes useful. If c is the 
total number of cases, each being equally likely to occur, and of 
tliese a are favourable to the event, tlien the probability that the 


e\ent M'ill liappen is — , and the probability tliat it will not 


a 


happen is 1 . 

c 


h.Tumple 1. What is the chance of throwing a luiinber greater than 4 
with an ordinary die whose faces are numbered from 1 to 0? 

There are G possible ways in which the die can fall, and of these two 
are favourable to the event required ; 


2 1 

therefore the required chance = - = 

6 3 


K.Tample 2. From a bag containing 4 white and 5 black balls a man 
draws 3 at random; what are the odds against these being all black? 


The total number of ways in which 3 balls can be drawn is and 
the number of ways of drawing 3 black balls is therefore the chance 

of drawing 3 black balls 

_=C.,_5.4.3 5 

~ “C’a “ y . 8 . 7 “ 42 ‘ 


Thus the odds against the event are 37 to 5. 


Example 3. Find the chance of throwing at least one ace in a single 
throw with two dice. 


The possible number of cases is C x G, or 3G. 


An ace on one die may be associated with any of the 6 numbers on the 
other die, and the remaining 5 numbers on the first die may each be asso- 
ciated with the ace on the second die ; thus the number of favourable cases 
is 11. 


11 


Therefore the required chance is — . 

3G 


Or we may reason as follows : 


i 


There are 6 ways in which each die can be thrown so as not to give an 
ace; hence 25 throws of the two dice will exclude aces. That is, the chance 

25 

of not throwing one or more aces is — ; so that the chance of throwing one 

oO 

. , , . - 25 11 

ace at least la 1 gg f 
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Example 4. Find the chance of throwing more than 15 in one throw with 
3 dice. 

A throw amounting to 18 must be made up of 6, 6, 6, and this can occur 
in 1 way 17 can be made up of 6, 6, 6 which can occur in 3 ways; 16 may 
be made up of 6, 6, 4 and 6, 5, 5, each of which arrangements can occur m 

3 ways. 

Therefore the number of favourable cases is 

14-3 + 3 + 3, or 10. 

And the total number of cases is 6^, or 216; 

. , 1 10 5 

therefore the required chauce= . 


Example 5. A has 3 shares in a lottery in which there are 3 prizes and 
6 blanks ; B has 1 share in a lottery in which there is 1 prize and 2 blanks ^ 
shew that ^’s chance of success is to B’s as 16 to 7. 

A may draw 3 prizes in 1 way ; 

3 . 2 

he may draw 2 prizes and 1 blank in x 6 ways ; 


6 . 5 

he may draw 1 prize and 2 blanks in 3 x ways ; 

the sum of these numbers is 64, which is the number of ways in which A can 

9.8.7 

win a prize. Also he can draw 3 tickets in ^ ^ , or 84 ways; 

, . 64 16 

therefore ^ s chance of 8uccess= — = — . 

B's chance of success is clearly ^ ; 

16 1 

therefore chance : B's chance 3= — : ~ 


= 16 ; 7. 


Or wo might have reasoned thus: A will get all blanks in 


20 waj's; the chance of which is 


6.5.4 

073 * 


or 


20 

0 . 

U 

0 

00 

21 ’ 

1 ^ - 

16 

21 

'21* 


453. Suppose that there are a number of events A, By 6',..., 
of which one must, and only one can, occur ; also suppose that 
a, by Cy... are the numbers of ways respectively in which these 
events can happen, and that each of these ways is equally likely 
to occur } it is required to find the chance of each event. 

The total number of equally possible ways is a + 6 + c+ 
and of these the number favourable to tI is a ; hence the chance 
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that A -svill liappen is ^ . Similarly the chance that B 

■will happen is ^ ; and so on. 

a -h o + c + ... 

454. From the examples we have given it will be seen that 
the solution of the easier kinds of questions in Probability requires 
nothing more than a knowledge of the detinition of Probability, 
and tlie application of tlie laws of Permutations and Combina- 
tions. 


EXAMPLES. XXXII. a. 


1. In a single throw with two dice find the chances of throwing 
(1) live, (2) .six. 

2. From a pack of 52 cards two are drawn at random; find the 
chance that one is a knave and the other a queen. 

3. A bag contains 5 white, 7 black, and 4 red balls; find tlie 
cliance that three balls drawn at random are all white, 

4. Tf four coins are to.sscd, find the cliance that there should be 
two heads and two tixils. 

5. One of two events must happen : given that the chance of the 
Cine is twcj-thirds that of the other, find the odds in favour of the other. 

6. If from a pack four cards are drawn, find the chance that they 
will be the four honours of the same suit. 

7. Thirteen persons take their places at a round table, shew that 
it IS five to one against two i>articular persons sitting together. 

8. There are three events A, 7?, C, one of which must, and only 

one can, happen; the odds arc 8 to 3 against A. 6 to 2 against /J: find 
the odds against C. 

9. Conqiare the chances of throwing 4 with one die, 8 with two 
dice, and 12 with three dice. 

10. In shuffling a pack of cards, four are accidentally droi)[>ed ; find 
the chance that the missing cards should be one from each suit. 

11. A has 3 shares in a lottery containing 3 prizes and 9 blanks; 
M has 2 shares in a lotteiy containing 2 prizes and 6 blanks ; compare 
their chances of success. 

12. Shew that the chances of throwing six with 4, 3, or 2 dice 
respectively are as 1 : 6 : 18. 
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13. There are three works, one consisting of 3 volumes, one of 4, 
and the other of 1 volume. They ai*e placed on a shelf at random ; 
prove that the chance that volumes of the same works are all together 



14. and B throw with two dice ; if A throws 9, timl 5’s chance 
of throwing a higher number. 


15. The letters forming the word Clifton are placed at random in 
a row': what is the chance that the two vowels come together ? 

16. In a hand at whist what is the chance that the 4 kings are 
held by a specified player 1 


17. There are 4 shillings and 3 half-crowns placed at random in 
a line; shew that the chance of the extreme coins being both half- 

crowns is ^ . Generalize this result in the case of m shillings and 

7 

n half-crowns. 


455. We liave liitherto considered only those occurrences 
which in the language of Probability are called Simple events. 
When two or more of these occur in connection with each other, 
the joint occurrence is called a Compound event. 

For example, suppose we have a bag containing 5 white 
and 8 black balls, and two drawings, each of three balls, are 
made from it successively. If we wish to estimate the chance 
of drawing first 3 white and then 3 black balls, we should l)e 
dealing with a compound event. 

In such a case the result of the second drawing might or 
might not be dependent on the result of the first. If the balls 
are not replaced after being drawn, then if the first drawing gives 
3 wliite balls, the ratio of the black to tlie white balls remaining 
is greater than if the first drawing had not given three white; 
^ thus the chance of drawing 3 black balls at the second trial 

is affected by the result of the first. But if the balls are re- 
: placed after being drawn, it is clear that the result of the second 

drawing is not in any way affected by the result of the first. 

' We are thus led to the following definition : 

^ Events are said to be dependent or independent according as 

the occurrence of one does or does not aflfect tlie occurrence of the 
ic^ others. Dependent events are sometimes said to be contingent. 
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456 . ly tJte^'e are two iiidejiendent events the resjjective pro- 
hahilities of which are knovsn, to find the jyrohahility that both will 
happen. 

Suppose that the first event luay happen in a ways and fail 
in h ways, all these cases being equally likely ; and suppose that 
the second event may liappen in a Avays and fail in U ways, ^ 
all these ways being equally likely. Each of the a + b cases may 
be associated with each of the a + cases, to form {a + b) {a + h^) 
compound cases all equally likely to occur. 

In aa of these both events happen, in bh' of them both fail, 
in ah of them the first liappens and the second fails, and in a'b 
of tliem the first fails and the second happens. Thus 

is tixe chance that botli events happen ; 

is the chance that both events fail * 

is the chance that the first happens and the second 
fails ; 

is the chance that the first fails and the second 
happens. 

Ihus if the respective chances of two independent events are 
and , the chance that both will happen is 7;//. Similar 
leasoning will apply in the case of any number of independent 
events. Hence it is easy to see that if p^^ ••• are the 

respective chances that a number of independent events will ^ 
separately happen, the chance that they will all liappen is 
••• j chance that the two first will happen and the rest 

fail is p^p^ (1 —7?^) (1 ; and similarly for any other par- 

ticular case. 

457. If p) is the chance that an event will happen in 
one trial, the chance that it will happen in any assigned suc- 
cession of r trials is 7/ ; this follows from the preceding article 
by supposing 

=P- 

To find the chance that some one at least of the events Avill >< 
happen Ave proceed thus : the chance that all the events fail 
IS (1 — 7 ?|) (1 — 7>^) (1 — 7^3) ..., and except in this case some one 
of the events must happen j hence the required chance is 

1-(1-7^,)(1-7>.)(1-7>3).-.. 


/ 


aa 

{a 4 - 

b) {a' 

1 

6 ') 


bd 



(a-f 

b) {a' 

+ 



ab' 



{n -f- 

b) {a' 

+ 



ab 



{a. - 4 - 

b) (a 

-f 

O') 


PROBABILITY. 




Example 1. Two drawings, each of 3 balls, are made from a bag con- 
taming 5 white and 8 black balls, the balls being replaced before the second 
trial: find the chance that the first drawing will give 3 white, and the second 

3 black balls. 

The number of ways in which 3 balls may be drawn is ; 


3 white ^<^3 J 

3 black 


Therefore the chance of 3 white at 


the first trials^ 


5.4 

1.2 


13.12.11 5 

172 73 “143* 


, • 1 8.7.6 . 13.12.n_ 2^. 

and the chance of 3 black at the second trial — g • 1^2*3 i*43 * 

5 28 140 

therefore the chance of the compound event — ^ 20449 * 


Example 2. In tossing a coin, find the chance of throwing head and tail 
alternately in 3 successive trials. 

Here the first throw must give either head or tail ; the chance that the 
second gives the opposite to the first is ^ , and the chance that the thud throw 

is the same as the first is - . 

Ill 

Therefore the chance of the compound event = - x 2 “ 4 ’ 


Example 3. Supposing that it is 9 to 7 against a person A who is now 
35 years of age living till he is 65, and 3 to 2 against a person B now 4o 
living till he is 75 ; find the chance that one at least of these persons will be 
alive 30 years hence. 

. 9 

The chance that A will die within 30 years is ^ ; 

3 

the chance that B will die within 30 years is ^ ; 


9 3 27 

therefore the chance that both will die ^ ^ 5 * ^ ’ 

therefore the chance that both will not be dead, that is that one at least will 
be alive, is 1 - — , or 


458. By a slight modification of the meaning of the symbols 
in Art. 456, we are enabled to estimate the probability of the 
concurrence of two dependent events. For suppose that when the 
first event has happened^ a' denotes the number of ways in which 
the second event can follow, and h* the number of ways in which 
it will not follow ; then the number of ways in whicli the two 
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events can Iiappen together is aa\ and the probability of their 

aa' 

concurrence is ; — — ; . 

(a -h d) (a + b') 

Thus if p is the probability of tlie first event, and ;/ tlie 
contingent probability that tlie second will follow, the probability 
of tlie concurrence of the two events isy>^/. 

Example 1. In a hand at whist find the chance that a sjiecified jilayer 
holds both the king and queen of trumps. 

Denote the jdayer by A ; then the chance that A has the king is clearly 

for this particular card can be dealt in 52 different ways, 13 of which fall 

to A. The chance that, when he has the king, he can also hold the queen is 

then ; for the queen can be dealt in 51 ways, 12 of which fall to A. 

13 1*^ 1 

Therefore the chance required = — x ^ = 

52 51 17 

Or we iniglit reason as follows : 

Tlie number of ways in which the king and the queen can be dealt to A is 
equal to the number of permutations of 13 things 2 at a time, or 13 . 12. 
And similarly the total number of ways in which the king and nueen can be 
dealt is 52 , 51. 

13 12 1 

Therefore the chance = = — , as before. 

y2.i>l 1/ 

Example 2. Two drawings, each of 3 balls, are made from a bag con- 
taining 5 white and 8 black balls, the balls not being replaced before the 
second trial : find the chance that the first drawing will give 3 white and 
the second 3 black balls. 

At the first trial, 3 balls may be drawn in ways ; 
and 3 white balls may be drawn in ways; 

therefore the chance of 3 white at first trial 12,11 

1.2 1.2.3 143* 

^Vllen 3 white balls have been drawn and removed, the bag contains 
2 white and 8 black balls ; 

therefore at the second trial 3 balls may be drawn in ways ; 
and 3 black balls may be drawn in ways ; 

therefore the chance of 3 black at the second trial 

_8.7.G . 10.9.8 7 

“1.2.3 * 1.2.3 “15 ’ 

therefore the chance of the compound event 

_ 5 7 7 

143 ^ i'5 “429 ■ 

The student should compare this solution with that of Ex. 1, Art. 457. 
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459. If an event can happen in two or more different ways 
wliich are mutually exclusive, the chance that it will happen 'is 
the sum of the chances of its happening in these different ways. 

This is sometimes regarded as a self-evident proposition arising 
immediately out of the definition of probability. It may, ho^\- 
ever, be proved as follows : 

Suppose the event can happen in two ways whicli cannot 

concur ; and let J J be the chances of the happening of tlie 

event in these two ways respectively. Then out of cases 

tliere are a h, in which the event may happen in the hrst way, 
and a h wkys in which the event may happen in the second ; 
and tfiese ways cannot concur. Therefore in all, out of cases 
there are ab^ + ajb^ cases favourable to the event; hence tlie 
chance that' the event will happen in one or other of the two 

ways is 

af).^^af^ . "a 

Similar reasoning will apply whatever be the number of ex- 
clusive ways in whicli the event can happen. 

Hence if an event can happen in n ways which are mutually 
exclusive, and if p,, p,, p^. ■--/>„ are the probabilities that the 
event will liappen in these difi’erent ways respectively, the pio- 
bability that it will happen in some one of these ways is 

P, + 7^2 + 7 ^+ + 7 ^*- 


Example 1- I'ind the chance of throwing 9 at least in a single throw 
with two dice. 

4 

9 can be made up in 4 ways, and thus the chance of throwing ^ i^ ^ • 

3 

10 can be made up in 3 ways, and thus the chance of throwing 10 is — . 

2 

11 can be made up in 2 ways, and thus the chance of throwing 11 is^ • 

12 can be made up in 1 w'ay, and thus the chance of throwing 12 is — . 


Now the chance of throwing a number not less than 9 is the sum of these 
separate chances ; 


the required chance = 


4 + 3-1-2 + 1 
36 
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Example 2. One purse contains 1 sovereign and 3 shillings, a second 
purse contains 2 sovereigns and 4 slullings, and a third contains 3 sovereigns 
and 1 shilling. If a coin is taken out of one of the purses selected at 
random, find the chance that it is a sovereign. 


Since each purse is equally likely to bo taken, the chance of selecting 
the first is - ; and the cliance of then drawing a sovereign is — ; hence the 

o 4 

chance of drawing a sovereign so far as it depends upon the first purse is 


X T » Similarly the chance of drawing a sovereign so far as it 


12 1 

depends on the second purse 3 ^ g » o i from the third purse the 


13 1 

chance of drawing a sovereign is - x - , or - ; 

3 4 4 


the required chance = — + - + - = 

1 ^ J *1 1) 

460. In tlie preceding article we have seen that the pro- 
Lability of an evt'ut may sometimes be considered as the sum of ^ 
the probabilities of two or more separate events; but it is very 
important to notice tliat the probability of one or other of 
a series of events is the sum of the probabilities of the separate 
events onhj when the extents are inufualhj exchisive, that is, when 
the occurrence of one is incompatible with tlie occurrence of any 
of the others. 


Example. From 20 tickets marked with the first 20 numerals, one is 
drawn at random: find the chance that it is a multiple of 3 or of 7. 


The chance that the number is a multiple of 3 is ^ , and the chance that 


20 


2 

it is a multiple of 7 is — - ; and thcKe events ax'e mutually exclusive^ hence the 


required chance is 


G 


26 20 * 5 ‘ 


But if the question had been: find the chanee that the number is a 
multiple of 3 or of 5, it would have been incorrect to reason as follows : 


C 


Because the chance that the number is a mnltiple of 3 is 1 


chance that the number is a multiple of 5 is ^ , therefore the chance that 


6 4 1 

it is a multiple of 3 or 5 is qa on * o • number on the ticket 


might be a multiple both of 3 and of 5, so that the two events considered 
are not mutually exclusive. 




461. It should be observed tliat tlio distinction between 
simple and compound events is in many cases a purely artificial 
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one ; in fact it often amounts to nothing more than a distinction 
between two different modes of viewing the same occurrence. 


» * 

■ ; 


Example. A bag contains 5 white and 7 black balls; if two balls are 
drawn what is the chance that one is white and the other black? 

(i) Regarding the occurrence as a simple event, the chance 

= (5 X = . 


^ (ii) The occurrence may be regarded as the liappening of one or other 

of the two following compound events : 


(1) drawing a white and then a black ball, the chance of which is 

5 7 35 

12 ^ il i32’ 


(2) drawing a black and then a white ball, the chance of which is 

7 5 35 

12"^ 11 ’ 132' 

And since these events are mutually exclusive, the required chance 

35 35 35 

It will be noticed that we have here assumed that the chance of drawing 
two Specified balls successively is the same as if they were drawn simul- 
taneously. A little consideration will shew that this must be the case. 


EXAMPLES. XXXII. b. 


1. AVhat is the chance of throwing an ace in the fii*st only of two 
^ successive throws with an ordinary die i 

ti 2. Three cards are drawn at random from an ordinary pack; find 

the chance that they will consist of a knave, a queen, and a king. 


3. The odds against a certain event are 5 to 2, and the odds in 
favour of another event independent of the former are 6 to 5 : find the 
chance that one at least of the events will happen. 


4. The odds against A solving a certain problem are 4 to 3, and 
^ the odds in favour of B solving the same problem are 7 to 5 ; what is 

the chance that the problem will be solved if they both try ? 





5. What is the chance of drawing a sovereign from a purse one 

compartment of which contains 3 shillings and 2 sovereigns, and the 

other 2 sovereigns and 1 shilling i 
0 

6. A bag contains 17 counters marked with the numbeis 1 to 17. 
A counter is drawn and replaced ; a second drawing is then made : 
what is the chance that the first number dmwn is even and the second 
odd? 
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7. Four persons draw each a card from an ordinary pack: find 
the chance (1) that a card is of each suit, (2) that no two cards are of 
equal value. 

• i chance of throwing six with a single die at least once 

m nve trials. 

9. The odds tliat a hook will bo favourably reviewed by three ^ 
indei>erident critics are 5 to 2, 4 to 3, and 3 to 4 resi>ectively ; what is 
the probability that of the three reviews a majority will be favourable? 

IG. A ba;j; contains 5 white and 3 black balls, and 4 are successively 

replaced ; what is the chance that they are alternately 
ot ditterent colours ? j 


11. In three throws with a pair of dice, 
doublets at least once. 


find the chance of throwing 


12 . 

shew til 



It 4 whole numbers taken at I'andom are multiplied to^^ether 
at the chance that the last digit in the protluct is ], 3, 7, or 9 


13. In a ]>ur.se are 10 coins, all shillings except one which is a 
soveieign ; in another are ten coins all shillings. Nine coins are taken 
from the former purse and i>ut into the latter, and then nine coins are 
taken from the latter and ])ut into the former: find the chance that 
the sovereign is still in the first purse. 


coins are tossed 5 times, what is the chance that there 
will be 5 heads and 5 tails ? 


15. If 8 coins are tossed, w'h.at is the chance 
one w'ill turn up head? 


that one and only 

$ 1 


16. A, C in order cut a ])ack of cards, replacing them after each 
cut, on condition that the first who cuts a spade shall win a prize: find 
their respective chances. 


17, A and B draw from a jmi-se containing 3 sovereigns and 
4 shillings : find their respective chances of first drawing a sovereign, 
the coins when drawn not being replaced. 

18. A party of n persons sit jxt a round table, find the odds against 
tw'o specified individuals sitting next to each other. 

19, A is one of 6 horses entered for a race, and is to bo ridden by 

one of two jockeys B and C, It is 2 to 1 that B rides A, in wliich j\ 

case all the horses are equally likely to win ; if C rides A, his chance 
is trebled r what are the odds against his winning ? 

20. If on an average 1 vessel in every 10 is wrecked, find the chance 
that out of 5 vessels expected 4 at least will arrive safely. 




462. Th^ probability of the happening of an event in one 
trial being hnoxvn^ required the probability of its happening once^ 
twice, three times, ... exactly in n trials. 

Let p be the probability of the happening of the event in 
a single trial, and let < 7=1 —p', then the probability that the 
event will happen exactly r times in n trials is the (r+ 1 )^** term 
in the expansion of {q +/>)'’. 

For if we select any particular set of r trials out of the total 
number n, the chance that the event will liappen in every one of 
these r trials and fail in all the rest is [Art. 456], and as 

a set of r trials can be selected in ways, all of which are 
equally applicable to the case in point, the required chance is 

>1/^ — r 

C^pq . 

^ If we expand (p + qY by the Binomial Theorem, we liave 

+ + ... +-C„^yq''-' + ... +?'; 

thus the terms of this series will represent respectively the 
probabilities of the happening of the event exactly yi times, — 1 
times, w — 2 times, ... in n trials. 

463. If the event happens n times, or fails only once, 
twice, ... (yi — r) times, it happens r times or more ; therefore the 
chance that it happens at least r times in n trials is 

or the sum of the first xi — r+l terms of the expansion of 


Example 1. In four throws with a pair of dice, what is the chance of 
throwing doublets twice at least? 

G 1 

In a single throw the chance of doublets is rr; , or ^ ; and the chance of 

oO D 

failing to throw doublets is^. Now the required event follows if doublets 
are thrown four times, three times, or twice ; therefore the required chance 
is the sum of the first three terms of the expansion of • 

1 10 

Thus the chance = — (1 + 4.54-6,6-)= . 

o* 144 

u.h.a. n 
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Example 2. A bag contains a certain number of balls, some of which are 
white; a ball is drawn and replaced, another is then drawn and replaced; 
and so on : if p is the chance of drawing a white ball in a single trial, find 
the number ot white balls that is most likely to have been drawn in w trials. 

The chance of drawing exactly r white balls is and we have to 

find for what value of r this expression is greatest. 

BO long as [n-r-\-l)p>rq, 

But p + r/ = l; hence tlie required value of r is the greatest integer in 

p(/i + l). 

If n is such that pn is an integer, the most likely case is that of pn 
successes and qn failures. 


4G4. Suppose tliat tliere are n tickets in a lottery for a prize 
of Xa:; tlien since each ticket is equally likely to w'in the prize, and 
a person who possessed all the tickets iimst win, the money value of 

U) 

eacli ticket is X - ; in other words this would be a fair sum to 

n 

pay for each ticket; lienee a person wdio possessed r tickets might 

voc 

reasonably expect X — as the price to be paid for his tickets by 
any one wlio wislied to buy them; that is, he would estimate 

V 

X-a: as tlie w'orth of his chance. It is convenient then to in- 
ti 

troduce the following definition : 

If p represents a person’s chance of success in any venture 
and M the sum of money which he will receive in case of success, 
the sum of money denoted by pM is called Iiis expectation. 

465. In tlie same way that expectation is used in reference 
to a person, we mcay conveniently use the phrase probable value 
applied to things. 

Example 1. One purse contains 5 shillings and 1 sovereign: a second 
purse contains 6 shillings. Two coins are taken from the first and placed in 
the second; then 2 are taken from the second and placed in the first: > 
find the probable value of the contents of each purse. 

The chance that the sovereign is in the first purse is equal to the sum of 
the chances that it has moved twice and that it has not moved at all; 
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112 3 

that is, the chance = -.- + -.1 = -, 

o 4 o 4 

*. the chance that the sovereign is in the second purse = i. 

4 

Hence the probable value of the first purse 

= 7 of 25«. of Gs. = £1. Os. 3d. 

4 4 

the probable value of the second purse 

= 31s, - 204 s. = 10s. 9d. 

Or the problem may be solved as follows : 

The probable value of the coins removed 

= 1 of 25.'!. 

the probable value of the coins brought back 

= 7 of (Gs. + 8 Js.) = 3 / 5 s,; 

4 

the probable value of the first purse 

= (25 — 8 ^ + 3i“ff) Bhillings = £l. Ox. 3(f., as before, 


Example 2. A and B throw with one die for a stake of £11 which is to 
be won by the player who first throws G. If A has the first throw, what are 
their respective expectations? 

1 5 5 1 

In his first throw ^’s chance is ; in his second it is - x - x - , because 

G o 0 G 

each player must have failed once before A can have a second throw ; in his 
third throw his chance is x ^ because each player must have failed 

twice; and so on. 


Thus A^s chance is the sum of the infinite series 






} 

• • • • • 

Similarly B’s chance is the sum of the infinite series 





1 ^ 


A B chance is to Ji’s as G is to 5; their respective chances are therefore 
n n* expectations are £G and £5 respectively. 
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46(j. We shall now give two problems wliich lead to useful 
and interesting results. 


Example 1. Two players A and B want respectively w and n points of 
winninj^ a set of games; their chances of winning a single game arep and q 
respectively, where the sum of p and q is unity; the stake is to belong to ^ 
the player who first makes up his set: determine the probabilities in favour 
of each player. 


Suppose that A wins in exacthj vi + r games; to do this he must win the 
last game and vt-1 out of the preceding 7>i4*r— 1 games. The chance of 
this is (fp, or 


Kow the set will necessarily be decided in 7 h 4-«-1 games, and A may 
win his jii games in exacthj vi games, or m + 1 games, ... , or 7« + 7i- 1 games; 
tlierefore we shall obtain the chance that A wins the set by giving to r the 
values 0, 1, 2, ... 7i - 1 in the expression 2 **. Thus .d’s chance is 




-t- 7i - 2 


1 .2 


m - 1 I;/ - 1 




similarly B’s chance is 


m 4- Ji - 2 


■ 1 + vp H — ; — :r" P • • • *h , 1 

I ^ 1.2 7/1 - 1 »t - 1 


P 


m— 1 


This question is known as tlie “ Problem of Points/’ and has 
engaged the attention of many of the most eminent mathematicians 
since the time of Pascal. It was originally proposed to Pascal by 
the Clievalier de IMere in 1G54, and was discussed by Pascal and 
Fermat, but they confined themselves to the case in which the 
jilayers were supposed to be of equal skill : tlieir results were also 
exliibited in a different form. The formulpe we have given are 
assigned to INIontinort, as they appear for the first time in a Avork 
of his published in 1714. Tlie same result Avas afterAvards ob- 
tained in different Avays by Lagrange and Laplace, and by the 
latter the problem Avas treated very fully under various modi- 
fications. 

Example 2. There are n dice Avith / faces marked from 1 to /; if these 
are thrown at random, what is the chance that the sum of the numbers 
exhibited shall be equal to p? 

Since any one of the f faces may be exposed on any one of the n dice, 
the number of Avays in Avhich the die© may fall is /”. 

Also the number of Avays in which the numbers thrown will have p for 
their sum is equal to the coefficient of in the expansion of 

(.r* + -I- + . . . -I- -t/)” ; 

for this coefficient arises out of the different ways in which 7i of the indices 
1, 2, 3, .../can be taken so as to form p by addition. 


f 
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Now the above expression =x** (1 + x + + ... + 



We have therefore to find the coefficient of in the expansion of 


Now 


and 


(1 - x/)'‘= 1 - •"-' iT2^T“ + • 

{l-x)-^^ = l + nx-\- ~r:2T3 ■ 


Multiply these series together and pick out the coefficient of ’* in the 
product ; we thus obtain 

n(n + I)...(p-l) ^ K (n + lh..(p-/-l) 

i >- It “ * \ p-n-f 

n{«-l) 7i (n + 1) ... (p - 

1.2” * “ | p-n-~:27 ' ■■■* 

where the series is to continue so long as no negative factors appear. The 
required probability is obtained by dividing this series by/”. 


This problem is due to De Moivre and was publislied by liim 
in 1730 ; it illustrates a method of frequent utility. 

Laplace afterwards obtained the same formula, but in a much 
more laborious manner ; lie applied it in an attempt to demon- 
strate the existence of a primitive cause which has made the 
planets to move in orbits close to the ecliptic, and in the same 
direction as the earth round the sun. On this point the reader 
may consult Todhunter’s History of FrohahUity^ Art. 987. 


EXAMPLES. XXXII. c. 

1. In a certain game ..I’s skill is to i?’s as 3 to 2 : find the chance 
of ..4 winning 3 games at least out of 5. 

2. A coin whose faces are marked 2, 3 is thrown 5 times: what 
is the chance of obtaining a total of 12 ? 

3. In each of a set of games it is 2 to 1 in favour of the winner 
of the previous game : what is the chance that the player who wins 
the first game shall win three at least of the next four ? 

4. There are 9 coins in a bag, 5 of which are sovereigns and 
the rest are unknown coins of equal value; find what they must be if 
the probable value of a draw is 12 shillings. 
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5. A coin is tossed ?i times, what is the chance that the bead will 
present itself an odd number of times? 

6. From a bag containing 2 sovereigns and 3 shillings a person 
is allowed to draw 2 coins indiscriminately; find the value of his ex- 
pectation. 

7. Six persons throw for a stake, which is to be won by the one 
who first throws head with a penny ; if they throw in succession, find 
the chance of the fourth person. 

8. Counters marked 1, 2, 3 are jdaced in a bag, and one is with- 
drawn and replaced. The operation being repeated three times, what 
is the chance of obtaining a total of G ? 

9. A coin whose faces are marked 3 and 5 is tossed 4 times : what 
are the odds against the sum of the numbei-s thrown being less than 151 

10. Find the chance of throwing 10 exactly in one throw with 
3 dice. 

11. Two players of equal skill, A and By are playing a set of 
games; they leave off playing when A wants 3 points and B wants 2. 

If the stake is £1G, what share ought each to take? 

12. .1 and B throw with 3 dice: if A throws 8, what is B's chance 
of throwinix a higher number ? 

13. -I had in his pocket a sovereign and four shillings; taking out 
two coins at random he promises to give them to B and C. What is 
the worth of 6”s expectation ? 

14. In five throws witli a single die what is the chance of throwing 
(1) three aces exatitl^jy (2) three aces at least. 

15. -I makes a bet with B of 5^. to 2.?. tliat in a single throw with ^ 
two dice he will throw seven before B throws four. Each has a pair 

of dice ami they throw siTnulLinoously until one of tlicm wins, equal 
throws being disregarded : find />’s expectation. 

16. A person throws two dice, one the common cube, and the other 
a regular tetrahedron, the number on the lowest face being taken in the 
case of tlie tetraheilrmi ; what is the chance iliat the sum of the 
numbers thrown is not less than 5 ? 

17. A l)ag conmins a coin of value J/, and a nuuibor of other coins 
whose aggregate value is m. A 2 >crsou draws one at a time till he 
draws the coin M : find the value of his expectation. 

18. If 6 h tickets numbered 0, 1, 2, 6n— I are jdaced in a bag, ^ 

and three are drawn out, shew that the chance that the sum of the 
numbers on them is equal to G^i is 

3» 

(6«-l)(6»-2)* 


1 
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♦Inverse Probability. 

’y *4G7. In all the cases we have hitherto considered it has been 
supposed that our knowledge of the causes which may produce a 
certain event is such as to enable us to determine tlie chance of 
the happening of the event. AVe have now to consider problems 
of a ditterent character. For example, if it is known that an 
event has happened in consequence of some one of a certain 
number of causes, it may be required to estimate the probability 
of each cause being the true one, and thence to deduce the pro- 
bability of future events occurring under the operation of the 
same causes. 

^ *468. Before discussing the general case we shall give a 

numerical illustration. 

Suppose there are two purses, one containing 5 sovereigns 
and 3 shillings, the other containing 3 sovereigns and 1 shilling, 
and suppose that a sovereign lias been drawn : it is required to 
hnd the chance that it came from the first or second purse. 

Consider a very large number iY of trials; tlien, since before 
the event each of the purses is equally likely to be taken, we may 

assume that the first purse would be cliosen in ^ iY of the trials, 

’ and ill x of these a sovereign would be drawn ; thus a sovereign 

8 

5 1 5 

would be drawn - x xiY, or 77 ; iY times from the first purse. 

o 2 1 o 

The second purse would be chosen in of the trials, and in 

3 

— of these a sovereign would be drawn ; thus a sovereign would 


be drawn -JY times from the second purse. 

o 

Now iY is very large but is otherwise an arbitrary number; 
let us put iY= 16n; thus a sovereign would be drawn 5n titiies 
from the first purse, and 6 n times from the second purse; that is, 
out of the lln times in wliich a sovereign is drawn it comes 
from the first purse 5n times, and from the second purse 6n 
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times. Hence the probability that the sovereign came from the * 
hrst purse is — , and the probability that it came from the 


second is 


ir 




*4G9, It is important that tlie student’s attention should be 
directed to the nature of the assumption that has been made in 
the preceding article. Thus, to take a particular instance, 
although in GO tlirows -with a perfectly symmetrical die it may 
not happen that ace is tlirown exactly 10 times, yet it will 
doubtless be at once admitted that if the number of throws is 
continually increased the ratio of the number of aces to the 
number of throws will tend more and more nearly to the limit 

- . There is no reason why one face sliould appear oftener than 

another ; hence in the long run the number of times that each of 
the six faces will have appeared will be .approximately equal. 

Tlie above instance is a particular case of a general theorem 
which is due to James Bernoulli, and was first given in the 
Corijp.ctandi^ published in 1713, eight years after the author’s 
death. Bernoulli’s tlieorem may be enunciated as follows: 

Jf p is the prohahility that an event happens in a sinyle trial, 
then if the number of trials is indefinitely increased, it hecomeyS a 
certainty that the limit of the ratio of the number of successes to ths 
7inmber of trials is equal to p; in other words, if the number oj 
trials is N, the number of successes may be taken to he pN. 

See Todhunter’s History of Probability, Cliapter VII. A proof 
of Bernoulli's theorem is given in the article Prohahility in the 
Encyclopcedia Britannica. 


*470. Ayi observed event has Juippened throuyh some one of a 
number of 'mutually exclusive causes : required to find the pro- 
bability of any assigned cause being the true one. 

Let there be n causes, and before the event took place suppose 
that the probability of the existence of these causes was estimated ^ 
at P^, P^, P^, ... P^. Let p^ denote the probability that when tlie 
cause exists tlie event will follow : after the event has occurred 
it is required to find the probability that the r^^ cause was the 
true one. 
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Consider a very great number JST of trials j then the first cause 
exists in P^JY of these, and out of this number tlie event follows 
in similarly there are trials in which the event 

follows from the second cause; and so on for each of the other 
causes. Hence the number of trials in which the event follows is 

and the number in which the event was due to the r^'‘ cause is 

hence after tlie event the probability that tlie cause 
was the true one is 

p^p^x-^n:^ (pP); 


tliat is, the probability 
cause is 


that the event was produced by the 




*4r71. It is necessary to distinguish clearly between the pro- 
bability of the existence of the several causes estimated before 
the event, and the probability after the event has happened of any 
assigned cause being the true one. Tlie former are usually called 
a priori probabilities and are represented by 7',, ... ; 

the latter are called a posteriori probabilities, and if we denote 
them by Qny proved that 



PrPr . 
2 (pP) ’ 


where pr denotes the probability of the event on tlie hypothesis 
of the existence of the r* * *** cause. 

From this result it appears that 2 (<?) = !, which is other- 
wise evident as the event has happened from one a.nd only one 
of the causes. 

We shall now give another proof of the theorem of the pre- 
ceding article which does not depend on the principle enunciated 
in Art. 469. 

*472. An observed event has happened through some one of a 
number of mutually exclusive causes : required to find the jyro- 
bahility of any assigned cause being the true one. 

Let there be n causes, and before the event took place suppose that 
the probability of the existence of these causes was estimated at 
7^,, Pj, 7^3, ... P„. Let p^ denote the probability that when the 

cause exists the event will follow ; then the antecedent proba- 
bility that the event would follow from the cause is p^P^. 


I 


394 


HIGHER ALGEBRA. 


Let be the a posteriori probability that the r**' cause was the 
true one; then the probability that the r^^ cause was the true one 
is pi oportional to the probability that^ if in existence, this cause 
would produce the event; 

. ^ Qn _ 2(0 1 

PA PA PnP. 2(pP) ^(pP)’ 

Q = pA 


Hence it appears that in the present class of problems the 
product I ^p^, will have to be correctly estimated as a first step; 
in many cases, however, it will be found tliat P,, 0 , ... are 

all equal, and the work is thereby much simplified. 


Example. There are 3 bags each containing 5 white balls ami 2 black 
balls, and 2 bags each containing 1 white ball and 4 black balls: a black ball 
having been drawn, find the chance that it came from the first group. 

Of the five bags, 3 belong to the first group and 2 to the second; hence 






^ bag is selected from the first group the chance of drawing a black 
ball is if from the second group the chance is thus = ^^“5 ’ 




1 . 

25* 


Hence the chance that the black ball came from one of the first group is 

4. 

35 ' V35*^2.V ~43* 


*4/3. When an ev'ent has been observed, we are able by 
the method of Art. 472 to estimate the probability of any 
particular cause being the true one ; "we may then estimate 
the probability of the event happening in a second trial, or 

we may find the probability of the occurrence of some other 
event. 

For example, 7 .^ is the chance that the event will happen 
from the cause if in existence, and the chance that the r*^ ^ 

cause is the true one is 0 ; hence on a second trial the chance 
that the event will happen from the cause is pjQ^.* Therefore 
the chance that the event will happen from some one of the 
causes on a second trial is % {pQ). 
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Example. A purse contains 4 coins which are either sovereigns or 
shillings; 2 coins are drawn and found to be shillings: if these are replaced 
what is the chance that another drawing will give a sovereign ? 

This question may be interpreted in two waj-s, which we shall discuss 
separately. 

I. If we consider that all numbers of shillings are a priori equally likely, 
we shall have three hypotheses; for (i) all the coins may be shillings, (ii) 
three of them may be shillings, (iii) only two of them may be shillings. 


Here 


also 


Pi = P2 = P3 ; 

Pi — I» Pa — o’ ri 


Hence probability of first hypothesis = 1-r ^ — Y5~ ^ 


probability of second hypothesis = 2 
probability of third hj'pothesis = ^ 


1 + 


1 

2 ■*' 0 / 


, 1 1 
^ + 2'*‘G 




10 


Therefore the probability that another drawing will give a sovereign 

= ((?, X 0) + X +(«r,Xj) 

1 .S 2 1 _ 5 1 

“4 '10 ■‘■4 'I0“40“8* 

II. If each coin is equally likely to be a shilling or a sovereign, by taking 
the tei-ms in the expansion of chance of four 

shillings is of three shillings is ^ , of two shillings is ^ ; thus 


L ^ \J 

T>__ P— _ P • 

^ ^ ^2— Mi ^ -^ 3 — ll-» 


also, as before, 


Hence 


Pi = l; 


1 

Pa=2’ 


P3-^ 


_ Q 2 _ ^ _ <?1 + Q > + ^3 _ 2i, 

6 “ 12 “ 0 24 24 


Therefore the probability that another drawing will give a sovereign 


= (QixO) + ^Q2X^j + (*33^1) 


■"8 ■*'16 4* 
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*474. AVe shall now shew how the theory of probability may 
be applied to estimate the trutli of statements attested by wit- 
nesses wliose credibility is assumed to be known. We shall 
suppose that each witness states what he believes to be the truth, 
wlietlier his statement is the result of observation, or deduction = 
or experiment' so that any mistake or falsehood must be^ 
attributed to en oi's of judgment and not to wilful deceit. 

The class of problems we sliall discuss furnishes a useful 
intellectual exercise, and although tlie results cannot be regarded 
as of any practical importance, it will be found that they contirni 
tlie verdict of common sense. 

*47.0. AVhen it is asserted that tlie probability that a person 
speaks the truth is p, it is meant that a large number of state- 
jnents made by liim has been examined, and that is the ratio 
of those which are true to the whole number. 

*47G. Two independent witnesses, A and wdiose proba- 
bilities of speaking tlie trutli are p and p' respectively, agree in 
making a certain statement: what is the probability that the 
statement is true 1 

Here the observed event is the fact that A and B make the 
same statement. Hefore the event there are four hypotheses; for 
and B may both speak truly; or A may speak truly, B falsely; 
or A may speak falsely, B truly ; or A and B may both speak 
falsely. The probabilities of the.se four hypotheses are 

j)p\ pi{\^p\ pi}~2>)y (^-p){^-p) respectively. 

Hence after the observed event, in which A and B make the 
same statement, the probability that the statement is true is to 
the probability that it is false as pp to (1 - (1 —p')\ that 

is, the probability that the joint statement is true is 

pp' _ _ 

7j;/ + (l -x>) (1 -p) ■ 

Similarly if a third person, whose probability of speaking the 
truth is p*\ makes the same statement, the probability that the 
statement is true is 

PP'P" . 

ppp' + (i -p) (1 ~p) (1 ~-p1 ' 

and so on for any number of persons. 
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*47 r. In the preceding article it has been supposed that we 
have no knowledge of the event except the statement made by A 
and By if we have information from other sources as to tlie 
probability of the truth or falsity of the statement, tliis must be 
taken into account in estimating the probability of the various 

hypotheses. 

For instivnce, if A and B agree in stating a fact, of which 
the a 2 ?riori probability is P, tlien we should estimate the pro- 
bability of the truth and falsity of t\\e statement by 

Fj}/ and (I - i') (1 “7^) respectively. 


Example. There is a raffle with 12 tickets and two prizes of £0 and £3. 
ABC whose probabilities of speaking the truth are f lespectiveb*, 

report the result to D, who holds one ticket. A and B assert that he has 
won the £9 prize, and C asserts that he has won the £3 prize; what is D's 

expectation? 

^ Three cases are possible; D may have won £9, £3, or nothing, for A, By 
C may all have spoken falsely. 

Now with the notation of Art. 472, we have the a priori probabilities 

1 1 ^ 10 
7^ _ „ I> P — • 

1“12 ’ - “12 ' ^ 12 ’ 


12^ 
al30 Pi = 2>^3>‘i 


2 


30* 3^ 5 30* 

. §1 _ ^2 „ ^ . 
• * 4 3 ”20 27’ 


X :: X = 
2 3d 


2 

30 *’ 


4 3 

hence 2)’a expectation = .^ =£!• 13 j<. 4d. 


^ *478. With respect to the results proved in Art. 47G, it 

should be noticed that it was assumed that the statement can be 
made in two ways only, so that if all the witnesses tell falsehoods 
they agree in telling the same falsehood. 

If this is not the case, let us suppose that c is the chance 
that the two witnesses A and B will agree in telling the same 
falsehood ; then the probability that the statement is true is to 
the probability that it is false as to c (1 (1 - 2 ^'). 

As a general rule, it is extremely improbable that two 
y independent witnesses will tell the same falsehood, so that c is 
% usually very small; also it is obvious that the quantity c becomes 
smaller as the number of witnesses becomes greater. These con- 
siderations increase the probability that a statement asserted by 
two or more independent witnesses is true, even though the 
credibility of each witness is small. 
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Example. A speaks truth 3 times out of 4, and B 7 times out of 10; they 
both assert that a white ball has been drawn from a bag containing 6 balls 
all of different colours : find the probability of the truth of the assertion. 

There are two hypotheses ; (i) their coincident testimony is true, (ii) it is 
fcils6* 


Here 




for in estimating p, we must take into account the chance that A and B will 
both select the white ball when it has not been drawn ; this chance is 

11 1 

5 5 25 * 

Now the probabilities of the two hypotheses are as P^p^ to P.^p^, and 
therefore as 35 to 1; thus the probability that the statement is true is 

30 


*479. Tl»e cases we liave considered relate to tlie probability 
of the truth of concurrent testimony; the following is a case of 
tr(ulitlonarij testimony. 

If A st.ates that a certain event took place, having received an 
account of its occurrence or non-occurrence from what is the 
probability that the event did take place? 

The event happened (1) if they both spoke the truth, (2) if 
they both spoke falsely; and the event did not liappen if only 
one of them spoke the truth. 

Let p, y/ denote the probabilities that A and B speak the 
truth ; then the probability that the event did take place is 

p/-t- (1 ~p) (1 -p), 

and the i)robability that it did not take place is 

p(l -p)-^]}' (\ -p). 


*480. The solution of the preceding article is tliat wliich has 
usually been given in text-books; but it is open to serious objec- 
tions, for the assertion that the given event Jiappened if both A 
and B spoke falsely is not correct except on the supposition that 
the statement can be made only in two ways. Aloreover, 
although it is ejgpressly stated that A receives his account from 
B, this cannot generally be taken for granted as it rests on 
A^s testimony. 


MUUIUILITV. 




A full discussion of the different ways of interpreting the 
question, and of the different solutions to wiiich they lead, will be 
found in the Educational Times Reprint^ Vols. xxvii. and xxxii. 


♦EXAMPLES. XXXn. d. 

1. There are four balls in a bag, but it is not known of what 
coloura they are ; one ball is drawn and found to be white : find the 
chance that all the balls are white. 

2. In a bag there are six balls of unknown colours; three balls 
are drawn and found to be black; find the chance that no black ball 
is left in the bag. 

3. A letter is known to have come either from London or Clifton ; 
on the postmark only the two consecutive letters ON are legible ; what 
is the chance that it came from London ? 

4. Before a race the chances of three runners, ^1, C, were 
estimated to be in-oportional to 5, 3, 2; but during the race A meets 
with an accident which reduces his chance to one-third. What are now 
the respective chances of H and C'l 

5. A ])urse contains n coins of unknown value ; a coin drawn at 
random is found to be a sovereign ; what is the chance that it is the 
only sovereign in the bag ? 

6. A man has 10 shillings and one of them is known to have two 
^ heads. He takes one at random and tosses it 5 times and it always 

falls head : what is the chance that it is the shilling with two heads ? 

7. A bag contains 5 balls of unknown colour; a ball is drawn 
And replaced twice, and in each case is found to be red: if two balls 
Are now drawn simultaneously find the chance that both are red. 

8. A purse contains five coins, each of which may be a shilling 
or a sixpence; two are drawn and found to be shillings; find the prob- 
able value of the remaining coins. 

9. A die is thrown three times, and the sum of the three numbers 
« thrown is 15 : find the chance that the first throw was a four. 

10. A speaks the truth 3 out of 4 times, and B 5 out of 6 times ; 
what is the probability that they will contradict each other in stating 
the same fact ? 
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11. A speaks the truth 2 out of 3 times, and J5 4 times out of 6; 
they agree in the assertion that from a bag containing 6 balls of different 
colours a red ball has been drawn : find the probability that the state- 
ment is true. 

12. One of a ]>ack of 52 cards has been lost ; from the remaindet 
of the pack two cards are drawn and are found to be spades; find the^ 
chance that the missing card is a spade. 

13. There is a raffle with 10 tickets and two prizes of value £5 
and £1 respectively. A holds one ticket and is informed by B that 
he has won the £ij prize, while C asserts that he has won the £l prize: 
what is zl’s expectation, if the credibility of B is denoted by and 
thatof CM)y I? 

14. A purse contains four coins; two coins having been drawn are 
found to be sovereigns: find the chance (1) that all the coins are 
so\'ercigns, (2) that if the coins are replaced another drawing will give 
a sovereign. 


15. P makes a hot with Q of .£8 to ^£120 that three races will be 
won by the three horses zl, 71, Cy against which the betting is 3 to 2, 

1 to 1, and 2 to 1 respectively. The first race having been won by Ay 
and it being known that the second race was won either by 7?, or by 
a liorsc D against which the betting was 2 to 1, find the value of P^n 
expectation. 

16. From a bag containing n balls, all either white or black, all 
numbers of each being equally likely, a ball is drawn which turns out 
to he white; this is replaced, and another ball is drawn, which also 
turns out to be white. If this ball is replaced, prove that the chance 

of the next draw giving a black ball is ^ (71 — 1) (2?iH- 1)“* , 

^ I 

17. If 77171 coins have been distributed into m purses, n into each, 
find (1) the chance that two specified coins will be found in the ^rne 
purse ; and (2) what the chance becomes when purses have been 
examined and found not to contain either of the specified coins. 

18. Ay B are two inaccurate arithmeticians whoso chance of solving 

a given question coiTectly are J and respectively ; if they obtain t le 
same result, and if it is 1000 to 1 against their making the same 
mistake, find the chance that the result is correct. 

19. Ten witnesses, each of whom makes but one false statement in j 
six, agree in asserting that a cei'tain event took jd^e; shew that e 
odds are five to one in favour of the truth of their statement, even 

although the a prien'i probability of the event is as small as 
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*481. The application of Geometry to questions of Pro- 
bability requires, in general, the aid of the Integral Calculus ; 
there are, however, many easy questions wliicli can be solved by 
Elementary Geometry. 


Exaviple 1. From each of two equal linea of length I a portion is cut 
off at random, and removed: what is the chance that the sum of the 
remainders is less than 17 

Place the lines parallel to one another, and suppose that after cutting, 
the right-hand portions are removed. Then the question is equivalent to 
asking what is the chance that the sum of the right-hand portions is greater 
than the sum of the left-hand portions. It is clear tliat the first sum is 
equally likely to be greater or less than the second ; thus the required 

probability is i . 

CoR. Each of two lines is known to be of length not exceeding l\ the 
chance that their sum is not greater than I is 


Example 2. If three lines are chosen at random, prove that they are 
just as likely as not to denote the sides of a possible triangle. 

Of three lines one viust be equal to or greater than each of the other 
two ; denote its length by I, Then all we know of the other two lines is that 
the length of each lies between 0 and /. But if each of two lines is known to 
bo of random length between 0 and Z, it is an even chance that their sum 
is greater than 1. [Ex. 1, Cor.] 

Thus the required result follows. 

Example 3. Three tangents are dr awn at random to a given circle : 
shew that the odds are 3 to 1 against the circle being inscribed in the triangla 
formed by them. 



Draw three random Unee P, Q, R, i„ the same plana a. the circle, and 
draw to the circle the six tangents parallel to these lines. 
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Then of the 8 triangles so formed it is evident that the circle will be 
escribed to 6 and inscribed in 2 ; and as this is true whatever be the original 
directions of P, Q, P, the required result follows. 


*482. Questions in Probability may sometimes be con- 
veniently solved by the aid of co-ordinate Geometry. 

Example. On a rod of length a-l-b-l-c, lengths a, h are measured at 
random: find tlie probability that no point of the measured lines will 
coincide. 

Let AB be the line, and suppose AP=x and PQ = a\ also let a be 
measured from P towards P, so that x must be less than h-\-c. Again let 
AP'=yy P'Q'isihy and suppose P'Q' measured from P' towards P, then y must 
be less than a + c. 

Now in favourable cases we must have AP'>AQf or else AP>AQ', 

hence yxi + Xy or x>-h + y (1). 

Again for all the cases possible, we must have 

^>0, and ci-fc) 

y>0, and ca + cj ' 

Take a pair of rectangular axes and make OX equal to h + c, and OY 
equal to a + r. 

Draw the line 7/ = a + .r, rejiresented by 2'ML in the figure; and the line 
x — h + y represented by Kli. 



Then IM/, KX are each equal to c, OM, OT are each equal to a. 

The conditions (1) are only satisfied by points in the triangles MYL and 
KXll, while the conditions (2) are satisfied by any points within the rect- 
angle OA', or ; 

the required chance 


c- 


(a + c) (b + c) ' 

*483. We shall close this cliapter with some Miscellaneous 
Examples. 

Example 1. A box is divided into m equal compartments into which n 
balls are thrown at random ; find the probability that tliere will be p com- 
partments each containing a balls, q compartments each containing h balls, 
r compartments each containing c balls, and so on, where 

pa-\-qh + rc+ = n. 
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Since each of the n halls can fall into any one of the m compartments 
the total number of cases which can occur is th", and these are all equally 
likely. To determine the number of favourable cases we must tind the 
number of ways in which the n balls can be divided into py q, r, ... parcels 
containing a, 6, c, ... balls respectively. 

First choose any s of the compartments, where 8 stands for p-hq-hr+ ... ; 
the number of ways in which this can be done is 


Next subdivide the s compartments into groups containing p, q, r, ... 
severally ; by Art. 147, the number of ways in which this can be done is 




\P |g k--- 



Lastly, distribute the n balls into the compartments, putting a into each 
of the group of p, then h into each of the group of q, c into each of the 
group of r, and so on. The number of ways in which this can be done is 


\!L 

(Er(il)’(Er^- 

Hence the number of ways in which the balls can be arranged to satisfy 
the required conditions is given by the i)roduct of the expressions (1), (2), (8). 
Therefore the required probability is 


[m 


| »t-p- 7 -r~ 


Example 2. A bag contains n balls ; /c drawings are made in succession, 
and the ball on each occasion is found to be white; find the chance that the 
next drawing will give a white ball; (i) when the balls are replaced after 
each drawing ; (ii) when they are not replaced. 

(i) Before the observed event there are 1 hypotheses, equally likely ; 
for the bag may contain 0, 1, 2, 3, ... n white balls. Hence following the 
notation of Art. 471, 

Eq ~ = P3 = . . . = ; 


and 


2>«=o, 


Hence after the observed event, 

Qr = 


l* + 2* + 3*+... + n*’ 


Now the chance that the next drawing will give a white ball = 2 - Q,.; 

thus the required ehanee = ^ + ■ ■ ■ + . 

n l* + 2* + 3*+ ... * 

and the value of numerator and denominator may be found by Art. 405. 
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In the particular case when /: = 2, 

the required chance j" n > . + im» + l ) 

^ 3(n + l) 

2‘(2« + l)’ 


If n is indefinitely large, the chance is equal to the limit, when n is in- 


finite, of 


and thus the chance is 


n 


H-2 


n 


H-l 


n ’ + 2 * A: + 1 * 

A: + l 


(ii) If the halls are not replaced, 

_r r- 1 r- 2 r-k+1 

n'n-l*n-2 n- k + 1* 

and ^ Pr {r - k 1) {r - k + 2) (r-l)r 

S(r-A: + l)(r-ife + 2) (r-l)r 

r-O 

-fk+l) ( r-^+l)(r-Ar + 2) (r-l )r 

^ 

The chance that the next drawing will give a white ball= 2 Qr 

r^O “ A 

= , iYT } — ri\ 2 (r- A) (r- i- + l) 

{n-k){n-k + l) + 

_ k + 1 (n— A)(n — & + 1) + 

{n- k) {n — k + 1) ri (7t + 1) ' k + 2 

_k + l 
~k + 2^ 

which is independent of the number of balls in the bag at first. 


Example 3. A person writes n letters and addresses n envelopes; if the 
letters are placed in the envelopes at random, what is the probability that 
every letter goes wrong? 

Let denote the number of ways in which all the letters go wrong, and 
let ... represent that arrangement in which all the letters are in their 
own envelopes. Now if a in any other arrangement occupies the place of an 
assigned letter b, this letter must either occupy a’s place or some other. 

(i) Suppose h occupies a’s place. Then the number of ways in which 
all the remaining 7i-2 letters can be displaced is «„_ 2 , and therefore the 
numbers of ways in which a may be displaced by interchange with some one 
of the other n - 1 letters, and the rest be all displaced is (ti - 1) 
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(ii) Suppose a occupies b’s place, and 6 does not occupy a’s. Then in 
arrangements satisfying the required conditions, since a is hxed in 6*8 place, 
the letters fc, c, d, ... must be all displaced, which can be done in ways; 
therefore the number of ways in which a occupies the place of another letter 
but not by interchange with that letter is {n — 1) ; 


••• + 

from which, by the method of Art. 444, w^e find “itn — JiWn-i — (*“ 
Also Wi = 0, W 2 = l; thus we finally obtain 

(- m 

1 ^ ;• 


2 


, fl 1 1 


+ 



Now the total number of ways in which the n things can be put in 7i 
places is |n ; therefore the required chance is 

~ 1 I 1 (- 1)“ 

[2 |4 1^ ■ 


Tlie problem liere involved is of considerable interest, and in 
some of its many modifications lias maintained a permanent place 
in works on the Theory of Probability. It was first discussed 
by Montmort, and it was generalised by De Moivre, Euler, and 
Laplace. 


*484. The subject of Probability is so extensive that it is 
impossible here to give more than a sketch of the principal 
algebraical methods. An admirable collection of problems, illus- 
trating every algebraical process, will be found in Whitw'orth’s 
Choice and Chance; and the reader who is acquainted witli the 
Integral Calculus may consult Professor Crofton’s article Proba- 
hdittj in the Encyclopoidia Britannica, A complete account of 
tlie origin and development of the subject is given in Todhunter’s 
History of the Theory of Probability from the time of Pascal to 
that of Laplace. 

Tlie practical applications of tlie theory of Probability to 
commercial transactions are beyond the scope of an elementary 
treatise; for these we may refer to the articles Annuities and 
Insurance in the Encyclopeedia Britamiica. 


*EXAMPLES. XXXn. e. 

1. AVhat are the odds in favour of throwing at least 7 in a sin<^le 

throw with two dice I ® 

2. In a purse there are 5 sovereigns and 4 shillings. If they are 
drawn out one by one, what is the chance that they come out sovereigns 
and shillings alternately, beginning with a sovereign ? 
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3. If on an average 9 ships out of 10 return safe to port, what 
is the chance that out of 5 ships expected at least 3 will arrive ? 

4. In a lottery all the tickets are blanks but one; each person 
draws a ticket, and retains it: shew that each person has an equal 
chance of drawing the prize. 

5. One bag contains 5 white and 3 red balls, and a second bag 
contains 4 white and 5 red balls. From one of them, chosen at random, 
two balls arc <lrawn : find the chance that they are of different colours. 

6. Five persons ^1, /?, (7, 7), E throw a die in the order named 
until one of them throws an ace: find their relative chances of winning, 
supposing the throws to continue till an ace appeal's. 

7. Three squares of a chess board being chosen at random, what 
is the chance that two are of one colour and one of another ? 

8. A person throws two dice, one the common cube, and the other 
a regular tetrahedron, the number on the lowest face being taken in 
the case of the tetrahedron ; find the average value of the throw, and 
coin[)are the chances of throwing 5, 6, 7. 

9. yf’s skill is to 7?’s as 1 ; 3 ; to C7’s as 3 : 2 ; and to 7)’s as 4 : 3: 
find the chance that .1 in three trials, one with each person, will succeed 
twice at least, 

10. A certain stake is to be won by the first person who throws 
an ace with an octahedral die : if there are 4 jiersons what is the 
chance of the last ? 

11. Two players d, B of equal skill are jdaying a set of games; A 
wants 2 games to complete the set, tand B wants 3 games: comjiai'e 
their chances of winning. 

12. A purse contains 3 sovereigns and two shillings : a person 
draws one coin in each hand and looks at one of them, which proves 
to be a sovereign ; shew tliat the other is equally likely to be a .sovereign 
or a shilling. 

13. A and B play for a prize ; A is to throw a die first, and is to 
win if he throws 6. If he fails B is to throw, and to win if he throws 
6 or 5. If he fails, A is to throw again and to win with 6 or 5 or 4, 
and so on : find the chance of each player. 

14. Seven persons draw lots for the occupancy of the six seats in 
a first class railway compartment : find the chance (1) that two specified 
persons obtain opposite seats, (2) that they obtain adjacent seats on 
the same side. 

15. A number consists of 7 digits whose sum is 59 ; prove that the 

4 

chance of its being divisible by 11 is ^ . 

16. Find the chance of throwing 12 in a single throw with 3 dice. 
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17. A bag contains 7 tickets marked with the numbers 0, 1, 2, ...6 
respectively. A ticket is drawn and replaced ; find the chance that 
after 4 drawings the sum of the numbers drawn is 8. 

18, There are 10 tickets, 5 of which are blanks, and the others are 
marked with the numbers 1, 2, 3, 4, 5 : what is the probability of 
drawing 10 in three trials, (1) when the tickets are replaced at every 
trial, (2) if the tickets are not replaced ? 


19. If n integers taken at random are multiplied together, shew 


2 ” 

that the chance that the last digit of the product is 1, 3, 7, or 9 is — ; 

o’* 

5n_4»t 


4'i _ 2** 

the chance of its being 2, 4, 6, or 8 is — ^ — ; of its being 5 is 


S’* 


10 ’* 


and of its being 0 is 


10»'-8’*-5**-f 4" 
lO^ 




20. A purse contains two sovereigns, two shillings and a metal 
dummy of the same form and size; a person is allowed to draw out one 
at a time till he draws the dummy ; find the value of his expectation. 


21. A certain sum of money is to be given to the one of three 
persons /?, C who first throws 10 with three dice; supposing them 
to throw in the order named until the event happens, prove that their 
chances are respectively 



22. Two persons, whose probabilities of speaking the truth are 
2 5 

^ and “ respectively, a.ssei*t that a specified ticket has been drawn out 

of a bag containing 15 tickets: what is the probability of the truth of 
the assertion ? 


ji 



A bag contains 


2 


counters, of which one is marked 1, 


two are marked 4, three are marked 9, and so on ; a person puts in his 
hand and draws out a counter at random, and is to receive as many 
shillings as the number marked upon it : find the value of his ex- 
pectation. 


24. If 10 things are distributed among 3 persons, the chance of 


a particular person having more than 5 of them is 


_1507_ 
19683 ' 


25. If a rod is marked at random in n points and divided at 
those points, the chance that none of the parts shall be greater than 

— th of the rod is — . 
n n" 
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26. There are two purses, one containing three sovereigns and a 
shilling, and the other containing three shillings and a sovereign. A coin 
is taken from one (it is not known which) and dropped into the other; 
and then on drawing a coin from each purse, they are found to be two 
shillings. What are the odds against this happening again if two more 
are drawn, one from each purse ? 

27. If a triangle is formed by joining three points taken at random 
in the circumference of a circle, prove that the odds are 3 to 1 against 
its being acute-angled. 

28. Three points are taken at random on the circumference of a 
circle : what is the chance that the sum of any two of the arcs so 
determined is greater than the third? 

29. A line is divided at random into three parts, what is the chance 
that they form the sides of a possible triangle? 

30. Of two purses one originally contained 25 sovereigns, and the 
other 10 sovereigns and 15 shillings. One purse is taken by chance 
and 4 coins drawn out, which prove to be all sovereigns : what is the 
chance that this purse contains only .sovereigns, and w’hat is the i>rob- 
able value of the next draw from it? 

31. On a straight line of length a two points are taken at random; 
find the chance that the distance between them is greater than h. 

32. A straight line of length a is divided into three parts by two 
points taken at random ; find the chance that no part is greater than h. 

33. If on a straight line of length a + 5 two lengths a, h are 
measured at random, the chance that the common part of these lengths 

shall not exceed c is — r , where c is less than a or 6 ; also the chance 

ab 

that the smaller length h lies entirely within the larger a is 


34. If on a straight line of length a 4*6 -He two lengths a, b 
are measured at random, the chance of their not having a common 

part exceeding d is — — — where d is less than either a or 6, 
^ * (c-Ha)(c-H5) 

35. Four passengers, Ay By (7, D, entire strangers to each other, are 
travelling in a railway train which contains I fiist-class, m second-class, 
and n third-class compartments. A and B are gentlemen whose re- 
spective a priori chances of travelling first, second, or third class are 
representea in each instance by X, /i, v; ^ and D are ladies whose 
similar a pHori chances are each represented by ly m, n. Prove 
that, for all values of X, p, v (except in the particular case when 
X : fi : v = l : m : n)y A ana B are more likely to oe found both in the 
company of the same lady than each with a different one. 


CHAPTER XXXIII. 


Determinants. 


485. The present chapter is devoted to a brief discussion of 
determinants and their more elementary properties. The slight 
introductory sketch liere given will enable a student to avail 
himself of the advantages of determinant notation in Analytical 
Geometry, and in some other parts of Higher ^lathematics ; 
fuller information on this branch of Analysis niay be obtained 
from Dr Salmon’s Lessons Introductory to the Modern Ulcjher 
Algebra^ and Muir’s Theory of Determinants. 


486. Consider the two homogeneous linear equations 

multiplying the first equation by the second by sub- 
tracting and dividing by a:, we obtain 


This result is sometimes written 




and the expression on the left is called a determinant. It consists 
of two rows and two columns, and in its expanded form each 
term is the product of two quantities; it is therefore said to be 
of the second order. 


The letters a^, 6,, a^, are called the constituents of tlie 
determinant, and the terms are called the elements. 
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487. Since 







1 

K 


K 

K 


it follows that the value of the determinant is not altered by chang- 
ing the rows into columns^ and the columns into rows. 


488. Again, it is easily seen that 







tliat is, ij we interchange two rows or two columns of the deter- 
niinant^ we obtain a determinant which differs from it only in sign. 


489. Let us now consider the liomogeneous linear equations 


a, a; + b(y + c^z = 0, 

a^x + b^j + c^z = 0 , 

fl,a; + 6^y + C3S = 0. 


By eliminating .r, y, z, wo obtain as in Ex. 2, Art. 16, 

+ c, (a^h^ - aj)^ = 0, 


or 


^3 






K 


1 K 

^^3 

1 

^3 

«3 

1 

«3 

K i 


Tlii.s eliminant is usually written 


a. i, 


a 


a 


3 


^3 



and the expression on the left being a determinant which consists 
of three rows and three columns is called a determinant of the 
third order. 


490. By a rearrangement of terms tl»e expanded form of 
the above determinant may be written 

“l (*3^3 - Va) + “^(V. - ^i^a) + “a(*.C» “ 


K K 

+ ^2 

*3 ^ 

+ a . 

K K 



*^3 <^1 




or 
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hence 


! «i 

b. 

Cl 

11 




b. 


1^ 

K 

K ’ 


b. 

^3 

1 


^^3 


\ that is, the value of the deten'minant is not altered hy changing the 
rov:s into columns, and the columns into rov)s. 


491. From the preceding article, 


a, 6, c, |=a, 

K c. 


^3 S 

+ «3 

b, c. 

«3 b^c^ 

K ^3 

i 

h, c, 


^2 c. 


«3 ^3 =3 


^2 C, 


6, c, 


b, c, , 

(!)• 

K ^3 


&3 ^3 





Also from Art. 489, 



We shall now explain a simple method of writing down the 
expansion of a determinant of tlie third order, and it siiould be 
noticed that it is immaterial whether we develop it from the tirst 
y row or the first column. 

From equation (1) we see that the coefficient of any one of 
the constituents a,, a^ is that determinant of the second order 
which is obtained by omitting the row and column in wliich 
it occurs. These determinants are called the Minors of the 
original determinant, and the left-hand side of equation (1) may 
be written 

- a,A^ + a^A^, 

wliere A^, A^ are the minors of a^, a^ respectively. 

Again, from equation (2), tlie determinant is equal to 

where A^, are the minors of a„ b^, c^ respectively^ 
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492. The determinant 


^2 K ^2 

^3 


= “i - K<^~} -'•- o. (c,a^ - c^a,) + c, (aj)^ - ah) 


hence 




(*3«3 - *,«3) 5 


b, c, = - b, a, 

Cj 




"'3 

*3 <^3 ^3 «3 

^3 


Thus it appears that ^ two adjacent columnSj or rows^ of the 
deternihiant are interchanged^ the sign of the determinant is 
changed^ hut its value remains unaltered, 

Tf for the sake of brevity we denote tlie determinant 

I a. h, c. I 


"2 

“3 *3 ^^3 


by {a^h^c^), tlieii tlie result we have just obtained may be written 

= - («. ^ 3 )- 

Similarly we may shew that 

(c/V^3) = - («,c, 63 ) = + {afi^c^). 

403, If two rows or two columns of the determinant are 
identical the determinant vanishes. 

For let D be the value of the determinant, then by inter- 
changing two rows or two columns we obtain a determinant 
whose value is - />; but tlie determinant is unaltered; hence 
I) = — D, that is = 0. Thus we have the following equations, 

-h^A^-h h^A^ = 0, 

+ ^ 3 ^ 3 = 0 . 

494. Ij each constituent in any row, or in any column, is 
multiplied by the same factor, then the determinant is multiplied 
by that factor. 
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For c^ 

ma, c, I 

ma^ 63 C3 

= 7ua, . A, — ma^ . + ina- . 

II « S J A 

= m {a^A^-a,A^ + a^A^) ; 
which proves the proposition. 

Cor. If each constituent of one row, or column, is the same 
multiple of the corresponding constituent of another row, or 
column, the determinant vanislies. 

495. If each conatitueiU in any rov), or column^ coimlsU of two 
ternis, then the determinant can he expressed as the sum of two 
^ other determinants. 

Tims we have 


a, + a, 

6. 


= 




+ 

“l 



+ a. 









b. 


+ % 

*3 

*^3 


«3 

h 

z 

^3 


“3 


^^3 


for the expression on the left 

= («, + “1) I - (“2 + “2) ^2 + («3 + -h 

= , - « 2^2 + M3) + (“/I , - 2 + M3) ; 

which proves the proposition. 

In like manner if each constituent in any one row, or column, 
consists of ?n terms, the determinant can be expressed as the 
sum of 7)1 other determinants. 

Similarly, we may shew that 

a, + a, 6, +/?, c, I 
«2 + “2 ^ + /?2 <^2 ; 

“3 + “3 *3 + /S3 C3 : 


= 

«1 



+ 




+ 

1 




“1 



a. 

^-2 

Co 




^2 


a. 

*2 

^2 


"2 

*^2 


«3 

K 





'^3 


^^3 

K 

^3 


“3 /?3 

Cs 
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These results may easily be generalised ; tlius if tlie con- 
stituents of the three columns consist of m, n, p terms respec- 
tively, the determinant can be expressed as tlie sum of mnp 
determinants. 


Kxample 1. Shew that 

h + c 

a — b 

a 

= 3al»c 

— — 

— c® 



c-\-a 

b~c 

b 






a + h 

c - a 

c 




The given determinant 








= h a rt ' — 1 

h 

h a • 

+ c 

(1 

a — 

c b 

a 

c h h ■ \ 

c 

c h ' 

\ ' a 

b 

b 

b 1 

a c 

b 

a c Cl 

a 

a c 

c 

c- 1 

h a 

c 


Of these four determinants the first three vanish, Art. 493; thus the ex- 
pression reduces to the last of t)ie four determinants; hence its value 

= - I c (c- — ab) - h [ac — Z/-) + a (a^ — &c) } 

= 3u^c - — h^ — c^. 


Kxamplc 2. Find the value of C7 

19 

21 . 

39 

13 

14 

81 

24 

20 


We have 


07 

19 

21 

— 

10 + 57 

19 

21 

11 

© 

19 

21 ; 

+ 

; 57 

19 

21 

39 

13 

14 

1 

0 + 39 

13 

14 

! ' 0 

13 

14 


' 39 

13 

14 

81 

24 

20 

1 

i 

9 + 72 

24 

20 

9 

24 

20 


72 

24 

26 


— 

10 

19 

21 = 

1 10 

19 

19 + 2 

~ ! 

10 

19 

2 

1 




0 

13 

14 i 

1 0 

13 

13 + 1 

i 

0 

13 

1 

1 




9 

24 

20 ’ 

; 9 

24 

24 + 2 


9 

24 

2 

1 




10 1 

13 

1 1 +9 , 

19 

2 

= 20-03 

— — 

-43. 







1 

24 

2 ’ 

13 

1 









490. Consider tlie detei’minant 

I «i + <■! ; 

I n,+pK + qc, K 

I f^^+pf>, + qc, K 

as ill the last article Ave can shew that it is equal to 



k 


+ pf>, 

k 


+ qr, 

k 

Cl 


k 


pb. 

b. 



b. 

^2 


k 


pb. 

b. 


: 1 9^3 

b. 

1 
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and the last two of these determinants vanish [Art. 494 Cor.] 
Thus we see that the given determinant is equal to a new one whose 
iirst column is obtained by subtracting from the constituents of 
the first column of the original determinant equimultiples of the 
corresponding constituents of the other columns, while the second 
and third columns remain unaltered. 

Conversely, 


«1 ‘•l 


4 - qc^ 

h, c. 

a, b, c. 


a, + pb^ + qc^ 


“3 ^3 ‘^3 


^:,+pb^ + qc^ 

^3 ^3 


and what has been here proved with reference to the first column 
is equally true for any of the columns or rows ; hence it appears 
that in reducing a determinant we may replace any one of the 
V rows or columns by a new row or column formed in the following 
way : 

Take the constituents of the row or column to he replaced^ 
and increase or diminish them by any equimultiples of the cor- 
respondiny constituents of one or more of the other rows or 
columns. 


After a little practice it will be found that determinants 
may often be quickly simplified by replacing two or more rows 
or columns simultaneously : for example, it is easy to see 
that 


«, + pb, 


~qc, 


i 


b. 

Cx 

+Pb^ 

b. 





K 


«3 + pK 

K 

1 

U 

^3 

1 


K 

^3 ' 


but in any modification of the rule as above enunciated, care 
must be taken to leave one row or column unaltered. 



Thus, if on the left-hand side of the last identity tiie con- 
stituents of the tliird column were replaced by Cj +ra^, c^ + ra , 
^3 + respectively, we should have the former value in- 
creased by 


a,-\-ph, h,-qc, 

+ pK K - 


ra 


ra 


ra 
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and of the four determinants into which this may be resolved 
there is one winch does not vanish, namely 

jyb, - qc, ra, . 

! ~qc^ ra^ | 

I ’■«3 1 

l<xamj>l€ 1. Find the value of | 29 2G 22 . 

25 31 27 
• 63 54 46 


The given determinant 


3 20 

-4 1 = - 3xix 1 

1 

20 

1 =-12X1 

1 

26 

1 

, -0 31 

-4 i 

-2 

31 

1 

1 i 

-3 

6 

0 

, 9 54 

-8 

3 

54 

2 ' 

1 

2 

0 1 

-12 . 1 

1 

1 20 = - 12 

-3 

5 = 

132. 




1 

0 - 

3 5 

1 

2 






0 1 2 

[Kxphination. In the first step of the reduction keep the second column 
unaltered; for the first new column diminish each constituent of the first 
column by the corresponding constituent of the second ; for the third new 
column diminish each constituent of the third column by the correspondiug 
constituent of the second. In the second step take out the factors 6 ana 
-4. In the third step keep the first row unaltered; for the second new row 
diminish the constituents of the second by the corresponding ones of the 
first; for the third new row diminish the constituents of the third 
the corresponding constituents of the first. The remaining steps wul D 

easily seen.] 

Example 2. Shew that | - 5 - c 2a 2a =(a + 5 + c)’. 

2b b~c — a 26 

2c 2c c-~a-b , 


The given determinant 


j a + 6 “i* c 

a + 6 + c a + 6 + c l=(a + 6 + c)x 

1 

1 

1 

i 26 

1 

1 

26 

6 - c — a 

26 

c - a — 6 1. 

! 

i 2c 

2c c -- a - 6 ! 

2c 

2c 


= (a + 6 -f f) X 1 0 0 

26 - 6 — c - a 0 

2c 0 -c-a-6 

=*(a + 6-K")x| -6-c-a 0 =(a + 6 + c)^. 

I 0 — c a — 6 
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[Explanation. In the first new determinant the first row is the sum of 
the constituents of the three rows of the original determinant, t!ie second 
and third rows being unaltered. In the third of the new determinants tlie 
first column remains unaltered, while the second and third columns are 
obtained by subtracting the constituents of the first column from those of 
the second and third respectively. The remaining transformations are suffi- 
ciently obvious.] 

497. Before shewing how to express the product of two de- 
terminants as a determinant, we shall investigate tlie value of 

a.a, + 6,/3, + c.-y, + + + 

+ hP, + + ^373 

«3“, + ^3/^, + <^37 i + <^^72 “3“3 + *3/^3 + <^373 

From Art. 495, we know that the above determinant can bo 
expressed as the sum of 27 determinants, of whicli it will be 
surticieiit to give the following specimens : 










^.73 

> 


^172 

6,^3 



1 



63/33 

<^273 


“3“, 

^272 

63/33 






63/3, 

^373 


“3“, 

<^372 

63/33 


these are respectively equal to 





<x 

\ 

"1 

> “,/3373 

"1 

6, 


, “,/3373 



6. 






63 

1 




63 



«^3 


^^3 

6, 

1 

^3 : 


«3 

^3 

63 


the first of which vanishes; similarly it will be found that 21 
out of the 27 determinants vanish. The six determinants that 
remain are equal to 


(“.^373 - “1/^373 + “ A7, - “3/3,73 + “3/3.73 - “3/337,) X 


that is, 


a 


a 


a 


A 


“1 

/3. 

7. 

X 




^3 

72 




“a 

A 

73 

1 

«3 

K ^3 


hence the given determinant can be expressed as tlie product of 
two other determinants. 


498, The product of two determinants is a determinant. 

Consider the two linear equations 

a,X, + = 0) 

= 0 / 


( 1 ). 


o 
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where 


X, = 

Xj = + P„xJ 


( 2 ). 


Substituting for X, and X, in (1), we liave 

a:, + a;, = 01 

(« a, + a-, + (a^a, + = 0 


(3). 


f 


III order that equations (3) may simultaneously hold for ^ 
values of .Tj and other than zero, Ave must liave 


a^a^ + h^/3^ 


= 0 


(4). 


J>ut ofiuations (3) will hold if equations (1) liold, and this 
will be the case cither if 


a 


1 


i I = 0 


(5). 


a, b 


2 I 


j 


or if = 0 and = 

which last condition requires that 

! = o.. 

/?. i 


a 


( 6 ). 


a 


Hence if equations (o) and (G) hold, equation (4) must also 
hold ; and therefore the determinant in (4) must contain as 
factors the determinants in (5) and (6) ; and a consideration of 
the dimensions of the determinants shews that the remaining 
factor of (4) must be numerical ; lienee 



X 

/?. 

— 

+ Ms 




1 



j 


tlie numeric.al factor, by comparing the coefficients of 
on the two sides of the equations, being seen to be unity. 

Cor. 




2 

1 "2 

K 



< + h; 


^ 1^2 + ^ 1^2 






+ w 

2 9 


The above method of proof is perfectly general, and holds 
whatever be the order of the determinants. 


Since the value of a determinant is not altered when we , 
write the rows as columns, and the columns as rows, the product 
of two determinants may be expressed as a determinant m 
several ways ; but these will all give the same result on ex- 
pansion. 


Example, Shew that 



-73j 

Cl 


«1 

h 

<^1 

-A. 

r >2 

— C 2 


«2 

b.. 

^2 

-•*3 




«3 


^3 


the capital letters denoting the minors of the corresponding smali letters in 
the determinant on the right. 


Let D' denote the determinants on the right and left-hand sides 
respectively ; then 



“ a^A.n “ ^1^2 

Q 1*43 — + C^C3 


4* <^ 2^1 

— CZo^3 ■*“ CnCy 2 

i^oZ?3 


^3*"^ 1 ” 4" ^3^1 

— a.^Ao d" 

<* 3 - 43 — ^3h'3 + f’3C3 


D 0 0 

0 D 0 
0 0 D 


[Art. 493.] 


thus DD'—D^y and therefore = 
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Calculate the values of the determinants : 


1. 

1 1 

1 

2. 

1 

13 16 10 

3. 


35 37 34 



14 17 20 



23 2G 25 



15 18 21 


4. 

a h g 

1 

1 # 

5. 

1 

- ~y 

• 

6. 


h h f 



— 

Z \ X 




g f 


i 

) 

y -•2'* 1 



7. 

a — h h- 

-c 

c — a 

• 

8. 1 5h 

VC a 


h — c c — 

a 

a — h 


1 

1 1 


c + a 


c — a a- 

-b 

h — c 


i c 

c 


13 3 23 

30 7 53 

30 0 70 

1 1 1 

1 1 

1 1 1+7/ 

a 

h 

a + 6 


If oj is one of the imaginary cube roots of unity, find the vahie of 


1 

6 ) 

a >2 

• 

10 . ! 1 

0)3 

0 

Cl)" 

0 ) 

•) 

Cl)" 

1 



1 

CO 

*> 

Cl)" 

1 

Cl) 

i 

1 

- Co 2 

CO 

1 


11. Eliminate jn, n from the equations 

+ cm + 671. = 0, c^ + 5m + an = 0. W+am + <m=0. 
and express the result in the si modest form. 
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12. Without expanding the determinants, i>rove that 


a 

6 

II 

b 

il 

y 

z ' 

X 

y 

Z X 

a 

p p 

<1 

r 

P 

f? 

r z 

c 

r a 

b 

c 


13. Solve the ecpiations : 


(1) a 

a 

0 

II 

u 

• 

(2) 1 

15 

1 

-2.r 

11 

10 

m 

in 

in 


11 

1 

- 3.r 

17 

16 

b 

X 

b 


! 7 

— X 

14 

13 


Prove the following identities; 


14. 6-hc 

c + a 

a + h 

= 2 a 

6 c ' 

( 

q + r 

r + p 

P + 1 

P 

q r ’ 

yS-z 

z + X 

.v+i/ 

X 

y 2 


15 . 1 a a- = (h - c) (c~ a) (a — b). 

1 6 62 I J 

I c c- 

16 . Ill I = (6 — c) (c — a) (a — 6) (aH-6 + c). 
a h c ' 

i 

17 . X y z ^{if-z){z-x){x-y){^z-^zx-\-xy). 

; X- y2 -2 

yz zx xy 

18 . — 2« a-{-b </4-c = 4 (6 + c) (cH- a) («4- 6). 

b’\-a — 26 6 + c 

c c + 6 -2c 

19 . (6 + c )2 rt- ^3 = 2a6c (a + 6 -hc) 2 . 

62 (c + a)2 62 

c2 6-2 (a +6)2 

20 . Express as a determinant 0 c 6 2 

c 0 a 

6 a 0 

21 . Find the condition that the equation lx~\-viy + nz =0 may he i 

eatistied by the three sets of values (a,, 6j, c^) (a^, c.^) (^3, 63, c^); 

aiul shew that it is the same as the condition that the three equations I 

a^x-^b^y^^c^z=>Q^ + 62^4-02^ = 0, a^-^b^y + c^—O 

may be simultaneously satisfied by I, m, n. 
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> 


1 . 


22. 

Find the value of 







; a2 + X2 

1 

a6 + cX 

ca — b\ 

X 

X c 

~h 



ab’-c\ 

&2 4-X2 

bc + aX 

1 

— c X 

1 

a 



ca-\-b\ 

6c — aX 

c2H-X2 


6 — a 

X 

23. 

Prove that 

1 a + ib 

c + wf 

X 

« - 

y~ib 




— c+id 

a — lb 


-y-ib 



where z = V — 1, can be written in the form 


I A - iB C- W 
-C-xD A + iB 


hence deduce the following theorem, due to Euler : 

The product of tico su?ns each of four Sijixares can he expressed cw the 
sum of four squares. 


Prove the following identities : 

24. i 1 hc-^-ad l^c'^ + a-d- ^ 

1 ca + hd + l^cP- 
I 1 ah-Vcd a-b' + c^d^ 

= — {b — c) {c~ a) {a — b) {a — d) {b — d) (c — cl). 



be — a~ ca — b- ab — c- 

— hc-\-ca + ab hc-^ca + ab hc-{-ca-ab 
(a + 6)(a + c) (6+c)(6 + a) (c+a)(c + 6) 

= 3 (6-c) (c-a) ia-h) (a + t + c) (6o + ca + a6). 


26. j (a -a.')- (a-y)- {a-zy^ 

{h-xy^ (Jb-yf {b-zy 

(c-a.')2 {c—yy {c—zy 

= 2 (6 - c) (c - a) (a - i) (y - z) . .v) (x ~y). 

27. Find in the form of a determinant the condition that the 
expression 

U<^ + 4 *^' + Wy- + 2 u'^y + 2 v'ya + 2 w'a^ 

may be the product of two factors of the first degree in a, ;3, y. 

28. Solve the equation : 


u + ofx u/ + abx v' + aex 

xd + abx V 4- b-x u* + hex 

v' + acx u' ’\-bcx xo-\-<?x 
expressing the result by means of determinants. 
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499. The properties of determinants may be usefully em- 
ployed in solving simultaneous linear equations. 

Let tlie equations be 

a^x + 6^?/ + c^z + (f, = 0, 

= 0 , 

a^x+b^-i-c^z + d^ = 0; 

multiply them by respectively and add the results, 

A^j A^, A^ being minors of in the determinant 




The coefficients of y and z vanish in virtue of the relations proved 
in Art. 493, and we obtain 

(a, A , - + a^AJ x + (d,A , - cl^A^ + d^AJ = 0. 

Similarly we may shew that 

M - b.B, + W y + {d,B^ - d,n, + dji^) = 0, 


and 


(C.c. - c.f\ + cfi^) z + KG'. - dfi, + dfi,) = 0. 

Kow -M.+M 3 = -(6.^.-*A + W 

= cfi^~cfi, + cfi^ = D-, 


hence the solution may be written 

.r _ - y 


- 1 


d^ c, 


d, «, c, 


(/, a, 6 , 


<'. 

d-i ^3 c. 


d^ «3 c. 


d^ «3 *3 


“3 ^ ‘'3 

*3 ^3 


d, «3 c. 


d^ “3 *3 


“3 *3 C 3 1 


or more symmetrically 

X — y z — 1 


6 , c, d^ 


c. c;. 





b, c, d^ 


“3 <^3 *^3 


“3 h d. 

1 

“3 *3 <"3 

^3 <^3 d^ 


"3 ‘^3 d^ 

1 

“3 *3 < 


“3 *3 <^3 


500. Suppose we have the system of four homogeneous linear 
equations : 
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+ c^z + d^v, — 0 , 

+ h^j c^z + = 0 , 

+ d^ - 0 . 

From the last three of these, we liave as in the preceding article 


X 


-y 


z 

K "^3 


a, C3 

1 

“3 ^3 

^3 «3 <^3 


«3 C3 ^3 

1 

“3 K ^3 

K 


c. d. 


‘^4 



Substituting in the first equation, the eliminant is 


h, =3 <^3 


“3 <^3 “^3 


"3 *3 “^3 

-d. 

K «3 ^3 

1 

1 

“3 «3 ^^3 


“3 ^3 ^^3 


6 . c, 


«4 C. 


“4 ^4 <^4 






This may be more concisely written in the form 



the expression on tlie left being a determinant of the fourth order. 

Also we see that the coefficients of Oj, ft,, c, , c?, taken with 
tlieir proper signs are the minors obtained by omitting the row 
and column which respectively contain these constituents. 


501. More generally, if we have n homogeneous linear 


equations 

“i®i + + c,a:3 + + k,x^ = 0, 

a^, + b^x, + c^x^+ + = 0 , 


+ + 0 , 


involving n unknown quantities x^, X 3 , ... x^, these quantities 
can be eliminated and the result expressed in the form 



a ft c k 

n n n n 
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The left-hand member of this equation is a determinant which 
consists of n rows and n columns, and is called a determinant of 
the order. 


The discussion of this more general form of determinant is 
beyond the scope of the present work ; it will be sufficient here' 
to remark that the properties which have been established in thej 
case of determinants of the second and tliird orders are quite 
general, and are capable of being extended to determinants of 
any order. 


For example, tlie above determinant of tlie order is 
equal to 

-f ... + (- I)"-* 

or “''* 2^2 "3^3 “ “4-^4 +■■■+(- 1 )""' 

according as we develop it from the first row or the first column. 
Here the capital letters stand for the minors of the constituents ' 
denoted by the corresponding small letters, and are themselves 
determinants of the (n— 1)^** order. Each of tliese may be ex- 
j)ressed as the sum of a number of determinants of the (n — 2)*’“ 

Ol der ; and so on ; and thus the expanded form of the deter- 
minant may be obtained. 


Altlmugh we may always develop a determinant by means of 
the process described above, it is not always the simplest method, 
especially when our object is not so much to find the value of 
the whole determinant, as to find the signs of its several 
elements. 


502. The expanded form of the determinant 


a 


a 


a 




and it appears that each element is the product of three factors, 
one taken from each row, and one from each column; also the 
signs of half the terms are -I- and of the other half — . The signs 
of the several elements may be obtained as follows. The first 
element in which the suffixes follow the arithmetical order, 

is positive ; we shall call this the leading element ; every otJier 
element may be obtained from it by suitably interchanging the 
suffixes. The sign + or — is to be prefixed to any element ac- 
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cording as it can be deduced from the leading element by an 
even or odd number of permutations of two suffixes ; for instance, 
tlie element is obtained by interchanging the suffixes 1 and 

3, therefore its sign is negative; the element is obtained 

by first interchanging the suffixes 1 and 3, and then the suffixes 
^ 1 and 2, hence its sign is positive. 

503. The determinant whose leading element is ... 

may thus be expressed by the notation 

2 ± , 

the ^ placed before the leading element indicating the aggregate 
of all the elements which can be obtained from it by suitable 
interchanges of suffixes and adjustment of signs. 

Sometimes the determinant is still more simply expressed by 
V enclosing the leading element within brackets; thus ...) 

is used as an abbreviation of 2 ± — 

Example. In the determinant what sign is to be prefixed to 

the element 

From the leading element by permuting the suffixes of a and d we get 
from this by permuting the suffixes of b and c we have a^b.^c^d^e^\ 
by permuting the suffixes of c and d we have a^b.^c^d.,e^; finally by permuting 
the suffixes of d and e we obtain the required element and since 

we have made four permutations the sign of the element is positive. 

504. If in Art. 501, each of the constituents 6,, c, , ... is 
equal to zero the determinant reduces to ; in other words 
■I it is equal to the product of and a determinant of the {n - 1)*^ 
order, and we easily infer the following general theorem. 

1/ each of the constituents of the first row or column of a 
determinant is zero except the first, and if this constituent is equal 
to m, the determinant is equal to m times that determinant of lower 
order which is obtained by omitting the first column and first 
row. 

Also since by suitable interchange of rows and columns any 
^ constituent can be brought into the first place, it follows that if 
^ any row or column has all its constituents except one equal to 
* zero, the determinant can immediately be expressed as a deter- 
j minant of lower order. 

This is sometimes useful in the reduction and simplification 
of determinants. 
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Example. Find the value of 


30 

11 

20 

38 

6 

3 

0 

9 

11 

-2 

36 

3 

19 

6 

17 

22 


Diminish each constituent of the first column by twice the corresponding 
constituent in the second column, and each constituent of the fourth column 
by three times the corresponding constituent in the second column, and 
we obtain 

8 11 20 5 , 

0 3 0 0 

15 -2 36 9 

7 6 17 4 

and since the second row has three zero constituents this determinant 


8 

20 

11 

8 

20 

5 =3 

0 

1 

0 = -3 8 

5 

15 

36 

9 

8 

19 

5 

8 

19 

5 7 

4 

7 

17 

4 

’ 7 

17 

4 , 

7 

17 

4 ' 



505. Tlie following examples shew artifices which are oc- 
casionally useful. 

Example 1. Prove that 

a h c d =:(a4-6 + c4-d)(a — 6 + c-d)(a — 6 — c-f*d)(a-f6-c — d). 
hade 
c d a h 

d c h a 

By adding together all the rows we see that is a factor of the 

determinant; by adding together the first and third rows and subtracting 
from the result the sum of the second and fourth rows we see that 
a-6 + c- d is also a factor ; similarly it can be shewn that a-h-c-\-d and 
a-^b - c - d are factors ; the remaining factor is numerical, and, from a com- 
parison of the terms involving a* on each side, is easily seen to be unity; 
hence we have the required result. 

Example 2. Prove that 

■ 1 1 1 1 ={a-b){a-c){a-d){b-c){b^d)(c-d). 

abed 
a2 I'i dr- 

a* 6^ c® dr 

The given determinant vanishes when 6 = a, for then the first and second 
columns are identical ; hence a — 6 is a factor of the determinant [Art. 514J. 
Similarly each of the expressions a - c, a — d, b — e, b — d, c - d is a factor of 
the determinant ; the determinant being of six dimensions, the remaining 
factor must be numerical ; and, from a comparison of the terms involving 
bc^dT on each side, it is easily seen to be unity; hence we obtain the required 
result. 


DETERMINANTS. 


427 


EXAMPLES. XXXm. b. 


Calculate the values of the determinants : 

1. I 1 1 1 II. 2. 1 7 1 


1 1 
I 2 
1 3 
1 4 


1 

3 

6 

10 


1 

4 

10 i 
20 : 


1 a 
1 1 
1 1 

3 

15 

16 
33 


13 

9 

12 

10 

1 

6 + c 
b 
c 


10 

i 

11 

6 


1 

a 

c4-a 

c 


1 

a 

h 

a-\-b 


2 1 
29 2 
19 3 
39 8 


4 

14 

17 

38 


1 +-0 
1 
1 
1 


1 

1 + 6 
1 
1 


I 

1 

1 +c 

1 


1 

1 

1 

1 +c? 


7. 

0 

X y 

z . 

00 

o 

y 

z 


X 

0 z 

y 

— X 0 

c 

h 


y 

z 0 

X 

-y -c 

0 

a 


z 

y X 

0 

— z — 6 

— a 

0 

9. 

a 

6 

c 

d 

1 

• 



a 

a + 6 

a + 6+c 

a + 6 + c + c^ 




a 

2a + 6 

3a + 26 + c 

4a + 36 + 2c + £^ 




a 

3a + 6 

6a + 36 + c 

10a + 66 + 3c + d 

1 



10. If w is one of the imaginary cube roots of unity, shew that 
the square of 

1 o) eo“ o)^ = 1 1—2 1 ; 

a> a>3 1 1 1 1-2 


a> Ct> 
o 1 


U> O) 


-2 

1 


1 

-2 


hence shew that the value of the determinant on the left is 3 >/ — 3, 


11. If 


(/" 

{ch 

^9 


aliew that 


- 6c) ar + {ck -fg) y-\-{hg-hf)z 
-fg) ^9^ - ca) y + (a/ - gh) z 

- A/)x + (a/-y/i)y + (/t2 -ah)z 
ahc + 2fgh — af"^ — hg'^ — ch'^—0. 
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Solve the equations : 

12. ^=1, 13. aj;+ 6y+ cz — h^ 

<u:+ hy-\-cz = /•, op-x + iPy + <Pz — 

«-.r + h-y -\-c-z~lP. aPx-^b^y-^<Pz — I:P, 

14. 0 .’+ y+ z-\- ?i = l, 

ax + by 4- C 2 + du=l:, 
a\v + + c^z + dPu — 

a\v + b^y ■{-cPz + dht = k'\ 

15. Prove that 

b + c — a — d he — ad be {a d) — ad {b + c) 

C’\-a — b — d ca — bd ca{b + d) — bd {c+a) 

a^h-c-d ab — cd ab {c + d) - cd {a + b) 

= — 2 {b - c) {c— a) {a - h) {a — d) {b - d) {c - d). 

16. Prove tliat 

a- a- — {b — c)- be 

h- b- -{c — «)* ca 

d- d~{a-bY ab\ 

= {b-c) (c-a) {a-b) (a + i + c) {ar-\-h“ + <P). 

17. Shew that 

a h c d € f ~ A Jj C , 

f a h c d e CAB 

e f a b c d B C A 

' d c f a b c 

c d c f a b 

\h c d € f a \ 

where =a'^-d- + 2ce - 2bj\ 

B^d- +2ac-2(7/, 

C=d —f^-\-2ae — 2hd. 

18. If a deteraiinant is of the w*** order, and if the constituents 
of its first, second, third, ...n'** rows are the first n figurate numbers of 
the first, second, third, ...7i*** orders, shew that its value is unity. 




CHAPTER XXXIV. 


MISCELLANEOUS THEOREMS AND EXAMPLES. 


506. We shall begin this chapter with some remarks on the 
permanence of algebraical form, briefly reviewing the fundamental 
laws which have been established in the course of the work. 

507. In the exposition of algebraical principles we proceed 
analytically : at the outset we do not lay down new names and 
new ideas, but we begin from our knowledge of abstract 
Arithmetic ; we prove certain laws of operation which are capable 
of verification in every particular case, and the general theory of 
these operations constitutes the science of Algebra. 

Hence it is usual to speak of Arithmetical Algebra and Sgin- 
hoUcal Algebra, and to make a distinction between them. In the 
former we deiine our symbols in a sense arithmetically intelligible, 
and thence deduce fundamental laws of operation ; in the latter 
wc assume the laws of Arithmetical Algebra to be true in all 
cases, whatever the nature of the symbols may be, and so find 
out what meaning must be attached to the symbols in order that 
they may obey these laws. Thus gradually, as we transcend the 
limits of ordinary Arithmetic, new results spring up, new lan- 
guage has to be employed, and interpretations given to symbols 
whicli were not contemplated in the original definitions. At the 
same time, from the way in which the general laws of Algebra 
are established, we are assured of their permanence and uni- 
versality, even when they are applied to quantities not arithmeti- 
cally intelligible. 

508. Confining our attention to positive integral values of 
the symbols, the following laws are easily established from a prioTi 
arithmetical definitions. 
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I. The Law of Commutation, which we enunciate as follows: 

(i) Additions and subtractions may he made in any order. 

Thus a — c = a — c '\‘h — h — c a, 

(ii) Multiplications and divisions may he made in any order. 

Thus a '<h — h 'K a\ 

rtx6xc = 6xcxa = axcx6; and so on. 
ah~ c — a X h-^c~ (a-7- c) x h — (b-^c) x a. 

II. The Law of Distribution, which we enunciate as follows: 

Multiplications and divisions may he dislmhuted over additions 
and subtractions. 

Thus (a — 6 + c) m = am — hm + cw, 

(a — Z») (c — c/) = ac — ad - 6c + hd. 

[See Elementary Algebra^ Arts. 33, 34.] 

And since division is the reverse of multiplication, tlie distri- 
butive law for division requires no separate discussion. 


III. The Laws of Indices. 



na ft fft 

a X a = a 


n 






(a^y = a 


ntn 


[See Elementary AlgehrUy Art. 233 to 235.] 


These laws are laid down as fundamental to our subject, having 
been pi'oved on the supposition that tlie symbols employed are 
j)Ositive and integral, and that they are restricted in such a way 
that the operations above indicated are arithmetically intelligible. 
If these conditions do not hold, by the principles of Symbolical 
Algebra we assume the laws of Arithmetical Algebra to be true 
in every case and accept the interpretation to which this assump- 
tion leads us. By this course we are assured that the laws of 
Algebraical operation are self-consistent, and that they include in 
their generality the particular cases of ordinary Arithmetic. 


509. From the law of commutation we deduce the rules 
for the removal and insertion of brackets [Elementary AlgehrUj 
Arts, 21, 22]; and by the aid of these rules we establish the law 
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of distribution as in Art. 35. For example, it is proved that 

(a — b) {c — d) = ac — ad — be + hdy 

with the restriction tliat a, h, c, d are positive integers, and a 
greater than h, and c greater than d. Now it is the province of 
Symbolical Algebra to interpret results like this when all restnc- 
tions are removed. Hence by putting n = 0 and c = 0, we obtain 
(_ h) X (- d) = hd, or tlie product of two negative quantities is 
positive. Again by putting 6 = 0 and c=0, we obtain ax (-d)=—od, 
or ilie product of two quantities of opposite siqns is negative. 

We are thus led to the Jiule of Signs as a direct consequence 
of the law of disti’ibution, and henceforth the rule of signs is 
included in our fundamental laws of operation. 

510. For the way in which the fundamental laws are applied 
to establish the properties of algebraical fractions, the reader is 
referred to Chapters xix., xxi., and xxn. of the Elenwntary Algebra; 
it will there be seen that symbols and operations to which we 
cannot give any a priori detinition are always interpreted so as 
to make them conform to the laws of Arithmetical Algebra. 


511. The laws of indices are fully discussed in Chapter xxx. 
of the Elementary Algebra. hen m and n are positive integeis 
and we prove directly from the detinition of an index that 



ti 


X a =a 


m + « 



We then assume the first of these to be true when the indices 
are free from all restriction, and in this way we determine mean- 
ings for symbols to which our original definition does not apply. 

The interpretations for a\ thus derived from the first law 
are found to be in strict conformity ^vith the other two laws ; 
and henceforth the laws of indices can be applied consistently and 
with perfect generality. 


512. In Chapter vin. we defined the symbol i or ^-1 as 
obeying the relation i" = -l. From this definition, and by 
making i subject to the general laws of Algebra we are enabled 
to discuss the properties of expressions of the form a + ib, in 
which real and imaginary quantities are combined. Such forms 
are sometimes called complex numberSy and it will be seen by 
reference to Articles 92 to 105 that if we perform on a complex 
number the operations of addition, subtraction, multiplication, 
and division, the result is in general itself a complex number, 
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Also since every rational function involves no operations but 
those above mentioned, it follows that a rational function of a 
complex number is in general a complex number. 

Expressions of the form \og(x-^iy) cannot be fully 

treated witliout Trigonometry; but by the aid of De Moivre's 
theorem, it is easy to shew that such functions can be reduced to 
complex numbers of the form A + iB. 

Tlie expression is of course included in the more general 
form but another mode of treating it is wortliy of attention. 

We have seen in Art. 220 that 



when 11 is infinite, 


X being any real quantity ; the quantity may be similarly 
defined by means of the equation 




n ) ’ 


wlien n is infinite, 


X and y being any real quantities. 

The development of the theory of complex numbers will be 
found more fully discussed in Chapter v. of Barnard and Child's 
Higher Algebra. 


513. We shall now give some theorems and examples illus- 
trating methods which will often be found useful in proving 
identities, and in the Theory of Equations. 


514. To find the remainder when any rational integral function 
q/* X IS divided x — a. 

Let fix) denote any rational integral function of a:; divide 
f (x) by X — a until a remainder is obtained which does not involve 
x\ let Q be the quotient, and R the remainder; then 

f(x)^Q(x-a)^R. 

Since R does not involve x it will remain unaltered whatever 
value we give to x ; put x = a, then 

/{a) = QxO + R; 

now Q is finite for finite values of x, hence 

A =/(«). 
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Cor. If /(a?) is exactly divisible by x-a, then ^=0, that is 
f(a)~0 ; hence if a rational integral function of x vanishes when 
x = a, it is divisible by x — a. 



515. The proposition contained in the preceding article is so 
useful that we give another proof of it which has the advantage 
of exhibiting the form of the quotient. 

Suppose that the function is of n dimensions, and let it be 
denoted by 

... +p„, 


then the quotient will be of n — 1 dimensions ; denote it by 


let R be the remainder not containing x ; then 
\ + 7 ^ 3 ^*“®+ ••• +P. 

Multiplying out and equating the coefficients of like powers of x, 
we have 


%=Po> 

</, O'* Qx=^%-^Px'> 

O'* % = ^x+2h‘^ 
or q^ = aq.,+p^‘, 



or R = aq^_^+p^-, 

thus each successive coefficient in the quotient is formed by 
multiplying by a the coefficient last formed, and adding the 
next coefficient in the dividend. The process of finding the 
successive terms of the quotient and the remainder may be 
arranged thus : 

P^ Px P, Pz Pn-x Pn 

aq^ aq^ aq^ aq^_^ 

?. ?. 9,-1 ^ 

Thus i^ = aS',_,+/>„ = a(a 5 '„_,+^„_,)+^,= 

=/’o“" +7h“"”‘ +Pz^’‘~' + •■• +7>„- 

If the divisor is a: + a the same method can be used, oidy in 
this case tlie multiplier is — a. 
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Example. Find the quotient and remainder when 3x^- J^ + 31x* + 21jf+5 
ie divided by x + 2. 


Here the multiplier is - 2, and we have 

3-1 0 31 0 0 

-6 14 -28 -G 12 

3 ~ 7“14 3^6 12 


21 5 

24 6 

3 11 


Thus the quotient is 3x® - Tx^ + 14x-* + 3x® 
mainder is 11. 


-6x2 + 12x-3, and the re 


516. In the preceding example the work has been abridged 
by writing down only the coefficients of the several terms, zero 
coefficients being used to represent terms corresponding to powers 
of X which are absent. This method of Detacived Coefficients may 
frequently be used to save labour in elementary algebraical 
processes, particularly when the functions Ave are dealing with 


are rational and integral. 


The folloAving is another illustration. 


Example, Divide Sx® - 8x^ - Sx^ + 2Gx2 - 33x + 2G by x** - 2x2 _ 4^ + 8. 


1 + 2 + 4- 


8)3_8- 5 + 2G-33 + 2G{3 
3 + G + 12-24 

-2+ 7+ 2-33 


-2 + 3 


-2- 4- 


4- 8 + 16 

3- G-17 + 2G 
3+ 6 + 12-24 

-5+2 


Thus the quotient is Sx^ - 2x + 3 and the remainder is - 5x + 2. 

It should be noticed that in writing down the divisor, the sign of every 
term except the first has been changed; this enables us to replace the process 
of subtraction by that of addition at each successive stage of the work. 


517. The work may be still further abridged by the following 
arrangement, Avhich is known as Horner’s Method of Synthetic 

Division. 

1 3-8- 5 + 2G-33+26 

2 G + 12-24 V 

4 — 4— 8 + lG 

_8 G + 12-24 

3-2+ 3+ 0- 5+ 2^ 


TExvlanation. The column of figures to the left df the vertical line 
conLstf of the coefficients of the divisor, the sign of each after the 
chanf^ed* the second horizontal line is obtained by multiplying 2, 4, 
bv 3 the ffist tern of the quotient. We then add the terms in the second 
^iLn to the ri^t of the vertical line; this gives -2 which is the 
oient of the second term of the quotient. With the coefficient thus obtemed 


i 
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xve form the next horizontal line, and add the terms in the third column ; 
this gives 3, which is the coefficient of the third term of the quotient. 

By adding up the other columns we get the coefficients of the terms in 
the remainder.] 

Example, Divide 6a® + 5a*6 - - Ga-t® - CaM by 2a^ + 3a-6 — M 

to four terms in the quotient. 


2 

G+o-8-6-6 


3 

-9+0+3 


0 

G + 0-2 


1 

1 

3 + 0 

- 1 

i 

Q ^ 0 _ 1 1 _ .1 1 

12 + 0-4 

1 _i 1 1 1 A A 


Thus the quotient is - 2ah ~ and is the 

remainder. 

Here we add the terms in the several columns as before, but each sum has 
to be divided by 2, the first coefficient in the divisor. When the requisite 
number of terms in the quotient has been so obtained, the remainder is 
found by merely adding up the rest of the columns, and setting down the 
results without division. 

The student may easily verify this rule by working the dinsion by 
detached coefficients. 

518. The principle of Art. 514 is often useful in proving 
algebraical identities ; but before giving any illustrations of it 
we shall make some remarks upon S jmiixeirical and Allet'yiathij 
Functions. 

A function is said to be symmetrical with respect to its vari- 
ables when its value is unaltered by the interchange of any pair 
of them; thus x-i-y + x:, ic -h ca + a6, — xyz are sym- 

metrical functions of the first, second, and third degrees respec- 
tively. 

It is wortliy of notice that tlie only symmetrical function of 
the first degree in x, y^ z is of tlie form M (x + ?/ + ;:;), wliere M is 
independent of x, y, 

519. It easily follow's from the definition that the sum, 
difference, product, and quotient of any two symmetrical expres- 
sions must also be symmetrical expressions. The recognition of 
this principle is of great use in checking the accuracy of alge- 
braical work, and in some cases enables us to dispense with much 
of the labour of calculation. 

For example, w'e know that the expansion of (x + ?/ + zY must 
be a lioraogeneous function of three dimensions, and tlierefore 
of the form a,-" + »/" + 3" + vl (x=y + xy- + y-z + yz^ + z'x + zx^) + Bxyz, 
where A and B are quantities independent of x, y, z. 
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Put z=0, then >4 = 3, being the coefficient of x*y in the ex- 
pansion of {x + y)^. 

Put x = y = z=l, and we get 27 = 3 + (3 x 6) + -Z? ; whence 
Ji = 6, 

Thus (x + y + zy jT 

= a.-" + ^f + + 3x-y + 3a:y- + 3 /z + 3yz' + 3z’a: + 3zx* + 6xyz. * 

520. A function is said to be alternating with respect to its 
variables, when its sign but not its value is altered by the inter- 
ciiange of any pair of them. Thus x — y and 

{h~c) + U^{c-a)-¥c\a~b) 
are alternating functions. 

It is evident that there can be no linear alternating function g 
involving more tlian two variables, and also that tlie product of ^ 
a symmetrical function and an alternating function must be an 
alternating function. 

521. Symmetrical and alternating functions may be con- 
cisely denoted by writing down one of the terms and prefixing 
the symbol 5; thus stands for the sum of all the terms of wliich 
a is the type, %ah stands for the sum of all the terms of which 
ab is the type; and so on. For instance, if the function involves 
four letters a, c, dy 

= a-t-6 + c + cZ; 

= a6 + ac + ad + be + bd + cd\ 

and so on. 

Similarly if the function involves three letters a, 6, c, 

Sa' (6 — c) = ih — c) -I- b“ (c — «) + c* (ci — h ) ; 

'%a^hc = orhe + b^ca -f c^ab ; 

and so on. 

It should be noticed that wlien there are three letters involved 
does not consist of three terms, but of six: thus 

= a-b -f a*c + b"c + b^a + c*flt + c*6. 

The symbol S may also be used to imply summation with 
regard to two or more sets of letters; thus 

(6 — c) = yz if) - c) (c - a) ■¥ xy {a b). 
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522. The above notation enables us to express in an abridged 
form the products and powers of symmetrical expressions : thus 

(a + 6 + c)® = Sa’ + 32a*6 + Ga6c ; 

(rt + & + c + dy = 

{a + h + cY = + 62aV + 1 25a*6c; 

2a X 

Example 1. Prove tliat 

(a + ^)® - a® - h^:=:5ah {a + h) (a® + a6-f fc'*). 

Denote the expression on the left by E ; then E is a function of a which 
vanishes when a = 0 ; hence a is a factor of E ; similarly b is a factor of E. 
Again E vanishes when a = - b, that is a + b is a factor of E ; and therefore 
E contains ab(a + b) as a factor. The remaining factor must be of two 
dimensions, and, since it is symmetrical with respect to a and b, it must be 
of the form Aa‘‘^ + -Bab + Jb*; thus 

(a + b)® — a® — b® = ab (a + b) {Aa^ + Bab + Ab^), 
where A and B are independent of a and b. 

Putting a = l, b = l, we have \lj = 2A-{-B\ 
putting a = 2, b= - 1, we have 15 = 5-'! -2Z>; 

whence A = 5, B = 5\ and thus the required result at once follows. 

Example 2. Find the factors of 

(b^ + c^) (b - c) + (c® + a^) {c-a) + {a^ + b*) (a - b). 

Denote the expression by E; then is a function of a which vanishes 
when a — b, and therefore contains a ~ b as a factor [Art. 514]. Similarly it 
contains the factors b - c and c - a ; thus E contains (6 -<?)(<;- a) (a - b) as a 
factor. 

Also since E is of the fourth degree the remaining factor must be of the 
first degree; and since it is a symmetrical function of a, b, c, it must be of 
the form ;i/(a + b + c). [Art. 518.] 

E — M{b-c) (c-a) (a-b) (a + b + c). 

To obtain 3/ we may give to a, b, c any values that we find most con- 
venient; thus by putting a = 0, b = l, c = 2, we find 3/=l, and we have the 
required result. 

Example 3. Shew that 

{^-^2/ + ir-‘^~l/^-^ = 5(p + z){z + x)(x + i/)ix^- + if^ + z^ + yz + zx+xpl 

Denote the expression on the left by E‘, then E vanishes when y = -z 
and therefore y-hz is a factor of li; similarly z + x and x + y are factors; 
therefore E contains (y + r) [z + x) [x+y) as a factor. Also since E is of the 
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fifth degree the remaining factor is of the second degree, and, since it is 
symmetrical in x, y, 2 , it must be of the form 

A (x2 + 2 *) + J5(y2 + 2 x + xy). 

Put x = i/ = z = l ; thus lO—A-hB; 
put x = 2, y = l, 2=0; thus 35 =5A +2B ; 

whence A=B=5, 

and we have the required result. 


523. We collect here for reference a list of identities which 
are useful in the transformation of algebraical expressions ; the 
student should verify these identities. 

26c (b — c) = — (d — c) (c ~ a) (a — 6). 

2a® (6 — c) = — (6 - c) (c — a) (a — b). 

2a (6® — c®) = (b -c)(c - a) (a — b). 

2a^ (6 — c) = — (6 — c) (c — a) (a — 6) (a + 6 + c). 
a® + 6^ + — 3a6c = (a + 6 + c) (a®+ 6®+ c®— be —ca — ab). 


This identity may be given in another form, 

+ ¥ + c’ - Sale =.\{a + h + c) {(6 - c)’ + (c - af +{a- 6)’}. 


(6 - cf + (c - af + (a - 6)* = 3 (6 - c) (c - a) (a - b). 

(a + 6 + c)® — — 6^ - = 3 (6 + c) (c + a) {a + b). 

26c (6 + c) + 2a6c = (6 + c)(c + a) (a + 6). 

2a®(6 + c) + 2a6c= (6 + c)(c + a){a + 6). 

(a + 6 + c) (6c + ca-i- ab) — a6c = (6 + c) (c + a) (a + 6). 

26®c* + 2c®a® + 2a®6® - a* _ 6^ - c" 

= (a + 6 + c) (6 + c — a) (c + a — 6) (a + 6 — c). 




EXAMPLES. XXXIV. a. 

1, Find the remainder when 3x^d- llx^ + OOx^— 19x4-53 is divided 
by X 4- 5. 

2, Find the equation connecting a and 6 in order that 

2x* — T.r^ + crx + 6 


may be divisible by x — 3. 
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3. Find the quotient and remainder when 

X® — + — 16:p+ 13 is divided by A'*-3:rH-2. 

4^ Find a in order that — 7 j? + 5 may be a factor of 

2j:^ — 4x^4- 19:r2 — 31j7 4*12 + a. 

5. Expand ^ « in descending powers of ar to four 

* — OJ^ 4* < J?* 4- ar — o 

terms, and find the remainder. 

Find the factors of 

6. a{b — c)^-\-b{c — ay-\-c(a-h)^. 

7. a* (62 _ c2) 4- 6Vc2 - a2) 4- c* (a2 - 62). 

8. (a + 6 + c)2 - (6 + c - a)3 - (c + flt - 6)2 - (a + 6 - c)\ 

9. a(6-c)2 4-6(c-a)2 4-c(a-6)2 4-8a6c. 

10. a (6** - c*) 4- 6 (c* — a^) + c (a* — 6^). 

11 . ( 6 c 4 -ca 4 -a 6)2 — 62 c 2 _ 

12. (a 4- 6 4- c)* - (6 4- c)* - (c + a)* - (a + 6)^ 4- 4* 6^ 4- 

13. (a 4- 6 + c)2 — (6 4- c — a)° - (c + a - 6)^ - (a 4- 6 — c)®. 

14. {x — a)2 (6 - c)2 4- (^ - 6)2 (c - a)2 4- (.a: - c)2 (a — 6)2. 


Prove the following identities : 

15. 2 (6 4 - c — 2a)2 = 3 (6 4 * c - 2a) (c 4- a — 26) (a 4 - 6 - 2c). 



ajb- c)^ b(c- ay c{a- . 

(c - a) (a — 6 ) (a — 6 ) (6 — c) (6 — c) (c — a) 



2 a 26 2 c (6 — c) ( c — a ) (a - 6 ) _ ^ 

a 4-6 ^ 64 -c c 4 -ct ( 6 4 - c) (c *+• a) (a 4 - 6 ) 


18. 

19. 

20 . 



2a2(64-c) — 2 a 2 — 2a6c=(64*c- a) (c+a - 6 ) (a4*6 — c). 


a 2(6 + c) 


4- 


62 (c + a) 


4- 


c 2 (a 4 * 6 ) 


(a— 6 )(a — c) (6 — c )(6 — a) (c — a)(c — 6 ) 
4 2 (6 — c) (6 4 - c — 2a)2 = 9 2 (6 - c) (6 4- c — a)^. 


= 6 c 4 -ca 4 *a 6 , 


(y 4 - 2)2 (5 4* ar )2 (x 4-3/)2 = 2x< (y 4- 2)2 4- 2 (Sy^)^ - 



22 . 2 (a6 - c®) (ac — 62) = (26c) (26c - 2a2) . 

23. a6c(2a)2 — (26c)2— a6c2a2— 262c2 = (a2 — 6 c) (62 — ca) (c^ — 06 ). 

24. 2(6-c)2(6 + c-2a) = 0 ; hence deduce 2(/3-'y)0 + v — 2a)2=0. 
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25. (6 + c)® + (c + a)^ + (a + 6)® - 3 (5 + c) (c + a) (a + b) 

= 2 (a® H- 6* + c® - Sabc). 


26. If a:=6-{-c~a, y=c + a — 6, 2 =a + 6-c, shew that 

-\-y^ + z^ - 3xyz = 4 (a® + 6® + - Sabc). 

27. Prove that the value of + 6^ + c® - 3a6c is unaltered if we ? 
substitute 3 -a, s-b, 3-~c for a, b, c respectively, where 

35 = 2(a + 5 + c), 

Find the value of 




28. 


a 


+ 


+ 


{a - b){a - c){x - a) (b-c)(b-a){x-b) {c-a){c-b){x-c) 


29. 


a^~b^~c^ ^ b“ — c^ — d^ c^~a^-b^ 

A W A. A W « 


(a-6)(a-c) (6-c)(6-a) {c-a)(c-6)* 


30. 


{a+p){a + q) 


+ 


(6+p)(6 + g) 


+ 


(C‘hp){c + q) 


31. 2 


{a-b){a~c){a-\-x) {b - c){b -a)(b -^x) (c-a)(c-6)(c+a;) 

bed 


1 


32. 2 


a 


33. 


{a-b){a-c)(a-d)' ^ {a-b){a-c){a-d) 

If x + y ■^z=^Sj and xys =j9% shew that 


(E_y\ ('£_ A (e - ^ + (p (E^y')=t. 

\ys vJ \25 v) V2.9 v) \xs v) \xs D/ \m V/ 3 * 


p 


p 


p 


p 


ys p 


Miscellaneous Identities. 

524. Many identities can be readily established by making ^ 
use of the properties of the cube roots of unity ; as usual these 
will be denoted by 1, <o, 

Example. Shew thfut 

{x + yY - a:’ - 2/7 = 7x1/ (a: + y) (x^ + xy + y^f. I 

The expression, on the left vanishes when x = 0, 3/=0, x+y=0i I 
hence it must contain xy{x-\-y) as a factor. I 

Putting X = 0 ) 1 /, we have i 

£ = {( 1 + o)’ - w’ - 1 }y’ = {( - <«=)’ ] 

= ( - cu^ - tu - l)i/7 = 0 ; 

hence E contains x - wy as a factor ; and similarly we may shew that it con- 
tains X - oYy as a factor ; that is, E is divisible by 

{x~ojy){x-oYy), or x*+x 2 /+y*. 
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Further, E being of seven, and xy(x + y) + + of five dimensions, 

the remaining factor must be of the form A (x- + y-)-¥Bxy\ thus 

(x + yf -y^= xy [x + y) -k- xy y-) {Asr + Bxy + Ay~). 

Putting a:=l, y = l, vre have 21 = 2J( +B; 
putting a:=2, t/ = - 1, we have 21 = 5.1 - 22^ ; 
whence -4 = 7, B = 7; 

(x + yy - x^ - / = 7x^ (x + y) (ar + xy + 

525. We know from elementary Algebra that 
a® + Jy" 4- c® — 3a5c = (a + 5 + c) (a' + 5® + c* — 6c — ca — ah) \ 
also we have seen in Ex. 3, Art. 110, that 

a* -I- 6® + c" — 6c “ c(z — rt6 = (a + 0)6 + o)"c) (a + w'b + ojc) ; 

lienee + 6® + c® — 3a6c can be resolved into three linear factors; 
thus 

a® + 6® + c® — Sahe = (a 4- 6 + c) (a -J- o)6 -f- o)"c) (a + + cue). 

Example. Shew that the product of 

+ 6* + c® - 3a&c and .T^-\-y^-^ -^xyz 
can be put into the form ^-B^ + C^-ZABC, 

The product = (a + 6 + c) (a + tu6 + (jtc) (a + w-5 + cue) 

X (x + y + 2) (x 4- cuy -f cu-2) (x4* cu^y + w2). 

By taking these six factors in the pairs (a4-5 + c) (x + y 4 - 2 ), 

(a 4 - cob + u^c) (x 4 - ory 4- <*> 2 ) ; and {a + orb + cue) (x 4- wy 4- w-z), 
we obtain the three partial products 

^ 4" -B 4" U, A 4" wB 4" w^C*, A 4" W"B 4" cuC, 
where -4 = ax4-by 4-C2, B = bx4-ey4-a2, C=cx4-ay 4-52. 

Thus the product = (-4 4 - B 4- C) (-4 4-ojB 4- orC) {A +ur^B + (aC) 

= J34-B3+C^-3JBC. 

526. In order to find the values of expressions involving 
rt, 6, c when these quantities are connected by the equation 
« 4* 6 4- c = 0, we might employ the substitution 

a =h -i- Icj 6 = iiih 4 - c = cuVi -h oj^ 

If however the expressions involve a, 6, c symmetrically the 
method exhibited in the following example is preferable. 
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ICxample. If a + b + c = 0, shew that 

6 (a» + 6® + c*) = 5 (a3 + + c^) (a= + 6* + c«). 

We have identically 

(1 + ax) (1 + bx) (1 4* cx) = 1 + jjx + qx- + rx', 
where p==a + b + Cj g = tc + ca 4 *a 6 , r=abc. 


Hence, using the condition given, 


(l + aa:) (1-f 6x) (l + cx) = l + gx- + rx^. 

Taking logarithms and equating the coefficients of x", we have 


(- 1 ) 


n — 1 


n 


(a" + 6" + c") = coefficient of x” in the expansion of log ( 1 4 * gx® + rx*) 


= coefficient of x" in (gx- 4- rx®) — i (gx® 4- rx*)-4- ^ (gx*4'rx*)’ - ... 


By putting ii = 2, 3, 5 we obtain 


a® 4- b'^ + c* 


= g 


a^ + b^ + 




a® 4- 6*4- c* 


-gr; 


whence 


a®4-6®4-c® a®4-6*4-c® a-4-6*4-c* 

5' ^ 3 * 2 


and the required result at once follows. 

If a — fi-y, b — y-a, c = a-/3, the given condition is satisfied; hence 
we have identically for all values of a, y 

G{0S-7)®4-{7-a)®4-(a-^)®} 

= 5 { (^ - 7)* 4- (7 - a)* + (a - {(^ - 7 )'* + (t - ®)"+ (“ 

that is, 

(/3 - 7)-’ + (7 - «)' + (“ - = 5 (/9 - 7) (7 - “) (» - P) (“‘ + + 7' - /S7 - 7 “ - “^) ; 

compare Ex. 3, Art. 522. 



?LES. 


XXXIV. b. 


1. If (a 4 - 6 4-c)^ = a^4- 6^ 4- shew that when n is a positive 

integer (a4-6 + + * = a2'‘ + 1 4- 62" + 1 

2. Shew that 

(a 4- C06 4- <o2c)3 4- (fit 4- 0)26 4- o)C)3 = (2a - 6 - c) (26 - c - a) (2c - a - 6). 

3. Shew that (x+2/)’'-^”-y" is divisible by xy(x2 4-xy 4-^^), if 
n is an odd positive integer not a multiple of 3. 

4. Shew that 

(bz — cy)2 4- 6^ (cx — azY 4- c^ (^*y “ 6x)® = 3a6c (bz ~ <^) (cx — a^) (ay — 6.1?). 
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5. Find the value of 

(6 — c) (c — a) (a — 6) + (6 — ac) (c — wa) (a — co6)H-(& — a>^c) (c — <o^a) (a — a)"6). 

6. Shew that (a^ -^-h^-k-c^-hc-ca- ah) (x- z^~yz - zx - xy) 

may be put into the form A'^+ B'^ + G‘^ — BC — CA — AB. 

■ 7. Shew that (a2 + aZ» + &-)(a'2 + A’y+y^) can be put into the form 

A- + AB + B^, and find the values of ^l and B. 

Shew that 

8. 2 (a^ + 26c)^ — 3 (a^ + 26c) (6^ + 2ca) (c^ + 2a6) — {a^ + 6^ + — 3a6c)2. 

9, 2 — hcY — 3 (a- — he) (6- — ca) (c^ — ab) = (a^ + 6'* 4- c^ — 3a6c)-. 

10. (a^ + 62 4- c2)3 4- 2 (6c 4- ca 4- a6)2 — 3 (a^ 4- 6^ 4- c^) (6c + ca 4- a6)2 

= (a^ 4- 6^ 4- c^ — 3a6c)2 

If a4-64-c = 0, i>rove the identities in questions 11 — 17. 

11. 2 (a* 4- 6^ 4-c*) = (a2 4- 6^ + c2)2. 

12 . a® 4- 6'* + c^ = — 5a6c (6c 4- ca 4- ah). 



13. 

14. 

15. 

16. 

17. 

18. 


4. 6*^ 4- c® = ^a^h'C- — 2 (6c 4- ca 4- a6)2. 

3 (a2 + 62 4 - c2) (a^ 4- h^ 4- c®) = 0 4 - 6 ^ 4 - c^) (a^ 4-6^4- <A). 


a* 4 - 6 " + c^ a*'* 4 ' 6 ^ 4 -c* a 24 - 624 -c 2 
7 ^ 5 ’ 2 



(62c 4 - c^a 4- a^h — .3a6c) {hc“ 4- ca^ 4 - ah^ — 3a6c) 

= (6c 4- ca 4- a 6)^ 4- 27a262c2. 


25 {(y - zY 4- (2 - xY + (x - y)~} {(y - zf + (2 - xf 4 - {x - y)^} 

= 21 {{y-zY + (z-xY-\-{x-yf)-. 


19. {(y - zY + (2 - + (:?:- y )2} ^ - 54 (y - 2)2 (2 - ;r)2 (^ - ^)2 

= 2 (y 4*2- 2 j;)- (24-.^- 2y)2 (.r4-y — 22)2. 

20. (6 — c)® 4- (c — a)® + (a - 6)® - 3 (6 — c)^ (c — a)® (a - 6)^ 

= 2 (a^ 4- 6'^ 4- c^ — 6c - ca - a6)\ 

21. (6 - cY 4- (c — aY + (a - 6)^ 

= 7 (6 — c) (c — a) (a — 6) (a^ 4- 6- 4- c^ — 6c — ca — a6)-. 

22. If a + 64-c — O, and x4-y + 2=0, shew that 

4 (or + 6y 4- czY — 3 {ax + 6y 4- C2) (a- 4- 6^ 4- c^) (.t® _j_y2 ^ ^2) 

- 2 (6 — c) (c — a) (a - 6) (y - 2) (0 — x) {x — y) = b^ahexyz. 
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If a + h + c + d=0, shew that 

5 ■ ” 3 ‘ 2 


24. 


25. 


+ = 9 (&6-(f +c(fct + c?ai + dbc)^ 

= 9 (6(7 ~ ad) {ca — bd) (ab 


-cd).J 


If 2s~a + b + c and 2a-- = a^ + b--\-c^, l>rove that 

'^{6 — b){s~c){a- — a-)-\-babai = {s- — q^) ( 43 - + 0 *“). 


26. Shew that + y^)3 + (y*4-6A^" + 3a.‘^ — .r^)* 

- =27.r^ {:c+y) + 

27. Sliew that % , - — - 


{a — b) {a ^ c) {a — d) 

— a- + 6- + + d^ + ab + ac + ad +hc + bd+cd. 


28. Resolve into factors 

2a“b‘C- + {a^ + b^ + d) abc + 6V^ + cW + a^h^. 


Elimination. 

527. In Cliapter xxxiii. we have seen that tlie eliminant of 
a system of linefir equations may at once be written down in the 
form of a determinant. General metliods of elimination ap- 
plicable to equations of any degree Avill be found discussed in 
treatises on the Theory of Equations ; in particular we may refer 
tlie student to Chapters iv. and vi. of Dr Salmon’s Lessons Intro- 
ductory to ike Modern Ilvjher Algeh^a^ and to Chap. xiir. of 
Burnside and Panton’s Theory of Equaiiojis. 

These metliods, tliough theoretically complete, are not always 
the most convenient in practice. We shall therefore only give n 
brief explanation of the general theory, and shall then illustrate 
by examples some methods of elimination that are more practi- 
cally useful. 

528. Let us first consider the elimination of one unknown 
quantity between two equations. 

Denote the equations by f (x) => 0 and <f> (x) = 0, and suppose 
that, if necessary, the equations liave been I’educed to a form in 
which f(x) and </> (ic) represent rational integral functions of x. 
Since these two functions vanish simultaneously there must be 
some value of x which satisfies both the given equations; hence 


1 
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i. 


the elimiiiaut expresses the condition that must hold between the 
coefficients in order that the equations may liave a common root. 

Suppose tliat x — x = y,... are the roots of = 0, 

then one at least of the quantities ^ (a), <^>(/3), <^( 7 ), must 

be equal to zero ; hence the eliminant is 

<t> {°-) 4> il^) 4> iy) = 0 - 

The expression on the left is a symmetrical function of the 
roots of the equation = and its value can be found by the 
methods explained in treatises on the Theory of Equations. 

529. AVe shall now explain tliree general methods of elimina- 
tion : it will be sufficient for our purpose to take a simple 
example, but it will be seen that in each ca.se the process is 
applicable to equations of any degree. 

The principle illustrated in the following example is due to 
Euler. 


A 

(1 ' 


iW; 

A 

iV 

•tJ- 




1 


Example. Eliminate x between the equations 

ax^ + b.c® + cx + £2 = 0, fx- gx ->r h = 0. 

Let x-\‘h be the factor corresponding to the root common to both equa 
tions, and suppose that 

ax^ + hx- + cx + tZ = (x -f fc) (ax- -h /x vi ) , 

and fxr + gx + = (x + /;) (fx + 71 ), 

A*, Z, 7«, n being unknown quantities. 

From these equations, we have identically 

(ax^-f- 6x* + cx + d) {fx + n) — {ax^ + lx + in) [fx^ + gx + h). 

Equating coeflicients of like powers of x, we obtain 


fl 

gl +Sm 
hl + gm 
hm 


an + ag 
bn + uh 
cn 
(In 


hf=0, 
c/=0, 
df=0, 
= 0. 


From these linear equations by eliminating the unknr 
n, we obtain the determinant 


quantities Z, ;/i 


/ 0 a ag~bf 

g f h ah-cf 


= 0 


h g c 
0 h d 


-df 
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530. The eliminant of the equations fix)=-0, = 0 can 

be very easily expressed as a determinant by Sylvester's Dialyiic 
Method of Elimination. We sliall take the same example as 
before. 


Example. Eliminate x between the equations j 

«x^ + i/X" + c.T + d = 0, fx“^+gx-\-h, = 0. ^ 

Multiply the first equation by x, and the second equation by .r and x^ in 
succession ; we thus have 5 equations between which we can eliminate the 4 
quantities x*, .t'*, x-, x regarded as distinct variables. The equations are 

ax^ + hx‘ + cx + d = 0, 

ax*-{‘bx^+ cx' + dx = 0 , 

/r- + f/j: + /i = 0, 

/>“* + gx^ -i- hx = 0, 


j'x* + (fx^ + h.r- 


= 0 


Hence the eliminant is 


0 a h c d I = 0. 

a b c d 0 

0 0 J 0 h 

0 1 fj h 0 

f <1 h 0 0 


531. Tlie principle of the following method is due to Bezout; 
it has the advantage of expressing the result as a determinant of 
lower order than either of tlie determinants obtained by the pre- 
ceding metliods. We shall choose the .same example as before, 
and give Cauchy's mode of conducting the elimination. 


Example. Eliminate x between the equations 

4- hx^ 4- c.r 4- d = 0, fx^ gx -^-h — O. 

From these equations, we have 

a _ bx^ 4- cx 4- d 
J gx~ 4- bx * 

ax + b cx + d 
fx +g~ bx ' 

whence {ag - bf) x- 4* {ah — cf) .r — df = 0, 

and {ah - cf) x^4- {hh ~cg - df) x~ dg=^0. 

Combining these two equations with 

fx^+gx + h^O, 


ELIMINATION. 


and regarding x® and x as distinct variables, we obtain for the eliminant 


f g ^ 

ag-bf ah-cf -df 
ah -cf hh-cg ~df - dg 


= 0 , 


I 

532. If we have two equations of the form (f3^{x^y) — 0, 

y eliminated by any of the methods 

already explained ; in this case the eliminant will be a function of x. 

If we have three equations of the form 


by eliminating 2 between the first and second equations, and then 
between the first and third, we obtain two equations of the form 


2/) = 0, 2/) = 0* 

If we eliminate y from these equations we have a result of 
the form f(x)=0. 


By reasoning in this manner it follows that we can eliminate 
n variables between « + 1 equations. 


533. The general methods of elimination already explained 
may occasionally be employed with advantage, but the eliniinants 
so obtained are rarely in a simple form, and it will often happen 
that the equations themselves suggest some special mode of 
elimination. This will be illustrated in the following examples. 

Example 1. Eliminate U ^ between the equations 

lx-\-my = a, mx ~ly — h, P — 

By squaring the first two equations and adding, 

+ m^x^ + + l^y^ = a^ + 6 ®, 

that is, (P + m^){x^ + y-) =a^ +b^ ; 

hei^fe the eliminant- is x^ + y^=a^ + b^. 

If l = co8 S, m = sin 0, the third equation is satisfied identically ; that is, 
the eliminant of 

X cos 6 + y sin 6 = a, x sin 6 ~y cos 6 = b 
is a:® + 2 /* = a® + ?>*. 
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Example 2. Eliminate x, y, z bet^Yeen the equations 

7j^ + z^ = aijz, z'^ + x^ = hzx, x* + 7/*s=cxy. 


We have 


y z z X , x y 

- + - = -+i'=c; 

z y X z y X 


by multiplying together these three equations we obtain, 


7/2 2® .t2 0-2 7/2 

2 + ‘-5 + — — — (zhc\ 

z^ y~ y- X- 


hence 


2 + (a2-2) + {i2_2) + (c2-2) = a6c; 

a® + &-+(“ — 4 = a6(r. 


Example 3. Eliminate x, y between the equations 

x-~y^=px~qy, 4x7/ = (/.r +i)y, x2 + 7/2=1. 

Multiplying the first equation by x, and the second hy y, we obtain 

x2 + 3xy2=^(^2 + y2). 

hence, by the third equation, 

/J = x^ -f 3x7/2. 

Similarly q = Sx^y + t/^^ 

Thus P + (7 = (j: + 2/)^, = 

•*• (2> + + {?> - q)^ = {x + y)2 + (x - 

= 2(x2 + 7/2); 

(p + g)^ + (P“g)^-2. 

Example 4, Eliminate x, 7/, ^ between the equations 

y z z X . X y 

- — = a, =r 6, — --=c. 

z y X z y X 

We have a + 6 + c + ^ 

xyz 

= (y-g ) (^-g) (^-y) ^ 

xyz 

If we change the sign of x, the signs of b and c are changed, while the 
sign of a remains unaltered; 

. - r . (y--2) (2 + a^) (a; + y) 


We have 


hence 


a-b -c = 


xyz 


Similarly, 


6— c-a= 


e-a — h^ 


_ {y + z) (z-x) (x + y) 
xyz 

_ ( y + z) (z + x) (x - y) 
xyz 


and 
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(a + 6 + c) (6 + c - a) (c + a - 6 ) (a + 6 - <J) = - 


(y^ - 2 ^)^ (z» - - y^)^ 

z*y*z* 


-(!-i)’a-o’e-o’ 


= — a-6^c*. 

. . 26 V ^- 2 c*a 2 + 2026** -a*-b*-€* + a^6V = 0 . 


1 . 

2 . 

3 . 

4 . 

5 . 

6 . 



8 . 

9 . 

10 . 

11 . 

12 . 


EXAMPLES. XXXIV. €• 


Eliminate m from the equations 

m-x-my + a = 0, 7ny + .r=0. 

Eliminate ?«, n from the equations 

w2j7«-77?y + a = 0, — ?iy + a = 0, 7/in + l=0. 

Eliminate in, n between the equations 
mx -ny = a (ni^ _ nx + my — 2 amnj + n* = 1, 

Eliminate jo, r from the equations 

p-i-q + r = 0 , a{qr’j-rp-\-pq)^ 2 a-x, 

apqr=y, qr=-}. 

Eliminate x from the equations 

aV — 2a-.r4- 1 =0, a-H-.r- — 3a.r = 0. 


Eliminate in from the equations 

y H-77iJ7=a (l+ni), my — x — a(l-m). 

Eliminate Xf y, 2 from the equations 

yz — a-, zx = 2 »‘^, xy = c^, x^ -f y 2 + ^2 _ ^2^ 

Eliminate py q from the equations 

A’ (/? + ^ ) =y, p-q = k{\ ^-pq)y xpq = a. 

Eliminate x, y from the equations 

x — y — ay V-y- = 6'', x^ —y^ = cr. 

Eliminate Xy y from the equations 

x+y = a, x^->ry’ — h“, x^-\-y^ = c'. 


Eliminate Xy y, 2, from the equations 

X— 6y + C 2 + c?w, y=cz -{-du + aXy 
z = du-\-ax-\- 6y, w = a^’ + 6y -f cz. 


Eliminate Xy y, 2 from the equations 

x+y+z = 0, V +y2 4- 2^ _ ^2^ 

V+y^+2^ = 6^, + c®. 


H.H.A. 


P 
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13. Eliminate .r, j/, z from the equations 


X y z 

- 4.-/ 4 . =a 

y z X 


X y z , 

z X y 


y zj \z . 1 / yj 


14. Eliminate .v, y^ z from the equations 

0,2 {y +j) _ ^2 (z + x) ^ g 2 (x+y) ^ j^yz ^ 
a? cibc 

4 

15. Eliminate x, y from the equations 

4 (a’2 4 - ?/ 2 ) _ 4 2 (.v^ — = ax — by, xy — c^. 

16. Eliminate .r, y, z from the equations 

(y -\-z)- — Aa'^yZj {z + xY = 4h'hx^ {x+y)“~Ac-xy. 


17. Eliminate .i% y^ z from the equations 

{x-\-y-z){x-y + z) = ayz, (y + ^ “ x) (y - 2 + x) = hzx^ 

(z + x-y) {z~x + y) = cxy. 

18. Eliminate x, y from the equations 

xhj = a, x{x-\-y)^b, 2.r+y = f. 

19. Shew that (a4-54c)^ — 4 (5 + c) (c + a) (a4-5) 4 5a6c = 0 
is the eliminant of 

a.i'2 + by"^ + cz^ — ax-\-by-\-cz=yz-\-zX’V xy — 0. 

20. Eliminate .r, y from the equations 

4 by’^ ^ax-^-by— —— = c. 

x-\-y 

21. Shew that h'^c^-\-<?d^-\-a?b^^bd^h^c^ 
is the eliminant of 

ax-\-yz = bc^ by-\-zx = ca^ cz + xy = aby xyz — ahc. 

22. Eliminate x^ ?/, z from 

+ 2' = -^ + y +2 = f ) 

% (j-- -p) =\ip-i)=-A‘~ '•)• 

X y z 

23. Employ Bezout’s method to eliminate .r, y from 

ax^ ■\-bx^y-\-cxy‘^-\-dy'^ = <^^ dx^-\-b\v-y-\-dxy‘^-\-d}^=^0» 
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CHAPTER XXXV. 


THEORY OF EQUATIONS. 


t 534. In Chap. ix. we have established certain relations be- 
tween the roots and the coefficients of quadratic equations. V e 
shall now investigate similar relations which hold in the case of 
equations of the degree, and we sliall then discuss some of the 
more elementary properties in the general theory of equations. 

535. Let p^x‘‘ + 2 y,cc’’-' + p^x’'~-+ + be a rational 

integral function of x of n dimensions, an<l let us denote it by 
f{x); then/(x) = 0 is the general type of a ratiomd hitegral e.quci- 
lion of the degree. Dividing throughout by p^, we see that 
without any loss of generality we may take 

^ as the type of a rational integral equation of any degree. 

Unless otherwise stated the coefficients p ^ , p ^, . . . p^^ will always 
be supposed rational. 

536. Any value of x which makes / {x) vanish is called a 
root of the equation f{x) — 0. 

In Art. 514 it was proved tliat when / {x) is divided by 
x-«, the remainder is hence if f {x) is divisible by x—a 

\ without remainder, a is a root of the equation ^’(x) = 0. 

1 537. We shall assume that every equation of the form y(x) = 0 

has a root, real or imaginary. The proof of this proposition will 
be found in treatises on the Theory of Equations ; it is beyond 
I the range of the present work. 
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538, Every equation of the degree has n roots, and no more. 
Denote the given equation by f (a:) = 0, where 

f(x) +PJB"-- + +P^. 

The equation y(a:) = 0 has a root, real or imaginary; let this 


denoted by then /{x) is divisible by « — so that 

/(i-) = (a:-a,)<^,(x), 

where <l>fx) is a rational integral function of n-1 dimensions. 
Again, the equation <f>fx) = 0 lias a root, real or imaginary; let 
this be denoted by a^; then <l>fx) is divisible by a; — so that 

<l>^{x) = (x - aj 4,^(x), 

where is a rational integral function of — 2 dimensions. 

Thus /(x) = (x-a^) (x~a^)<t>^(x). 

Proceeding in this way, we obtain, as in Art. 309, 

/ (a--) = (■« - «,.)• 

Hence the equation J'(x) = 0 has n roots, since J'(x) vanishes 
when X has any of the values a^, a.,, ag, ...a^. 

Also the equation cannot have more than n roots; for if x has j 
any value dirt’erent from any of the quantities a,, a^, a^, all 

the factors on the right are different from zero, and therefore 
/(x) cannot vanish for that value of x. 

In the above investigation some of the quantities a, , a^, ag,...a, 
may be eijual; in this case, however, we shall suppose that the 
etjuation has still ?i roots, although these are not all different. ’j 


539. 7b investigate the relations between the roots and the 
coefficients i7i any equation. 


Let us denote the equation by 

a*" + + p^x”-^ + + p„_,x+p^ = 0, 

aiul tlie roots by a, 6, c, k; then we Iiave identically 


x^+p x"* ^+p,,x 


n —2 


+ 

= (x — a) (x~b) (x— c) (x — h); 


lienee, with the notation of Art. 163, we liave 


a:'’ +p,x" ® 


+P„-i^ + P. 

+ + (- 1) 


1 


'S',-.® + 


(- D’-y. 
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Equating coefficients of like powers of x in this identity, 

= =sum of the roots; 



=sum of the products of the roots taken two at a 
time ; 

= =sura of the products of the roots taken three at a 

time ; 


(“ ~ ~ product of the roots. 

If the coefficient of x" is p^y tlien on dividing each term by 
the equation becomes 

+ +^x'‘-^+ + 

n Po Po 

% 

'and, with the notation of Art. 521, we liave 

2a = --^, = , abc...k^ (- . 

Po Po Po Po 

Example 1. Solve the equations 

a; + a?/ + a^^ = a^, x ^-hy + b-z=.lp^ x + c^/ + c-^ = c^ 

From these equations we see that a, i>, c are the values of t which 
satisfy the cubic equation 

P — zt~ — yt ~ 

hence z = a + 6 + c, t/= - (bc + ca + ab), x = ahc. 

I Example 2. If a, b, c are the roots of the equation a:® = 
form the equation whose roots are a-, b-, c-. 

The required equation is (y - a^) {y - h-) {y - c-) = 0, 
or (x2-a2){x2-62)(j2_c2) = 0, if y = x-\ 

that is, (x- a) (x — h) (x — c) (x + a) (x + b) {x-l-c) = 0. 

But (^-a) {-c - b) (x-c) -3^-¥p^x-‘^p.^+p^\ 

hence (•I' + u) {x + b) {x + c)=3p-p^x'+p.^—py 

Thus the required equation is 

(x3 +p^x^ +p^ +p.^) (x^ -p^x^+p.pe - Pa) = 0, 

or ~ {PiX-+P 3 )- = 0, 

or + (2p2 ^ + (^^2 _ 2p^p,^) x^-p^^=0; 

and if we replace x* by y, we obtain 

y''+t‘^Pi-Pi-) y^+ (Pi^ - y -p^^=o. 
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540. The student might suppose that the relations established 
in the preceding article would enable him to solve any proposed 
equation ; for tlie number of tlie relations is equal to the number 
of tlie roots. A little reflection will siiew that is this not the 
case; for suppose we eliminate any n-\ of the quantities 
c(j 6, c, and so obtain an equation to detemiine the remainim. 
one; then since these quantities are involved symmetrically ii 
each of the ecpiations, it is clear that we shall always obtain an 
equation having the same coefficients; this equation is therefore 
the original equation with some one of the roots a, b, Cf...k sub- 
stituted foi 



^4^ 


▼ 


L/ct us take for example the equation 

x' -f + p,x + 7>3 = 0 ; 
and let «, b, c be tlie roots; then 

a + b + c ==. 
ah ac + be — 

abc = — 7 > 3 . 

Multiply tliese equations by — a, 1 respectiv'ely and add; tlius 1 

a^=^-p^a'-p^a~2^^y 

that is, 4 - = 0, 

wliich is the original equation with a in the place of x. 

The above process of elimination is quite general, and is 
applical)le to equations of any degree. 


% 

I 


511. Tf two or more of the roots of an equation are con- 
nected by an assigned relation, the properties proved in Art. 539 
w’ill sometimes enable us to obtain the complete solution. 


’i 


E.rample 1. Solve the equation 4 j:^ - 24j:- + 23x-|- 18 = 0, having given 
that tlie roots are in arithmetical progression. 

Denote the roots by a - 6, a, a + ; then the sum of the roots is 3a ; the 
sum of the products of the roots two at a time is — and the product 
of the roots is a {a--h^)\ hence we have the equations 


3a = 6, 3a--6‘ = 


23 


9 


a(a*- 62 )=-r; 


= and i 


from the first equation we find a = 2, and from the second b g 

since these values satisfy the third, the three equations are consistent. 

Thus the roots are - 2, 

A ^ 


theory of equations. 


m 


Example 2. Solve the equation 24x’ - 14x- - 63x + 45 = 0, one root being 
double another. 

Denote the roots by a, 2a, 6; then we have 

7 21 15 

3a + 5 = ^. 2a2 + 3ab=--Q, 2a=5=--g. 

From the first two equations, we obtain 

8a^ - 2a — 3 = 0 ; 

3 1 , , 5 25 

... a = j or and or 

1 2& 

It will be found on trial that the values a=-^, b = £^do not satisfy 

15 

the third equation 2a*6= --rrl hence we are restricted to the values 

B 

3 , 5 

a = ^, h=-^. 

3 3 5 

Thus the roots are ^ , 2 ' ~ 3 ' 


542. Although we may not be able to find the roots of an 
equation, we can make use of the relations proved in Art. 539 
to determine the values of symmetrical functions of the roots. 

Example 1. Find the sum of the squares and of the cubes of the roots 
of the equation -px--\-qx~r=0. 

Denote the roots by a, 5, c; then 

a + 5 + c=p, hc-\'Ca-\-ah — q. 

Now + + = (a + 6 + c)- — 2 (6c + ca-frt5) 

=j>2 - 25. 

Again, substitute a, 5, c for x in the given equation and add; thus 

a3 + &3 + c®-j5(a- + 6^ + c®) + 5 (a + ft + c) -3r = 0; 

a^ + h^-\-c^=p{p^~2q)-pq-{-^r 

— p^-3j7j + 3r. 

Example 2. If a, 6, c, d are the roots of 

X* ^-px^ + qx^^ + rx + s = 0, 


find the value of 2a*6. 

We have a + 6 + c + d = -p (1), 

ab-haC'k-ad-\-hc + hd + cd = q ( 2 ) , 

a6c + a6d + acd + 5cd= — r (3). 
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From these equations we have 

~pq = + 3 {ahc + ahd + acd + 6cd) 

= 2a®6-3r; 

Za-b = ^r—pq. 

i 


EXAMPLES. XXXV. a. 

Form the equation whose roots are 

2 3 

1. 3> 2’ 

3. 2, 2. -2, -2, 0. 5. 4. a + ft, a-i, -a + 6, 

Solve the equations: 

5. 16.c^ + 86a’2- 176.r + 105 = 0, two roots being 1 and 7. 4 

6. 4.fc-**+ 16.v^ — 9.1* — 36 = 0, the sum of two of the roots being zero, 

7. 4a-3 + 20 j:- - 23x+ 6 = 0, two of the roots being equal. 

8. 3.ir^ — 26.^2 + 52 j: — 24 = 0, the roots being in geometrical pro* j 
gression. 

9. 2^*^ — X- — 22a: — 24 = 0, two of the roots being in the ratio ol 
3:4. 

10. 24a.''^ + 46a^'2 + 9a: — 9 = 0, one root being double another of the 

roots. 

11: 27a*2 + 6j:4-9 = 0, two of the roots being equal but j 

opposite in sign. ^ 

12 . 540.'^ - 39j:^ — 260-+ 16 = 0, the roots being in geometrical pro- 
gression, 

13. 320.*^ — 48.r2 + 22a: — 3 = 0, the roots being in arithmetical pro- 
gression. 

14. 6ar* — 29ar* + 40.f2 — 7a,’— 12 = 0, the jiroduct of two of the roots 
being 2. 

15. o:^ — 2a,’3 — 21x'-^H-22.r-i-40 = 0, the roots being in arithmetical 
progression. 

16. 27.r^ - 195a:3 + 494a:2 — 520a;+ 192 = 0, the roots being in geo- ^ 

metrical progression. 1 

17. ISo:^ -H 81a:2_^ 221a: + 60 = 0, one root being half the sum of the I 

other two. I 
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18. K cr, 6, c are the roots of the equation x^-px^-¥qx - r =0, find 
the value of 


1 1 1 




a 



^ 19. If a, 6, c are the roots of a:^ + gx + r = 0, find the value of 

(1) (6 - c)2 + (c - a)2 + (a - 6)=. (2) (6 + c)-" + (c + a)“i + (a + 6)->. 

20. Find the sum of the squares and of the cubes of the roots of 

x^ + qx"^ + ra: + 5 = 0. 

21. Find the sum of the fourth powers of the roots of 

x^’\-qx + r = 0. 


543. In an equation with real coefficients imaginary roots 
occur in pairs. 

Suppose that /(a:) = 0 is an equation with real coefficients, 
and suppose that it has an imaginary root a-\-il>\ we shall shew 
that a — ib is also a root. 

The factor of f{x) corresponding to these two roots is 

(x - a — ?6) (a: — a + 2*5), or (x — o)^ + 5^. 

Let /(x) be divided by (x-u)2 + 5“; denote the quotient by 
Q, and the remainder, if any, by Rx + R' ; then 

/(x) = Q{(x — a)^ + h^} + Rx + R'. 

In this identity put x = a + i5, then f{x)—0 by hypothesis ; also 
(x-( 2 )^ + 5^ = 0 ; hence R{a ib) -{■ R' —0. 

Equating to zero the real and imaginary parts, 

Ra + R' — O, Rb = 0; 

and b by hypothesis is not zero, 

72 = 0 and R' = 0. 

Hence f{x) is exactly divisible by {x-a)“ + b^, that is, by 

(x — o - ib) (x — a + ib) ; 
hence x = a-ib is also a root. 

544. In the preceding article we have seen that if the equa- 
tion /(x)=0 has a pair of imaginary roots a^tib, then (x~a)^ + b^ 
is a factor of the expression f{x). 
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Suppose that a ± i6, c ± id^ are the imaginary roots 

of the equation f {x) = 0, and that <f> (x) is the product of the 
quadratic factors corresponding to these imaginaiy roots; then 

<f> (x) = {{x ~ af ->r h'){{x - c)- + d-){{x ~ ef g^}... . 

Now each of these factors is positive for every real value of a; j 
hence </> (x) is always positive for real values of x. 


545. As in Art. 543 we may shew that in an equation with 
rational coeflicieiits, surd roots enter in pairs; that is, if a + ^6 is 
a root then a — Jb is also a root. 


Example 1. Solve the equation — 35x^ - .t + 3 = 0, having given 

that one root is 2 - 

Since 2-^/3 is a root, we know that 2 + >,/3 is also a root, and corre- 
sponding to this pair of roots we have the quadratic factor x®-4x+ 1. 

Also - 13x3 - 35x2 - x + 3 = (x* - 4x + 1 ) (6x2 + llx + 3) ; 


hence the other roots are obtained from 

6x2 + llx + 3 = 0, or (3x + l) (2x + 3) = 0; 


thus the roots are 




2 + s/3, 



Example 2. Form the equation of the fourth degree with rational 
coefficients, one of whose roots is ^/2+ ^^/ - 3. 

Here we must have + ^/ - 3, ^/2 - - 3 as one pair of roots, and 

- ^^'2 -f- ^ - 3, — ^2 - ^ - 3 as another pair. 

Corresponding to the first pair we have the quadratic factor x^ — 2^/2x + o, 
and corresponding to the second pair we have the quadratic factor 


x2 + 2 ^2x + 5. 

Thus the required equation is 

(x2 + 2 ^/2x + 5) {x2 - 2 V2x + 5) = 0, 
or (x2 + 5)2-8x2 = 0, 

or x* + 2x2 + 25 = 0. 


Example 3. Shew that the equation 

^2 C2 H2 , 

+ 7 + h . . . + , — lit 

has no imaginary roots. 

If possible let p-\-iq be a root; then p-iq is also a root.* Substitute 
these values for x and subtract the first result from the second ; thus 

( A-_ B2 C2 

^ \{p-ci)^-^q^^ {p- t^)‘^ + q^^ {p-cy + q"^^ ' ^ {p-l^f+9^) 

which is impossible unless <7 = 0. 
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546. To determine the nature of some of the roots of an 
equation it is not always necessary to solve it; for instance, tlie 
truth of the following statements will be readily admitted. 

(i) If the coeflicients are all positive, the equation has no 

^ positive root; thus the equation + 2a; -f 1—0 cannot have a 

positive root. 

(ii) If tlie coefficients of tlie even powers of x are all of one 
sign, and the coefficients of the odd powers are all of the contrary 
sign, the equation lias no negative root; thus the equation 

x~ + x^ — 2a:'* + x^ — 3a:® + 7a; — 5 - 0 
cannot have a negative root. 

(iii) If the equation contains only even powers of a; and the 
coefficients are all of the same sign, tlie equation lias no real 
root; thus the equation 2a;” + 3a:* + a;® + 7 = 0 cannot have a real 
root. 

(iv) If the equation contains only odd powers of a;, and the 
coefficients are all of the same sign, the equation has no real root 
except a: = 0 ; thus the equation x^ + 2a:* + 3a:^ + a: = 0 has no real 
root except a: — 0. 

All the foregoing results are included in the theorem of the 
next article, which is known as Descartes’ Rule of Sijns. 

547. An equation f(x) = 0 ccmnot have more positive roofs 
than there are changes of sign in f (x), and cannot have more 
negative roots than there are changes of sign in f (— x). 

Suppose that the signs of the terms in a polynomial are 

+ + ! ! 1 — ; we shall shew that if thisqiolynomial 

is multiplied by a binomial whose signs are h — , there will be at 
least one more change of sign in the product than in the original 
polynomial. 

Writing down only the signs of the terms in the multiplica- 
tion, we have 

+ + + + _ + _ 

+ — 

-t- -I- + + _ + _ 

+ + + - + - + 
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Hence we see that in the product 

(i) an ambiguity replaces each continuation of sign in the 
original polynomial; 


(ii) the signs before and after an ambiguity or set of am- 
biguities are unlike; 


(iii) a change of sign is introduced at the end. 

Let us take the most unfavourable case and suppose that all 
the ambiguities are replaced by continuations; from (ii) we see 
that the number of changes of sign will be the same whether we 
take the upper or the lower signs; let us take the upper; thus 
the number of changes of sign cannot be less than in 


+ + + — }. — 

and this series of signs is the same as in the original polynomial 
with an additional change of sign at the end. 

If then we suppose the factors corresponding to the negative ^ 
and imaginary roots to be already multiplied together, each factor 
x — a corresponding to a positive root introduces at least one 
t-hange of sign; therefore no equation can liave more positive 
roots than it lias chaimes of si"n. 

O O 


Again, the roots of the equation y(— x) = 0 are equal to those 
^>f y'(j*) = 0 but opposite to them in sign; therefore the negative 
loots of y*(.r) = 0 are the positive roots of y'(— a’) = 0; but the 
number of tliese positive roots cannot exceed the number of 
changes of sign in /(- x); that is, the number of negative roots 
^f y ' cannot exceed the number of changes of si"n in 
/(- 


JCxampU. Consider the equation + 2 = 


Here there are two changes of sign, therefore there are at most two 
positive roots. 

Again f (— .t)= — x® + 5x* + x^— 7x-t-2, and here there are three changes 
of sign, therefore the given equation has at most three negative roots, and 
therefore it must have at least four imaginary roots. 


EXAMPLES. XXXV. b. 

Solve the equations : 

1. — 10.t^ + 4x2 - .f— G = 0, one root being — ?. H 

2. — 1 3.r^ — — .r -f- 3 = 0, one root being 2 — -^/3. 

3. .r^-f-4.r^-f-5jr2 + 2x — 2 = 0, one root being — 1. 
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4. -f- + G.r’^ + 4x + 5 ~ 0, one root being — 1. 

5. Solve the equation — O.r — 15 =0, one root being 

and another l — 1. 

Form the equation of lowest dimensions with rational coefficients, 
one of whose roots is 

6. s/3 + J -T. 7. -J^i+ v^o. 

8. - V2 - 9. x/o + 2 V(>. 

10. Form the equation whose roots are ±4;^3, 5±2 ^/ — 1. 

11. Form the equation whose roots are 1 ±. — 2, 2 i — 3. 

12. Fonn the equation of the eighth degree with rational co- 
efficients one of whose roots is ^2 4-^/3-}- — 1. 

13. Find the nature of the roots of the equation 

S.v* -f- 1 2x- 4- 5a.’ — 4 = 0. 

14. Shew that the equation 2a.’^ - -h d.i-'* - 5 ^ 0 lias at least four 
imaginary roots. 

15. What may be inferred re.specting the roots of the equation 

,^10 _ — 2.V - 3 = 01 

16. Find the least possible number of imaginary roots of the 

equation -h jr* + -|- 1 = 0. 

17. Find the condition that j.’'^—px- + q.v~-r = 0 may have 

(1) two roots equal but of opposite sign; 

(2) the roots in geometrical progression. 

18. If the roots of the equation 4-^x^ -h 4- r.r + = 0 are in 
.yithmetical progression, sliew that jo^-4jt)y4-8r = 0; and if they are 
in geometrical progression, shew that jo’s = r‘~. 

19. If the roots of the equation - 1 —0 are 1, a, /3, y,..., shew that 

(l-a)(l-^)(l-y) =«. 

If ce, 5, c are the roots of tlie equation — px-4-^x — r = 0, find the 
value of 

20. 2a252 21. (54- c) {c 4- a) (a 4- 5). 

22. 2 (j + . 23. Xa’-b. 

a, h,c,d are the roots of x-*+p.-fi + qx'^ + rx + s = 0, find the value of 

24. 2a26c. 25. 2a’ 
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548. To find the value ^ f (x + h), when f (x) is a rational 
integral function of x. 


Let f(x) =p„x'' + ppn" ■ + p^x;' ' + + p^_^x + ; then 

J'{x + h) == p^{x + h)" +p^{x + hy~' +p^{x + hy~^ + 

+;L-.(* + ^0+iv-'-- 

Expanding eaclx term and arranging tlie result in ascending 
powei's of //, we liave 


71 


+ + (h- \)p^x''-- {n~ ... + p^_^} 


- -h (n - 1) (n ~ 2) p^x'^ 


h" 


, (h-1)(u-2)...2.1;>J. 


u 


This result is usually written in the form 
/{x + h) =/{x) + h/'{x) + (a:) + /'"{x) + 




and the functions fix), f"(x), f"{x),... are called the firsts 
second, third , . . . derived functions of fix). 

The student wlio knows the elements of the Differential Cal- 
culus will see that the above expansion of f(x4-h) is only a 
particular case of Taglods Theorem; the functions y*' (a;), 
f'lx) may therefore be written down at once by the ordinary 
rules for differentiation: tlius to obtain f\x) from /(a:) we multiply 
each term in fix) by the index of x in that term and then 
diminish tlie index by unity. 


Similarly by successive differentiations we obtain f'Mt 


By wnting — h in the place of h, we have 


fix - h) =/(x) - hf' (.«) + /" (a:) - /"' (a.-) +... + (- 1 )" {x\ 


J 


The function y (.c + A) is evidently symmetrical with respect 
to X and A; hence 


4 


f{x + h) =/(A) + x/'(h) + + ... + 

' ^ ' n 
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Here the expressions f denote the results 

obtained by writing h in the place of x in the successive derived 
functions f (a;), /" (a:), /"' (a;) , . . . . 


Example, If / (x) = ~ 2x- + ox - 1 , find the value of / (x + 3). 

Here / (x) = 2x^- x^ - 2x'* + ox - 1, so that /(3) = 131; 

/' (x) = 8x^ — 3x- - 4x + 5, and /' (3) — 182 ; 


r (X) 


= 12x--3x-2, and 





and 




Thus / (x + 3) = 2x^ + 23x3 + 97^.2 + 1 82x -r 1 31 . 

The calculation may, however, be effected more systematically by Horner's 
process, as explained in the next article. 


540. Let f {x) = 2K^’' P + PP^'‘ 

put a:=?/ + /i, and suppose t\\dutf{x) then becomes 
Now y^x — h\ hence we have the identity 

p^x" + pX-- + ... +p.,.,xA-p^^ 

= 7o(® - hy -^q,{x~ hy-' + . . . -^ - h) + q _^ ; 

therefore q^ is the remainder found by dividing y* (a;) by x~h\ 
also the quotient arising from the division is 

q^{x-hy~^+q^{x-hy---¥ ... 

Similarly q^_^^ is the remainder found by dividing the last 
expression by a: — A, and the quotient arising from the division is 

q^{x — lij ' + q^{x — h^ +•••■*■ 

so on. Thus q^^^ ... may be found by the rule ex- 

plained in Art. 515. The last quotient is q^y and is obviously 
equal to 


464 


HIGHER ALGEBRA. 


Example. Find the result of changing x into x + 3 in the expression 

2x<-x»-2a;2 + 5a;-l. 


Here we divide successively by x- 3. 


-1 

-2 

5 -1 

6 

15 

39 132 

5 

13 

44 I 131 = 

0 

33 

138 1 

11 

40 


6 

51 

17 

97 3 


(i 


2':L= 

= 7i 



Or more briefly thus: 


2 

-1 

-2 

5 

-1 

2 

w 

0 

13 

44 1 

131 

2 

11 

4C I 

182 


2 

17 

97 



2 1 

23 





2 


Hence the result is 2x-* 4* 23x-‘^ + 97x2+ 182x4- 131. Compare Art. 548. 



It may be remarked that Horner’s process is chiefly useful in numerical 
work. 

550. // the variable x chamjes continuously from & to h the 

function f (.x) vnll change continuously from f (a) to f (b). 

Let c and c + A be any two values of x lying between a and h. 
We have 

J\c + h) -/(«) - hf'{c) + ^^"{ 0 ) + ... + 

and by taking h small enougli the difference between f(c-¥h') and 
/’(c) can be made as small as we please; hence to a small change 
in tlie variable x there corresponds a small change in the function 
f{x)y and therefore as x changes gradually from a to 6, the func- 
tion f{x) clianges gradually from f{a) to f{h). 


551. It is important to notice that we have not proved that 
f{x) always increases from /(a) to f{b)y or decreases from y (a) 
to f{h), but that it passes from one value to the other without 
any sudden change; sometimes it may be increasing and at other 
times it may be decreasing. 

The student who has a knowledge of the elements of Curve- 
tracing will in any particular example find it easy to follow the 
gradual changes of value of f{x) by drawing the curve y—f(f)* 

552. If f (a) and f (b) are of contrary sigyxs then one root of 
the equation f (x) = 0 must lie between a and b. 

As X changes gradually from a to 5, the function ^(a:) changes 
gradually from fia) to y(^), and therefore must pass through all 
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intermediate values; but since f{a) and f{b) have contrary signa 
the value zero must lie between them; that is, /(a:) = 0 for some 
value of X between a and b. 

It does not follow that f{x) = 0 has only one root between a 
^ and 6; neither does it follow that if f{o) and f(b) have the same 
sign f(x)~0 has no root between a and b. 

553. Every eqiLation of an odd deyree has at least one real 
root whose sign is opposite to that of its last term. 

In the function f{x) substitute for x the values + co , 0, — oo 
successively, then 

/(+co) = + co, f(0)=p„, /(-co) = -co. 

If p^^ is positive, then f{x) = 0 has a root lying between 0 and 
- oo , and if p^ is negative f (x) = 0 has a root lying between 0 
and + 00 . 

554. Every equation which is of an even degree and has its 
last te'i'm negative has at least two real roots^ one positive and one 
negative. 

For in this case 

/(+co)-+Go, /(-co)- + co; 

hut is negative; hence f{x) — Q has a root lying between 0 
and + CO , and a root lying between 0 and — oo . 

555. Jf the expressions f (a) and f (b) have contrary stgnSj 
an odd number of roots of f(x) = 0 toill lie between a aiid b; and 
f f (a) and f (b) have the same sigHy either no root or an even number 
of roots will lie between a and b. 

Suppose that a is greater than 5, and that a, y, ...k 
represent ail the roots of f{x)~0 which lie between a and b. 
Let <bix) be the quotient when f{x) is divided by tlie product 
{x~ P) (x — y) ... (x - K ) ; then 

f{x)=={x-a) (x-P) {x- y) ...{x-K)<b{x). 

Hence f{a) = {a-a){a-p)(a-y) ... {a - K)<j>{a)- 

f{b) =={b-a){b~p)(b-y)...{b-K)<f> (b). 

Now <^(a) and must be of the same sign, for otlierwise a 
root of the equation ^{x) = 0y and therefore of f{x)=0j would 
he between a and b [Art. 552], which is contrary to the hypo- 
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thesis. Hence ii / (a) and f{h) have contrary signs, the ex- 
pressions 

(a-a)(a-/3) {a-y) ... («-«), 

{b - a) (h - P) {b ~y) ... {b - k) 

must have contrary signs. Also the factors in the first expression ^ 
are all positive, and the factors in the second are all negative; 
hence tlie number of factors must be odd, that is the number of 
roots a, y, . • ■ must be odd. 

Similarly if f{a) and f{b) have the same sign the number of 
factors must be even. In this case the given condition is satisfied 
if a, /?, y, ... K are all greater than a, or less than 6; thus it does 
not necessarily follow that /{x) — 0 has a root between a and h. 


550. If a, 6, c, ...k are the roots of the equation^/* (. t) -= 0, tlien 

f{x) =p^{x — a){x~b){x-c) ... {x-k). i 

Here the quantities a, 6, are not necessarily unequal. 

If r of them are equal to a, s to b, t to c, then 

/(»=) = (a: - a)' (a: - i)* -c)‘ .... 

In this case it is convenient still to speak of the equation 
/\.r) = 0 as having n roots, each of the equal roots being considered 
a distinct root. 

557. If ike equation f(x) = 0 has r roots equal to a, (hen the 
equation f '(x) = 0 will have r — 1 roots equal to a. 

Let be the quotient when is divided by (x — af’y 

then f(x) = (a: — of ^{x). 


Write X + h in the place of x\ thus 

f(x + h) = ^ a + hy<f>{x + h); 

/(x) + h/'(x) + ~f"(x) + ... 


= |(a: — a)' + r{x— a)' ' A + .. . j- + h<f» (x) + + •••! • 

In this identity, by equating the coefficients of A, we have 

f'{x) = r(x — ay~^ff>(x) + (a: — ay<f>'(x). 

Thus f'{x) contains the factor x — a repeated r— 1 times; that 
is, the equation f'(x)= 0 has r — 1 roots equal to a. 
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Similarly we may shew that if the equation = 0 has 8 
roots equal to 6, the equation J''[x) = 0 has 5 — 1 roots equal to b; 
and so on. 

^ 558. From the foregoing proof Ave see that if y*(a:) contains 

a factor (a* — a)'', then J"' (x) contains a factor (x — a)'"'* ; and thus 
/(x) and y'ix) have a common factor (x — ay~'. Therefore if 
/{x) and y'{x) have no common factor, no factor in y{x) will be 
repeated; hence the equation f (x) = 0 has or has not equal roois^ 
accoi'ding as f(x) and f' (x) have or have not a common factor 
involving x. 

559. From the preceding article it follows that in order to 
obtain the equal roots of the equation f{x) = 0, we must first find 
the highest common factor of f {x) and f '{x), 

F Example 1. Solve the equation ar*- liar’ + 44.c-~ 7Gx + 48 = 0, which has 
equal roots. 

Here / (a:) = ar* - liar* + 44x- - TGx + 48, 

/' (x) = ^- 33x3 + 88x - 7G ; 

and by the ordinaiy rule we find that the liighest common factor of / (.c) and 
y'(x) i8ac-2; hence (x - 2)3 is a factor of /(x) ; and 

/(x) = (x-2)2 (x2-7x+12) 

= (x-2)2(x-3)(x-4); 

thus the roots are 2, 2, 3, 4. 

Example 2. Find the condition that the equation ax^ + 36x3 + 3fx + d = 0 

I may liave two roots equal. 

In this case the equations /(x) = 0, and /' (x) = 0, that is 


</x^ + 36x3 + 3cx + = 0 (1), 

ax' 4 26x 4 c = 0 (2) 


must have a common root, and the condition required will be obtained by 
eliminating x between these two equations. 

By combining (1) and (2), we have 

6x342cx4d = 0 (3). 

From (2) and (3), we obtain 

x^ X 1 

2{bd-c-) ~ be -ad " ^(ac^6'-) ’ 

thus the required condition is 

(6c - ad)3 = 4 (ac — 6^) {bd — c^). 
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560. AVe have seen that if the equation f{x) — 0 has r roots 
equal to a, the equation f* (x) = 0 has r—\ roots equal to a. But 
f"{x) is the first derived function of f' (x)) hence the equation 
/*' {x) = 0 must have r — 2 roots equal to a; similarly the equation 
— 0 must have r— 3 roots equal to a; and so on. These 
considerations will sometimes enable us to discover the equal 
roots of f (.r) = 0 witli less trouble than the method of Art. 559. 


561. If a, b, c, ...k are the roots of the equation f(x) = 0, to 
'prove that 

x-a X — b X — c X — k 

We have f (.r) — {pc — a) (x — h) (x — c) ... (x — h) ; 
writing x -h h in the place of x, 

f(x + //) = (x— a 4- h){x — b + h){x— c 4- h) ... (;*; - ^ 4- h) ... (1). 


But 


/{x + h) =/{x) + hf (x) + r^/" (a;) + . . . ; 


hence f'(x) is equal to the coetHcient of h in the right-hand 
member of (1); therefore, as in Art. 163, 

f (x) - {x — b){x — c) ... (a: — 4- (x — a){x — c) ... (x* - A-) + . . . ; 


that is. 


X — a X - b x — c X — k 


562. The result of the preceding article enables us very easily 
to find the sum of aii assigned power of the roots of an equation. 

Example. If denote the sum of the powers of the roots of the 
equation x® < = 0 , 

find the value of .S 4 , .S’g and 

/{x) = x®+px'*4-'7x® + t: 
then f' l^x) = ox^ + 4px^ + 2qx. 

Now =x:* + (a+p) x-* 4 - {a- + ap) x~+ (a® 4- a^p + q) x + a* + a^p + aq; 

CC CL 

and similar expressions hold for 

Iff) ffx) ff^) fif} 

x-b* x — c* x — d* x-c* 


THEORY OF EQUATIONS* 


469 


Hence by addition, 

+ 4px^ + 2qx = 5x* + (Sj + 5j)) 4 - +j)Si) x® 

+ ('^3 +J *^2 + 5 ^) X + (S^+pSj + 

By equating coefficients, 

S^-i-5p — 4p, whence S^ = -p; 

S 2 +pSi = 0f whence S^=p^\ 

53+|?S2 + 5<7 = 2<7, whence Sj = - - 3</ ; 

-^-pS.^ + qSi = 0, whence =p* + 4pq. 

To find the value of S* for other values of k, we proceed as follows. 

Multiplying the given equation by x*~®, 

X* +px*“* + qx*-® + tx*“® = 0. 

Substituting for x in succession the values a, b, c, d, e and adding the 
results, we obtain <S*+p-S'fc_i + q-S '*^3 + rS *_5 = 0. 

Put ]c — 5\ thus Sj -j- qSj + oi = 0, 

whence S^^-p^- 5p^q - bt. 

Put A: = 6 ; thus 5g + qS^ + tS^ = 0, 

whence Sq=p^ + 6p *q + 3q* + Cypt. 

To find i9_^, put /c = 4, 3, 2, 1 in succession; then 

S^+pS.^ + qS^-\-tS_i = 0y whence N_| = 0; 

2(1 

S.^+pS^ + 5q + tS_j^ = 0, whence 8^^= 

52+p5j + qS_j + t5_3 = 0, whence S^.^-=0\ 

2^2 

+ + + = whence . 

t c 

563. Wlieii the coefficients are numerical we may also pro- 
ceed as in the following example. 

Examp/e. Find the sum of the fourth powers of the roots of 

x=*-2x--i-x-l = 0. 

/(x)=x3-2x2-i-x-l, 

/'(x) = 3x^-4x^l. 

Also /^(^)_, ^1^1^ 

/(x) x-a X — b x~c 


Also 


1 1 1 

H r 'i 

« — a x-- b rr — c 


^/1 a a* \ 

-2:(- + -=+i5+^+”; 

3 iS:, s. s . . 

= -+ -T+3 ^ Zi 

X ^ ^ 
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hence ^4 is equal to the coefficient of ^ in the quotient of /' (x) hyf(x), 

which is very conveniently obtained by the method of synthetic division as 
follows : 



3-4 + 1 
6-3 + 3 
4-2+ 2 
4- 2 + 2 
10-5 + 5 

3 + 2 + 2 + 5 + 10+...... 



„ ,, _ 3 2 2 5 10 

Hence the quotient is - + —, + -r + — « + -r + 

X X* 


thus 



EXAMPLES. XXXV. c. j 

1. If /(a.) + 10a'''* + 39.r2 + 76 j: + 65, find the value of /(vi^-4). 

2. If /(x) — x’^ — l2.v^~\-l7x^ — 9x + *7y find the value of /( j7 + 3). 

3. If / (.r) = 2x* — 13.V- + 10 a' - 19, find the value of 1 ). 

4. If + 16.r^ + 72^2 + 64 j;— 129, find the value of/’(a*-4). 

5. If /(.r) = a.t*^ + 6 a-» + ca‘ + i/, find the value of f(.v + /i)—/(x-/t). 

6 . Shew that the equation HXr^ - 17.v2 + a* + 6 = 0 has a root 
between 0 and - 1 . 

7. Shew that the equation ar* - 5.v^ + 3a’^ + 35a' — 70 = 0 has a root ^ 
between 2 and 3 and one between —2 and —3. 

8 . Shew that the equation .r* — 12a’2+ 12.r — 3 =0 has a root 
between - 3 and - 4 and another between 2 and 3. 

9. Shew that + 5a’* — 20x^ — 1 9a’ - 2 = 0 has a root between 2 and 
3, and a root between — 4 and - 5. 

Solve the following equations which have equal roots: 

10. .r*-9a2 + 4a7+12 = 0. 11. - 6a’3+ 12a-2 - 10.r + 3 = 0. 

12. a^-13a* + 67x’'*- 171x2 + 216a- 108 = 0 . 

13. .r^-.r3 + 4 j 72 -ar + 2 = 0. 14. Sa-* + 4.^3- 18a-2+ 11a- 2=0. ^ 

15. — 3^:* + _ 3 .J .2 — 3^;+ 2 = 0. 

16. a® — 2a® - 4a* + 12a3 — 3a*— 18a + 18 = 0. 

17. a'* — (a + 6 ) a3 — a (a - 5) .a* + a* (a + 6 ) a — a^b — 0. 
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Find the solutions of the following equations which have common 
roots : 

18. - 2.^3 + + 3a; - 6 = 0, 4x* - 2x3^3^; _.9 = 0. 

19. 4x^ + 1 2x3 _ ^ _ 1 5 = 0, 6x* + 1 3x® - 4x2 - 1 5x = q. 

20. Find the condition that x"-^.r2 + r=0 may have equal roots. 

21. Shew that x* + jx2 + « = 0 cannot have three equal roots. 

22. Find the ratio of 6 to a in order that the equations 

ax2 + 6x + a = 0 and x3-2x2 + 2x- 1 =0 

may have (1) one, (2) two roots in common. 

23. Shew that the equation 

x"+'nx”"^ + 7i(/i- l).r"" 2 _|_ |n = 0 

cannot have equal roots. 

24. If the equation x^ - 10a3x2 4 -^»*x 4 -c* = 0 has three equal roots, 
shew that — 9a^ + c^ = 0. 


25. If the equation x* + ax'3 + 6x2 + cx + o?=0 has three equal roots, 
shew that each of them is equal to Q^/i ~ gL * 


26. If .^•3 + ^x3 + rx 2 4 - i = 0 has two equal roots, prove that one of 
them will be a root of the quadiatic 

1 5r.r2 — 2o( — 4^r = 0 

27. In the equation x^-x— 1 =0, find the value of S^. 

28. In the equation x* — x^ - Tx^+xH* 6 = 0, find the values of 
and >S'g. 


Transformation of Equations. 

564. The discussion of an equation is sometimes simplified 
by transforming it into another equation whose roots bear some 
assigned relation to those of tlie one proposed. Such transforma- 
tions are especially useful in the solution of cubic equations. 

565. To transform an equation into another whose roots are 
those of the proposed equation with contrary signs. 

Let fix) = 0 be the proposed equation. 

Put -y for x; then the equation / (- y) = 0 is satisfied by 
every root of f (x) = 0 with its sign changed ; thus the required 
equation is y’(— y) = 0. 
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If the proposed equation is 


'+p^x'' "+ +p^_^x + p^ = 0, 

then it is evident that the required equation will be 

PoV’' py~" - + (- ^Y~'p^.,y + (- i)X = o, 

which is obtained from the original equation by changing the 
sign of every alternate term beginning with the second. 


5G6. 7^0 transform an equation into another whose roots are 

equal to those of the proposed equation multiplied by a given 
quantity. 


Let f{x) ^ 0 be the proposed equation, and let q denote the 

given quantity. Put y — qXj so that rc = -, then the required 

7 


equation is f 




The chief use of this transformation is to clear an equation of 
fractional coefficients. 


Example. Remove fractional coefficients from the equation 

3 2 ^ ^ t\ 

V 

Put ^ — multiply each term by thus 

By putting 7 = 4 all the terms become integral, and on dividing by 2, 
we obtain 

— Zy~ — 7/ + 6 — 0 . 


567. 7'o transform an equation into another whose roots are 

the reciprocals of the roots of the proposed eqvxxtion. 

Let /( x) = 0 be the proposed equation; put ?/ = - , so that 


t ^ ; then the required equation is 


One of the chief uses of this transformation is to obtain tlie 
values of expressions which involve symmetrical functions of 
negative powers of the roots. 
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Example 1. If h, c are the roots of the equation 

X® “ 5 JT — r = 0 , 
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find the value of 


^2 + ^3 + ■ 


"Write - for x, multiply by y\ and change all the sigus; then the re 
suiting equation rtj^ - qij~ +p»/ -1 = 0 , 

III. 

a * h* c* 


has for its roots 


hence 


^ a 


^ X>i -P. 

^ ab r ' 
^1 q^~2pr 
a-’ “ 




Example 2. If a, h, c are the roots of 


ar' + 2x- - 3a; - 1 = 0, 


find the value of 




-3 


Writing - for x, the transformed equation is 

iy3 + 3y2_2y-l = 0; 

and the given expression is equal to the value of S.^ in this equation. 

Here Si= - 3 ; 

,S,= {-3)2-2(-2) = 13; 

and S 3 + 352 - 2 Si -3 = 0 ; 

whence we obtain ^ 3 = - 42. 


1 




5G8. If an equation is unaltered by changing x into — , it 

cc 

is called a reciprocal equation. 

If the given equation is 


x-'^p^x^ *+ = 

the equation obtained by writing - for x, and clearing of fractions 

X 


IS 




■■■+P,x.'‘+P^x+\ = Q. 

If these two equations are the same, we must have 


1 


from the last result we have ^^ = ±1, and thus we liave two 
classes of reciprocal equations. 


L 
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(i) If 2 )^^ = 1, then 


; 

that is, the coefficients of terms equidistant from tlie beginning 
and end are equal. 

(ii) If 1, then 

P, = -Pn-^y P^'-^-Pn-B^ i 

lienee if the equation is of 2vi dimensions p,„ = ~ p,^^ or = 0. 
In this cjise the coefficients of terms equidistant from tlie begin- 
ning and end are equal in magnitude and opposite in sign, and 
if the equation is of an even degree the middle term is wanting. 

oGD. Suppose tliat /{x) = 0 is a reciprocal equation. 

If f (pc) = 0 is of the first class and of an odd degree it has a 
root - 1 ; so that f {x) is divisible by x+l. If <j>{x) is the 
quotient, then <t>{x) = 0 is a reciprocal equation of tlie first class 
and of an even degree. 

If J'(x) = 0 is of the second class and of an odd degree, it 
has a root + 1 ; in this case y'(.'r) is divisible by x— 1, and as 
before </> (.'r) = 0 is a reciprocal equation of the first class and of 
an even degree. 

If^/(.r) = 0 is of the second class and of an even degree, it 
has a root -f- 1 and a root — 1 ; in this case Xix) is divisible by 
— 1, and as before <l>(x) — 0 is a reciprocal equation of the first 
class and of an even degree. 

Hence a)iy recijyrocal equation is of an even degree with 
its Inst term i^ositive^ or can be reduced to this form; wliicli may 
therefore l>e considered as the standard form of reciprocal 
equations. 


570. A reciprocal equation of the standard form can he re- 
dv.ced to an equation of half its dimensions. 

Let the equation be 

ctre®"’ -t- iaf*'""* + + ... + + ... + cx’ + bx + a = 0; 

dividing by a;”* and rearranging the terms, we have 
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Now 




hence writing z for x — , and giving to p in succession the values 

CO 

1, 2, 3,,.. we obtain 


X 


a:’+ i =3 (2*- 2) - 3 = z’ - 33; 


o;^ + = z(z^ - dz) - {z^ - 2) = + 2; 

X 

and so on; and generally ar" + ^ is of 7n dimensions in and 

X 

therefore the equation in 2 ; is of m dimensions. 


571. 7'o Jin<l the equation whose roots are the squares of those 

of a proposed equation. 

Let f{x) = 0 be the given equation; putting y = we have 
x= fij) hence the required equation is f{Jy) = 0. 

Example. Find the equation whose roots are the squares of those of the 
equation x® ■k-ppc--\-p.pc +^3 = 0 . 

Putting x = ^hj, and transposing, we have 

{U+P-2)fu= -(PiiZ + Pj); 

whence (y- + 2p.pj +i>./) y =2h’y^ + ^IhPiV + Pi> 

or 2 /^ -r ( 2 ^)^ - pf) y- + {p.? - 2p^p^) y-pf- = 0 . 

Compare the solution given in Ex. 2, Art. 530. 

572. To transform an equation into another lehose roots 
exceed those of the pi'oposed equation by a y iven quantity. 

Let f {x) = 0 be the proposed equation, and let h be the given 
quantity; put y = x-^li^ so that x = y — h) tlien the required 
equation is f{y — h) = 0. 

Similarly f(y-irh) — 0 is an equation whose roots are less by 
h than those ol f(x) =0. 
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Example. Find the equation whose roots exceed hy 2 the roots of the 
equation + 32x'* + + 76x + 21 = 0. 

The required equation will be obtained by substituting x~2 for x in the 
proposed equation; hence in Horner’s process we employ x + 2 as divisor, 
and the calculation is performed as follows : 


4 

32 

83 

76 

21 

4 

24 

35 

6 

i 9 

4 

16 

3 

1 0 


4 

8 

'-13 




Thus the transformed equation is 

4x<- 13x2 + 9 = 0, or (4x2-9)(x2 

3 3 

The roots of this equation are + 2 ' “2* 


- 1 ) = 0 . 

- 1 ; hence the roots of 


the proposed equation are 


-1, -3. 


573. Tlie chief use of the substitution in the preceding 
article is to remove some assigned term from an equation. 

Let the given equation be 

2\x" +p^x"~^ + ... +7>„_.x- +/)„ = 0; 

then if y —x — //, we obtain the new equation 

i\(y + f<'Y+p,iy + J<-T~' +/^ = o. 

whicli, when arranged in descending powers of y, becomes 

n . / 7. . 7.2 . / „ 7. , _o 

•r • . • — V# 


If the term to be removed is the second, we put w/?y4+y?, = 0, 
so that It — : if the term to be removed is tlie tliird we put 

+ ('» - 1 ) 7 -’/* + 7 ', = 0 , 


and so obtain a quadratic to find A; and similarly we may remove 
any other assigned term. 
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Sometimes it will be more convenient to proceed as in the 
following example. 

Example. Remove the second term from the equation 

pj^ + qx^ + rx + s = 0. 

Let a, j3, 7 be the roots, so that a + ^ + 7= - Then if we increase 

each of the roots by in the transformed equation the sum of the roots 

'dp 

will bo eoual to - - 4- - ; that is, the coefficient of the second term will 

^ P V 

be zero. 

Hence the required transformation will be effected by substituting x 

6p 

for X in the given equation. 

574. From tiie equation f{x) = 0 we may form an equation 
whose roots are connected with those of the given equation by 
some assigned relation. 

Let y be a root of the required equation and let y'l = 0 
denote the assigned relation; then tlie transformed equation can 
be obtained either by expressing a; as a function of y by means 
of the equation (x, y) = ^ and substituting this value of x in 
f (x) = 0 ; or by eliminating x between the equations f(x) = 0 
and <f> (x, y) = 0. 

Example 1. If a, b, c are the roots of the equation + r=0, 

form the equation whose roots are 

a- — , b , c T. 

be ca ao 

Wheu x = a in the given equation, y = a- p in the transformed equation; 


but 


1 a a 

a - — = a j- =a4-- ; 

be abc r 


and therefore the transformed equation will be obtained by the substitution 

X rij 

2 / = x + -, or x=:--^ ; 

•' 7* 1 + r 

thus the required equation is 

( 1 + r) y- + 7 ( 1 + r)* 1 / + ( 1 + r)’ = 0. 

Example 2. Form the equation whose roots are the squares of the 
differences of the roots of the cubic 

x^ + 5X + r=0. 

Let a, fc, c be the roots of the cubic ; then the roots of the required 
equation are (6-c)®, (c-a)-, (a -6)*. 
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^ow 


(6 — c)* = 6^ 4- c* “ 2Z>c = + C“ — or — 


2ahc 


a 


^{a + h + cy — 2 {he + crt + ah) — — 


2abc 


a 


= - 27 - a- + 


2r 


a 


also when x = a in the given equation, y = {b — c)^ in the transformed 
equation ; 

2r 

y — ^2q-X“-\ . 

.r 

Thus we liave to eliminate x between the equations 

x^ + 7x + r=:0, 

and x'^ -V {2q rj) X — 2r=:0. 

8r 


By subtraction 


(7 4-7/)x = 3r; or x== 


7 + y 


Substituting and reducing, we obtain 

+ 672/^ + 97*2/ + 27r- + 47'’ = 0. 

CoK. If a, 6, c are real, (6 — c)®, (c - a)®, (a — b)^ are all positive ; therefore 
27/' + 47^ is negative. 

Hence in order that the equation x® + 7:r + r = 0 may have all its roots 
real 27r- + 4^/ must be negative, that is must be negative. 

If 27/‘® + 47'* = 0 the transformed equation has one root zero, therefore 
the original equation has two equal roots. 

If 27/' + 47^ is positive, the transformed equation has a negative root 
[Art. 5d3], therefore the original equation must have two imnginary roots, 
since it is only such a pair of roots w’hich can produce a negative root iu 
the transformed equation. 
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1. Tran.sform the equation 4- - a.* — g — 0 irito another with 

integral coefficients, and unity for the coefficient of the first term. 

2. Transform the equation 3,c^ — 5u^^4-^ -^4- 1 =0 into another 
the coefficient of whose first term is unity. 

Solve the equations : 

3. 2x4 4- 4- 4 - 2 = 0. 

4. 10x3 4-26x2- 10x4-1=0. 

5. X® — 5x* 4- 9x3 _ 9^2 ^ 5 —1=0. 

6 . 4.14 — 24x®4-57.x* — 73x3 4- 57x2 — 24x4- 4 = 0. 


7. Solve the equation 3 j;3-22.?;2 + 48x- 32 = 0, the roots of which 
are in harmonical progression. 

8. The roots of 4;®- ll.i- + 36.r-30 = 0 are in harmonical jn-o- 
gression ; find them. 

9. If the roots of tlie equation .r"* - ax- + 4; - 6 = 0 are in harmonical 
^ progi'ession, shew that the mean root is 36, 

10. Solve the equation 40.i;^ - 22.1.-3- 2l4.--^ + 2.v+ 1 = 0, the roots of 
which are in haimonical progression. 

Kemove the second term from the equations : 


11. .r3 - 6.r2 + IO 4 : - 3 = 0. 

12. X* + 44^ + 2.r^ — 44 ; — 2 = 0. 

13. a-s + S.t'* -h 3.^■3 + 4.-2 + 4.- - 1 = 0. 

14. - 1 24.’5 + 34;‘^ -174,' + 300 - 0. 

X 3 

15. Transform the equation 4.‘3-7-'7 = 0 into one whose roots 

4 4 


exceed by ^ the corresponding 


roots of the given equation. 


16. Diminish by 3 the roots of the equation 

4r* — 447* + 34-2 - 4.V + G — 0. 


t 


17. Find the equation each of whose roots is greater by unity 
than a root of the equation 47^ - 5.^72-f 6.1* -3 = 0. 

18. Find the e(iuation whose roots arc the squares of the roots of 

a’* 4- 47^ + 2x ^ + .r + 1 = 0. 

19. Form the equation whoso roots are the cubes of the roots of 

.^• 3 ^- 34 ‘ 2+2 = 0 . 


If a, 6, c are the roots of 4^ -f </47 + r = (), form the equation who^e 
roots are 


20 . 

22 . 

24. 

26. 


/.a”', /cb 

b 4- c c + « a + 6 

a(6 + c), 6(c+a), c (a + 6). 

be c a a h 

-H-T) “H — ) ‘jH — • 
c b a c b a 


21 . 

23. 






27. Shew that the cubes of the roots of 4- a.r--f 6.2; 4-a6 = 0 are 

given by the equation 4,’^ 4- a'U’- + 6^47 + = 0. 

28. Solve the equation a** — 4- 2047® 4- 4.r — 20 = 0, whose 

roots are of the form a, — a, 6, — 6, c. 

29. If the roots of a-'* + 3/?472 4- 3^y.r 4 - r = 0 are in harmonical pro- 
gression, shew that — r i^pq — r). 
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Cubic Equations. 


575. The general type of a cubic equation is 

rr'* 4 - Px^ -r Qx + 7? = 0, 

but as explained in Art. 573 this equation can be reduced to the^^ 
simpler form -h qx + r = Oy 

which we shall take as the standard form of a cubic equation. 


576. To solve the equation x^ + qx -h r = 0. 


Let X = 2/ ^ y then 


a;'’ = 7/^ + + 37/z {t/ + z) = 7/^ + -h Si/zx, 


and the given equation becomes 


4 - + (Syz + q) X -i- r = 0. 


At present y, z are any two quantities subject to the con- 
dition that tlieir sum is equal to one of the roots of the given 
equation ; if we furtlier suppose tliat tliey satisfy tlie equation 
3yz + q = 0, tliey are completely determinate. We tlius obtain 


7/ + z^=- ?•, 


= _ -? • 
27’ 


hence are the roots of the quadratic 


P + 7't~--^ = 0 . 


27 


Solving this equation, and putting 


r / 

= “2 V 4 


27 


( 1 ), 


2 V 4 ^ 2 


27 


( 2 ), 


we obtain the value of x from the relation x = y + z; tlius 




The above solution is generally known as CardarCs Solution^ 
as it was first published by him in the A7'8 Jifagnaj in 1545. Cardan 
obtained the solution from Tartaglia; but the solution of the 
cubic seems to have been due originally to Scipio Ferreo, about 
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1505. An interesting historical note on this subject will be 
found at the end of Burnside and Panton’s Theory of Eqxiations. 

577. By Art. 110, each of tl»e quantities on the riglit-hand 
j side of equations (1) and (2) of the preceding ai*ticle lias three 
^ V. culj6 roots, lionet it wouicl jippccir tliut ic lias nxiic \ulu6S^ tliis, 

however, is not tlie case. For since cube roots are 

to be talcen in pairs so that the product of each pair is I'ational. 
Hence if y, « denote the values of any pair of cube roots which 
fulfil this condition, the only other adniissilde pairs will be 
OJ?/, arz and ai"?/, oj.::, where w, are the imaginary cube roots of 
unity. Hence the roots of the equation are 

^ OJ// + (0*5, <u*y 4- iiiZ. 

\ Example. Solve the eiiuation x^-15x = 120. 

Put y + z for X, then 

if + + ifijz - 15) X = 126 f 

put 3yz — 15 = 0, 

then ?/* + 2 =* = 12G ; 

also 

hence y*, ^ are the roots of the equation 

t2_126t + 125 = 0 ; 

.*. y5=126', 2-'* = l; 
y = 5, 2 = 1. 


Thus 


and the roots are 


i/ + z = 5 + 1- 6; 

. „ -l + v^~3 _ -1-7-3 

wy + <j)‘Z = 2 " • ^ + 2 

= -3 + 2 

w^y + w2 = — 3 — 2^ — 3; 

6, -3 + 2^ -3, -- 6-2 


578. To explain the reason why w'e apparently obtain xiine 
values for x in Art. 57G, we observe that y and z are to be found 

from the equations ?/^ + «^ + r = 0, y;; = — ^ ; but in the process of 
solution the second of these was changed into , whicii 


H.H.A. 


Q 
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UXl 

would also hold if yz = — , or yz = ; lienee the other si 

O o 


SIX 


values of x are solutions of tlie cubies 


+ (nqx + r = 0, 


X 


o* 


qx 4- 7*=^ 0. 


57 i). We proceed to consider more fully the roots of tiie 
equation + qx + r = 0. 




o 


V Q 

(i) If — + V is positive, then and z^ are botli real; let 


y and represent tlieir arithmetical cube roots, then the roots 
are 


y + Zy uiy + to Zy y + wz. 

The first of tliese is real, and by substituting for to and a>® the 
other two become 


V •/ •/ V 


y + z 


(ii) if o y zero, then in this case y = z, and 

the roots become 2/y, ?/(o> + o/), y(fo \ 'o~)y or 2y, — ?/, — y. 


7* 


(iii) if - + is negative, then y' and are imaginary ex- 
pressions of the foiiu a + ib and a — ib Suppose that the cube 
roots of these quantities ai*e in+ he and in — in; then the roots of 
tlie cubic become 


or 


7n + 171 + m — in^ 

(ra •¥ in) oj -f* {ni — in) or — 7n — ?i .JZ ; 

(/a 4- i7^) OJ® -I- {m — in) oj, or — in + it ^Z ; 

which are all real quantities. As liowever there is no general 
arithmetical or algebraical method of linding the exact value of 
the cube root of imaginai’y quantities [Compare Art. 89], the 
solution obtained in Art. 576 is of little practical use when tlie 
roots of tlie cubic are all I'eal and unequal. 

This case is sometimes called the Irreducible Case of Cardanos 
solution. 


580. In the irreducible ca^re just mentioned the solution may 
be completed by Trigonometry as follows. Let the solution be 

1 1 

a: = (a -f i6)® + (« — ih)^\ 


L 
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put a = r cos 6 = r sin 6j so that r“ = a‘^ + tail ^ = “ j 


then (« + iby = {/• (cos 0 + i sin 

^ Kow by De Moivre’s theorem the tliree values of this ex- 
Yressioii are 


0 . . 0 


r ‘ 1 cos Tt + ^ sm 

O 


I). 4 


0 ^‘2-x . , 0+2 it 

cos ^-^Slll ^ ,, 


and 


?-3 ( cos 


0 + -ItT . . 0 + 477 


+ I sin 


3 


* 

where r‘‘ denotes the arithmetical cube root of ?*, and 0 tlie 
smallest an^le found from the equation tan 0 = - , 


a 


The three values of (a - iby are obtained by changing t!ie sign 
of i in the above results ; hence the roots are 


1 e 1 

2 r^cos-, 2?*^ cos 

•J 


0 + 277 

3 ’ 


\ 6 + 477 

2 H cos — - — 

o 


Biquadratic Equations. 

581. We shall now give a brief discussion of some of the 
methods which are employed to obtain the general solution of a 
biquadratic equation. It will be found that in each of tlie 
methods we have lirst to solve an auxiliary cubic equation ; and 

^ thus it will be seen that as in the case of the cubic, the general 
solution is not adapted for writing down the solution of a 
given numerical equation. 

582. The solution of a biquadratic equation was first ob- 
tained by Ferrari, a pupil of Cardan, as follows. 

Denote the eqiuition by 

X* + + qx^ + 2rx’ + 5=0; 

add to each side (ax + by, the quantities a and b being determined 
so as to make the left side a perfect square; then 

I + 2px^ + (9- + a")af* + 2 (r + ah)x + 5 -1- 6® = {ax + 6)^ 

Suppose that the left side of the equation is equal to {x^ + jyx k)' \ 
then by comparing the coefficients, we have 

+ 2^ = (7 + a*, — r + oA, = 5 + 6" ; 
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1 


\fy eliiiiinating a and b from these equations, we obtain 


(pk - ry = {-Ik + jr - q) (k^-s), 


OI‘ 


2/t^ - qk- + 2 {jyr — s) k — p's -hqs — ~ 0. 

Prom this cubic equation one real value of k can always a 
found [Alt. 553]; thus a and b are known. Also 

+ 2 )x + ky — (ax + b)'; 

. \ X' + px + A: = sfc (ax + b ) ; 


and tlie \alues of x are to be obtained from the two quadratics 

+ (« — a) X + (k — b) = 0, 
and x^ + (jj + a) X + (k + Zt) = 0. 


Example. Solve the equation 

^4_2a-^_5.r2 + 10.r-3 = 0. 


r 


Add a-x- •\-2ahx -{-h- to each side of the equation, and assume 
x4-2x-'*+Ca--5)x2 + 2 {a6 + 5)x + 6^-3 = (.r2-,r+A)-’; 


then by equating coeflicients, we have 

a2 = 2A: + G, ah = -h-o, = + 

r. (2X: + 6) (/:2-t-3) = (/: + 5)^ 
2A:3 + 5ft*-4/:-7 = 0. 


By trial, we find that - 1 ; hence a- = 4, 2*- == 4, ab= — 4. 


But from the assumption, it follows that 

(.r® -x + k)~ — {ax + 6)^. 


Substituting the values of k, a and b, we have the two equations 

x~-x-l = (2x - 2) ; 

that is, a:- — 3.r4-l = 0, and + x — 3 = 0; 

whence the roots are ^ 


583. The following solution was given by Descartes in 1637. 


Suppose that the biquadratic equation is reduced to the form 


n 


x^ + qx^ + nc + ^ = 0; 


X* + qa^ + rx + s = (x* -k- kx + l) (x* — kx + m)’, 


assume 
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then by equating coefficients, we have 

l + in — h* = q, ]c{Tti — l) = ry hn = s. 

From the first two of these equations, we obtain 

\ 2l = k^ + q—jj 

K /c 

hence substituting in the third equation, 

(i® + qk + r) (X:* + qk — r) = 4a-X:", 
or + 2qk* + (q^ - is) k^ ~ r' ^ 0. 

This is a cubic in k* which always has one real positive solu- 
tion [Art. 553]; thus when k^ is known the values of I and 
are determined, and the solution of the biquadratic is obtained 
by solving the two quadratics 

X* + kx + I = Oy and x* — kx -i- ra — 0. 

Example. Solve the equation 

X* - 2x2 -f- 8x - 3 = Q 

Assume x* - 2x2 + 8x _ 3 = _ /;x + ?«) ; 

then by equating coefficients, we have 

l + m~k^ = —2, k(in-l) = 8y lm — -3; 

whence we obtain (k^ -2k + 8) {k^ — 2k-8)= — I2k^, 

or fc«-4A:* + 16/;2_64=:0. 

This equation is clearly satisfied when A:* -4 = 0, or ^r= =1=2. It will be 
' sufiicient to consider one of the values of k ; putting ^ = 2, we have 

m + f=2, vi-l=4\ that is, Z = -l, 7U = 3. 

Thus x*-2x2 + 8x-3 = (x2 + 2x- l){x2-2x + 3); 

hence x2 + 2x — 1 = 0, and x2 — 2x + 3 = 0; 

and therefore the roots are - 1 ±^2, 1 ± ^^2. 

584. The general algebraical solution of equations of a 
degree higher tlian the fourth has not been obtained, and Abel’s 
demonstration of the impossibility of such a solution is generally 
T accepted by Mathematicians. If, however, tlie coefficients of an 
equation are numerical, the value of any real root may be found 
to any required degree of accuracy by Horner’s Method of ap- 
proximation, a full account of which will be found in treatises on 
the Theory of Equations. 
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585. We sliall conclude with the discussion of some miscella- 
neous equations. 


Example 1. Solve the equations: 

ax -^hy ^cz-\-du = 0y 
a-x + li-y + c^z + cP« = 0, 
a^x + b'-^y + c^z + dhi = h. 



Multiply these equations, beginninR from the lowest, by 1, p, g, r re- 
spectively ; p, q, r being quantities which are at present undetermined. 
Assume that they are such tliat the coefficients of y, 2 , u vanish ; then 

X (a^-\-pa?-^qa-\-r) = ft, 
whilst h, t*, d are the roots of the equation 

+ + r=0. 

Hence pa"^ qa + r = (a — 6) (a — c) (a — d) ; 

and therefore {a -h)(a- c) (a - d)x = h. 

Thus the value x is found, and the values of p, z, u can be written down 
by Kymmetr 3 ^ 


Con. If the equations are 

x + y-\-z + u=l, 
ax 6y + C 2 - 1 - du — ft, 
a ~x + Iry + c^z + d-tt = ft-, 

a\v + b^y + c^z + d^u = ft*, I 

by proceeding as before, we have 

X (a* -I- pa* -f ^a + r) = ft* -f-pft* + qk + r\ ^ 

{a -b){a- c){a -d)x = (k- b) (ft - c) (ft - d). 

Thus the value of x is found, and the values of p, z, u can be written 
down by symmetry. 

Tlie solution of the above equations has been facilitated by the use of j 
I’luUtermincd Multipliers. | 


Example 2. Shew that the roots of the equation 

{x — a) {x- b) {x~c) - /- {.r — a) - p*(x — ft) — /i*(x - c) 2fgh = 0 
are all real. 

From the given equation, w'e liave ^ 

(x-a){(x-ft) (ac-c)-/*} - (p*{x - ft) + 7**(x - c) - 2/pft} =0. 

Let p, q be the roots of the quadratic j 

{x-h)ix-c)~p—Q^ : 
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and suppose p to be not less than q. By solving the quadratic, we have 

2j: = 6 +c ^(6 - c)- + 4/=* (1) ; 


now the value of the surd is greater than 6 c, so that p is greater than h 
or c, and q is less than 0 or c. 

\ In the given equation substitute for x successively the values 

-f- 00 , p, ; 

the results are respectively 

+ -{gjp'h-hjp-c)-, +{(J Jb-q-hJc-q)-, -GC, 

since (p - M (i' " <^) =P= “ a) (^ - q)- 

Thus the given equation has three real roots, one greater than 2>> one 
between p and q, and one less than q. 

} If p = ( 7 , then from (1) we have (6- c)- + 4/^=0 and therefore l^ = c, /=0. 

I In this case the given equation becomes 

V (^ - ^>) { 0^^ - «) (-^ - - g~ - /i^} = 0 ; 

j thus the roots are all real. 

! If p is a root of the given equation, the above investigation fails ; for it 
only shews that there is one root between q and + co , namely p. But as 
before, there is a second real root less than q ; hence the third root must also 
be real. Similarly if is a root of the given equation we can shew that all 
the roots are real. 

The equation here discussed is of considerable importance ; it occurs 
frequently in Solid Geometiy, and is there known as the DUcriminating 
1 Cubic. 

I 

1 

‘ 586. The following system of equations occurs in many 

''branches of Applied Mathematics. 

I 

I 

I 

Example. Solve the equations ; 

5 : 

X y z 

tt+\ b+\ c+\ 

X y z ^ 

a + fj. h + fj. c + p. 

% 

X y ^ A 

+ \ ; 1* 

r a-i- V b+ V c + y 

K 

r 

J Consider the following equation in 

X , Jf_ z _ {0-\){0-f,)(8-y) 

a + d 0 + 6 c + 6 (n + 0) (6 + 0) (c 4- 0) * 

X, j/, z being for the present regarded as known 
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This equation when cleared of fractions is of the second degree in Oy and 
is satisfied by the three values ^ = X, O — y, in virtue of the given 

equations; hence it must be an identity, [^t. 310.] 


To find the value of ar, multiply up by a + and then put a + ^=0; 


thus 
that is, 


_ (-a-X)(-a-^)(~a~y) 
(6 -a){c~ a) 

{a + X) (ft + /x) fg + v) 
(a-b){a-c) 


By symmetry, we have 


and 


{h + \) (b + fx) (6 + *') 
(b~-c)(b-a) 

(C + X) (C + fJi) {c + v) 
{c-a){c-b) 




EXAMPLES. XXXV. e. 


Solve the following equations 
1. 18.r = 35. 


2. 72,r— 1720 = 0. 


3. + 316 = 0. 


4. a'3 + 21ar + 342 = 0. 


5. 28a-3-9x-2+l=0. 


6. .1^ - 1 - 33:i- + 847 = 0. 


7. 2.i'‘'* + 3.i;2 + 3.i’-f-l=0. 

8. Prove that the real root of the equation a.*2 + 12.v 
is 2 4/2-^»/4. 


-12 = 0 




Solve the following equations : 

9. - 3^72 _42j;- 40 = 0. 10. - 1 0-r^ - 20a.’ - 1 6 = 0. 


11 . 

12 . 

13. 

15. 


.V* + 8^7^ + 9^-2 — Sar - 10 = 0. 


.V* + 2a.’3 - 7.r2 - 8ar + 1 2 = 0. 


X* — 3a:2 — 6.r — 2 = 0. 


14. X* -2x^-1 2a-2 + 1 Oa; + 3 = 0. 


4.V* - 20x^ + 33a.’2 - 20a.’ + 4 = 0. 


16. x^-6x*-l7x^+l 7a.-2 + 6a; - 1 = 0. 

17 . .x’^ + 9 a’^+ 12a;2_39_p_ 192 = 0, which has equal roots. 

18. Find the relation between q and r in order that the equation 


/I 


x^ + qx-\-r = 0 may be put into the form x^ — {x^ 4- 4- h)\ 
Hence solve the equation 

8a;3 _ 3(5^. 27 = 0. 
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19. If .i'3 + 3/?a*® + 3iyj? + r and x^-\-^px-¥q 

have a common factor, shew that 

4 ( - ?) (2* = 0. 

If they have two common factors, shew that 

— y = 0, q^—pr—^. 


20. If the equation ax^ + Zbx^ + Zcx-\-d=0 has two equal roots, 

shew that each of them is equal to — ~ . 

2 (ac — o^) 


21. Shew that the equation a'* +/3a’^ + + ?u* + « = 0 may be solved 

as a quadratic if r^—p^s. 


22. Solve the equation 

a-« - 1 8^ H- 1 6.r3 + 28x2 - 32.r + 8 = 0, 
one of whose roots is ,^^6 — 2. 

23. If < 1 , y, 5 are the roots of the equation 

+ qx^ + nr + 5 = 0, 

find the equation whose roots are /3 + y + 5 + (/3y5)'\ &c. 

24. In the equation a** — ^x^ + ^x^ — r.r + 3 = 0, i>rove that if the sum 
of two of the roots is equal to the sum of the other two p^ - 4pq + 8r = 0 ; 
and that if the jiroduct of two of the roots is equal to the product of 
the other two r^—p^s. 

25. The equation x* - 209x + 56 = 0 lias two roots whose product is 
unity : detennine them. 

26. Find the two roots of x® — 409x + 285 = 0 whose sum is 5. 

27. If a, b, Cy,..k are the roots of 

X" +^iX'‘-i + ppc^-^ + +y^„ _ ^x + jOn = 0, 

shew that 

(1 + a») (1 + 6-^) (1 + ^ 2 ) = (1 _ . .)2 + 

28. The sum of two roots of the equation 

X* — 8x® + 21x2 — 20x + 5 = 0 

is 4 ; explain why on attempting to solve the equation from the know- 
, ledge of this fact the method fails. 

i 

*T 

% 


* 

I 


D 
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1. If 5j, S 2 , s.^ are the sums of n, 2n, 3« terms respectively of an 
arithmetical progression, shew that ^3 = 3 (^2 — «i). 

2. Find two numbers such that their difference, sum and product, 
are to one another as 1, 7, 24. 

3. In what scale of notation is 25 doubled by reversing the digits? 

4. Solve the equations : 

C 1 ) (.V + 2) (.r + 3) (a; - 4) (x - 5) = 44. £ 

(2) 0.’ (y + 0 ) H- 2 = 0, — 2a*) + 2I=0, z { 2 x - 9 /) — 5 . 

5. In an A. P., of which a is the first term, if the sum of the 
first/? terms =0, shew that the sum of the next q terms 

a{p + q)q 

p-l • 

[R. M, A. Woolwich.] 

6. Solve the equations : 

( 1 ) (a + b) (oo: + b){a — hx) — {a^x — 5^) {a + bx). 

Ill 

(2) :i.’3 + (2.v-3p = {12(:r- 1)}^. [India Civil Service.] ' 

7 . Find an arithmetical progression whose first term is unity ^ 
such that the second, tenth and thirty-fourth terms form a geometric 
series. 

8. If a, /3 are the roots oi X'-\-px-\-q = 0, find the values of 

a2 + aiS 4- a* + 

9. If 2.r = a-f a"* and 2?/ = 5-f 6“*, find the value of ! 

10. Find the value of 

3 3 

(4 + Vl5)''+(4-Vi5)- 

u 3 * 

(6 -h - (6 - 

[R. M. A. Woolwich.] 

11. If a and are the imaginary cube roots of unity, shew that 
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12. Shew that in any scale, whose radix is greater than 4, the 
number 12432 is divisible by 111 and also by 112. 


13. A and B run a mile race. In the first heat A gives B a start 
of 1 1 yards and beats him by 57 seconds ; in the second heat A gives 
B a start of 81 seconds and is beaten by 88 yards ; in what time could 

'each inn a mile? 

r 

14. Eliminate a:, y, z between the equations : 

y~ — zx^h-y z- - xy = i?y .r+y+.s = 0. 

[R. M. A. Woolwich.] 

15. Solve the equations: 

a.x’2 + hxy + cy- — h.C“ + cxy + ay- = d. 

I [Math. Tripos.] 

1 

' 16. A waterman rows to a place 48 miles distant and back in 

\ 14 hours: he finds that he can row 4 miles with the stream in the 
f same time as 3 miles against the stream : find the rate of the stream. 

17. Extract the square root of 


(1) (a2-|-a6 + 6c-f-ca) {hc-\‘Ca-\-ab-\‘h'^) (6c4-ca-}-a6-hc-), 


ll 


( 2 ) \-x + ^/22x-\b-^x-. 


lu 


11 


18. Find the coefficient of in the expansion of (1 - 3.t’)^, and the 
term independent of x in * 


A 


19. Solve the equations : 


,,, 2ar-3 3x*-8 x + ‘S , 


(2) x^ — y'~xy — ab, {x-^y) {ax-\-by) = 2ab{a-{-b). 

[Trin. Coll. Camu.] 

20. Shew that if a (b — c) x^ + b {c - a) xy-\-c {a — b) y~ is a perfect 
square, the quantities a, 6, c are in harmonical progression. 

[St Cath. Coll. C.uib.] 

21. If 

' (y - 2)2 + (2 — x)“ -f- (x -y )2 = (y + 2 - 2 j -)2 + (2 + o* - 2 y )2 + (x +y - 22)-, 

7 and A*, y, 2 are real, shew that ;r— y = 2. St Cath. Coll. Game.] 

1 22. Extract the square root of 3e58261 in the scale of twelve, and 

find in what scale the fraction ^ would be represented by *i7. 
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23. Find the sum of the products of the integers 1, 2, 3, ... n taken 
two at a time, and shew that it is equal to half the excess of the sum of 
the cubes of the given integers over the sum of their squares. 

24. A man and his family consume 20 loaves of bread in a week. 
If his wages were raised 5 per cent., and the price of bread were raised ^ 

per cent., he would gain 6d. a week. But if his wages were lowered^; 

per cent., and bread fell 10 i>er cent., then he w’ould lose 1^/. 
a^veck : find his weekly wages and the price of a loaf. 

25. The sum of four numbers in arithmetical progression is 48 and 
the product of the extremes is to the product of the means as 27 to 35 : 
find the numbers. 


26. Solve the equations : 

(1) a{b- c) x^ + b{c-a) 

(x - a){x - b) — c) (x — d) 


b) = 0. 


(2) 


X — a^b 


x — c — d 


[Math. Tripos.] 


4 


27. If >v/a--r + V^--r+V<?--2^=0, shew that 


(a + 6 + c + 3ar) (a + 6 + c - x) = 4 (6c + ca + ab ) ; 
and if .ya + 4^6-f ^c = 0, shew that (a + 6-t-c)3 = 27a6c. 

28. A train, an hour after starting, meets with an accident which 
detains it an hour, after which it proceeds at three-fifths of its former 
rate and anives 3 hours after time : but had the accident happened 50 
miles farther on the line, it would have arrived hrs. sooner: find the 
length of the journey. 

29. Solve the equations : 

2x+y — 2z^ Qz-*lx=ijyy + = 

[R. M. A. Woolwich.] 


30. Six papers are set in examination, two of them in mathematics : 
in how many different orders can the papers be given, provided only that 
the two mathematical papers are not successive ? 

31. In how many ways can £5. 4^. 2d. be paid in e.xactly 60 coins, j 

consisting of half-crowns, shillings and fourpenny-pieces? , 

32. Find a and 6 so that x^-\-ax^-\-\\x-^Q and + 6.z^ -h 1 4.r -f 8 j 

may have a common factor of the form x^-\-px + q. ^ 

[London University.] 'i 

33. In what time would AyB,C together do a work if A alone could 
do it in six hours more, B alone in one hour more, and C alone in twice 
the time ? 


MISCELLANEOUS EXAMPLES. 


493 


34. If the equations ^ = 1, c.r* + (/^2= 1 have only one solution 

[Math. Tripos.} 


prove that — + ^ = 1, and :c=~ , 2/ — ^ • 

35. Find by the Binomial Theorem the fii*st five terms in tlie cxpan- 

>sion of ( 1 - 2.r + ^ • 

36. If one of the roots of j;^-\-px-\-q = 0 is the square of the othciv 
shew that p^ — g (3/> — 1 ) H- = 0. 

[Pemb. Colt.. C\\mb.] 

37. Solve the equation 

X* — 5x- — 6:r — 5 = 0. 

[Queen’s Coll. Ox.} 

38. Find the value of a for which the fraction. 

— ax- + 1 0.r - a — 4 

iyx^-f2:ix-a ^7 

admits of redaction. Reduce it to its lowest terms. [Math, Tripos.J 

39. If a, bj c, Xf y, z are real quantities, and 

(a + 6 -|-c)- = 3 (be + ca + a6 - X- - y- - z-)^ 
shew that a~6=c, and .r = 0, y = 0, ^ = 0. 

[Christ’s Coll. Camb.]; 


40. What is the greatest term in the expansion of ( 1 - - x ] Vrhen 


0 

the value of x is - I 


[Emm. Coll. Camb.]; 


« 

41. Find two numbers such that their sum multiplied by the sum 

of their squares is 5500, and their difference multiplied by the difference 
of their squares is 352. [Christ’s Coll. Camb.] 

42. If j: = Xa, y = (X-l)6, 2 — (X — 3)c‘, X = ^ * express 
a^^+y^4-2® in its simplest form in terms of a, 6, c. 

[Sidney Coll. Camb.] 

43. Solve the equations : 

(1) ;r* + 3j:2 = 16:r+60. 

I (2) y^ + 2^-:r = 22 + x*-y = a:2+y2_2 = i. 

[Corpus Coll. Ox.} 

44. If Xy y, t are in harmonical progression, shew that 

log (x + z) + log (.r - 2 y + 2 ) = 2 log (x - z). 
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45. Shew that 


1 1.3/1\ 1.3.5/1\2 

i> 2.4(4) 2 . 4.0(4) 


= - (2 - ^/3) ^3. 


[Emm. Coll. Camb.] 


46. 


3.1* + 2// _ 3y + 22 
3a - 26 “ 


3s -f 2vt' 


then will 


o (j? + yH-s)(5c* + 46- 3a) = (ai’ + 8y + 132)(a + 6 + c). 

[Christ’s Coll. CAiiB.] 


47. AVith 17 consonants ami 5 vowels, how many words of four 
letters can be formed having 2 difl’erent vowels in the middle and 1 
consonant (repeated or different) at each end? 


48. A <]uestioii w’as lost on which GOO persons had voted ; the same 
perscms having voted again on the same (piestion, it was carried by twice r 
as many as it was bcfoi c lost by, and the new majority was to the former 1 
as 8 to 7 : how many changed their minds? [St John’s Coll. Camb.] 


49 . Shew that 


I'X 


'' O H-x 




]3.r' 

A ^ “I ^ *1" , .. ^ _■ ^ ... 

2 . .5 4.0 G . / 


[Christ’s Coll. Camb.] 


50. A body of men were formed into a hollow square, three deep, 
when it was observed, that with the addition of 2o to their number a 
solid square might bo formed, of which the nuinl er of men in each side 
would be greater by 22 than the square root of the number of men in ^ 
each side of the hollow square : required the number of men. ^ 


51. Solve the equations: 


( 1 ) V(a + x)2 + 2 7 (« - X)- = 3 


(2) (x- (x-d')^ = (a -c)- (b-d)^. 


52 . Prove that 


^4- 


2 2.5 2.5 

“^6 6.12 ■^ 6.12 


18 


[Sidney Coll. Camb.] 


53. Solve >^6(6x + 6)-^5(6.r-ll) = l. 


[Queens’ Coll. Camb.] 
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54. A vessel contains a gallons of wine, and another vessel con- 
tains h gallons of water: c gallons are taken out of eiich vessel and 
transferred to the other; this operation is repeated any number of 
tinies : shew that if c(a + &) = cE6, the quantity of wine in each vessel 
will always remain the same after the fii-st operation. 

55. The arithmetic mean between m and n and tlie geometric 

mean between a and b are each equal to terms 

1)1 -f" 71 

of a and h. 


56. If a,*, y, 2 are such that their sum is constant, and if 

(x-f-y-22) 


varies as yz^ prove that 2 (^ + 2) - or varies as yz. 

[Kmm. Coll. Cams,] 

57. Prove that, if )i is greater than 3, 

1 . 2 — 2 . 3 . 4 . — H-C— l)''(r-t-l)(r4-2;=2 

[Christ’s Coi.l. Camb.] 

53. Solve the equations : 


( 1 ) ^/2x-\ + ^/Zx'-2 = ^/lx-^ + ^Jbx-4. 

3 I 

(2) 4 {(a- 2 - 1 6)-* + 8} = :r2 + 1 6 (^2 - 1 6)^. 

[St John’s Coll. Camu.] 

59. Prove that two of the quantities Xj y, z must be equal to one 

another, if ~ =0. 

l+y2 l+2jr l+*zy 

60. In a cei-tain community consisting of p persons, a percent, can 
read and write ; of the males alone h per cent., and of the females ahme 
c i>er cent, can reiwl and write : find the numl>er of males and females in 
the community. 


61. If X — 


[Emm. Coll. Camb.] 

Shew that the coefficient of in the expansion of 

(1 —x+x^~ x^)~^ is unity. 


62. 


63. Solve the equation 



[London University.] 

64. Find (1) the arithmetical series, (2) the harmonical series of 
H terms of which a and 6 are the first and last terms ; and shew that 
the product of the term of the first series and the {n-r+ 1)“* term of 
the second series is ab. 
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65. If the roots of the equation 

+ S ’ (?-!)+ ^=0 

are equal, shew thatp^ = 4y. [R. M, A. WooLWICH.] 

66. If a- + 6- = 7a6, shew that S 

log || (a + 6) } = I (log a + log 6). 

[Queen’s Coll. Ox.] 

67. If n is a root of the equation 

or (1 — ac) — X {a- -\-c^) — {I + ac) = 0, 

and if 71 harmonic means are inserted between a and e, shew that the 
difi’erence between the first and last mean is equal to ac(a — c). 

[Wadham Coll. Ox.] 

68. If = : 16, find 7i. jj 

69. A person invests a certain sum in a 6j i^er cent. Government 
loan : if the i^rice had been £3 less he would Have received J per cent, 
more interest on his money ; at what price was the loan issued? 

70. Solve the equation : 

= 3 {(ar< + + 1)^ - (**^ + 1 )^ - •2'’®} . 

[Merton Coll. Ox.] ^ 

71. If by eliminating x between the equations 

x^-\-ax+b = 0 and x^ + l (x-h?/) + 7?i = 0, 

a quadratic in y is formed whose roots are the same as those of the 
original quadratic in x, then either a = 2f, and b~m, or b-\-7n — al. ' 

[R. M. A. Woolwich.] 


72. Given log2 = ‘30I03, and log3=-47712, solve the equations; 







73. Find two numbers such that their sum is 9, and the sum of 

their fourth powers 2417. [London University.] 

I 

74. A set out to walk at the rate of 4 miles an hour; after he had I 
been walking 2| hours, B set out to overtake him and went 4j miles 
the first hour, 4| miles the second, 5 the third, and so gaining a quarter 0 
of a mile every hour. In how many hotfbs would he overtake A t 

75. Prove that the integer next above (^3 + 1)^ contains 2« + ^ as 
a factor. 
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76. The series of natural numbers is divided into groups 1 ; 2, 3, 4 ; 
5, 6, 7, 8, 9 ; and so on : prove that the sum of the numbers in the 
n‘^ group is (n - 

77. Shew that the sum of n terms of the series 




2 12 


is equal to 1 — 


4 \2 

1.3. 5.7 (2/1 -J.) 

2 « n 

[R. M. A. Woolwich.] 

. ^ 1 + 2^7 

78. Shew that the coefficient of .r" in the expansion ci 

(-1)1 3(-l)"'^, 

according as n is of the form 3w, 37?i + l, 37a -f 2. 


79. Solve the equations : 



y _i 

b c 


X + y + 2 * 



X y z 

+ -^ + - = 
V Z X 


y z X . . ^ 

— ^ — 4 * — ~.v+y 4-2 — 3. 

X y z 

[Univ. Coll. Ox.] 


80. The value of xyz is 74 or 3J according as the series a, .r, y, 2 , 

h is arithmetic or harmonic : find the values of a and b assuming them 
to be positive integers. [Merton Coll. 0.\.] 

81. \i ay - hx=^c J {X - a)^ -\-{y - bf, shew that “ and y are connected 

by a linear relation if + 

82. If (;r4-l)^ is greater than 5x- 1 and less than 7x — 3, find the 
integral value of x. 


83. If P is the number of integers whose logarithms have the 
characteristic p, and Q the number of integers the logarithms of whose 
reciprocals have the characteristic — shew that 


logio - logio ^ =7? - 7 + 1 • 


84. In how many ways may 20 shillings be given to 5 persons so 
that no person may receive less than 3 shillings ? 

85. A man wishing his two daughters to receive equal portions 
when they came of age bequeathed to the elder the accumulated interest 
of a certain sum of money invested at the time of his death in 4 per 
cent, stock at 88 ; and to the younger he bequeathed the accumulated 
interest of a sum less than the former by £3500 invested at the same 
time in the 3 per cents, at 63. Supposing their ages at the time of 
their father’s death to have been 17 and 14, what was the sum invested 
in each case, and what was each daughter’s fortune ? 
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86. A number of three digits in scale V when expressed in scale 9 
has its digits reversed in order : find the number. 

[St John’s Coll. Camb.] 


87. If the sum of m terms of an arithmetical progression is equal 
to the sum of the next n terms, and also to the sum of the next p 

terms ; i)rove that (m + n)(— ~~) = ( 7 n + p)(— \ . 

\m pj ^'\m nj 

[St John’s Coll. Camb.] 

88. Prove that 




1 1 I _ ( 1 _i_ 1 y 

\y~z~^ z-x^ x-y) ' 

[R. M. A. Woolwich.] 

89. If m is negative, or positive and greater than 1, shew that 

1”‘ + 3’» + 5t«+ + + 

[Emm. Coll. Camb.] 

90. If each pair of the three equations 

x-~p^x + q^ = 0, x'^-p^c-\-q., = 0, - jOgO : + <73 = 0 , 

have a common root, prove that 

Pl” +pi+i (!?i + <li+<lz) = '^ ilhPz +PzPl +PlP2)- 

[St John’s Coll. Camb.] 

91. -1 and B travelled on the same road and at the same rate from 
Huntingdon to London. At the 50‘'‘ milestone from London, A over- 
took a drove of geese which were proceeding at the rate of 3 miles in 2 
hours ; and two hours afterwards met a waggon, which was moving at 
the rate of 9 miles in 4 hours. B overtook the same drove of geese at 
the 45“* milestone, and met the waggon exactly 40 minutes before he 
came to the 31** milestone. Where was B when A reached Loudon ? 

[St John’s Coll. Camb.] 

92. If a + 64 -c+c?= 0, prove that 

ahc-\- hcd + cda + dab — \/ (6c — ad) Jca - bd) (a6 - cd). 

[R. M. A. Woolwich.] 


93. An A. P., a G. P., and aii H. P. have « and 6 for their first two 
terms : shew that their (n-l-2)''’ terms will be in G. P. if 

+ 2 _ ^2n + 2 „ _j_ | 


ba (6‘^ — a^") n 

94. Shew that the coefiicient of x^ in the expansion of 


[Math. Tkipos.] 


X 


in ascending power of x is 




{x — a) (j; - 6) 


a — h * a"6 


ft 


; and that the coefficient of 


in the expansion of 4 is + 4n 2). 


a-.r)3 


[Emm. Coll, Camb.] 


'4 
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95. Solve the equations : 


+ i : -ly — 34 : 15. 

2 NX-y 

[St John’s Com.. Camb.] 

96. Find the value of 1 + ^ ^ 

Q surd. [^- Woolwich.] 


3+ 2+ 3+ 2 + 


ratic surd. 


97. Prove that the cube of an integer may be expressed as the 
difference of two squares ; that the cube of every odd integer may be 
so expressed in two ways ; and that the difference of the cubes of any 
two consecutive integers may be expressed as the difference of two 
squares [Jesus Coll. Camb.] 


98. Find the value of the infinite series 

1 2 3 4 


[Kmm. Coll. Camb.] 


99. If 


.r — 


5+ G? H” 6 H" 4" 


and 


then 


ct-\- fc -p cf 4" ^ + 

bx-dy — a - c . [Christ’s Coll. Camb.] 


100. Find the generating function, the sum to n terms, and the 

term of the recurring series 1 +5 a 4-7a'*^+ + 

101. If a, 5, c are in H. P., then 

a-\-b c + 6 
2a-6'^2c-6^‘‘' 

(2) b '‘{ a - cy ‘ = ' i { c ‘{ b - a )- + a ‘{ c - h )-). [Pbmb. Coll. Camb.] 

102. If a, 6, c are all real quantities, and - Zh-x + 2i^ is divisible 
by X — ct and also by x — b\ prove that citlier a — b = c, or a=s —2b= — 2c. 

^ [Jesus Coll. Ox.] 

103. Shew that the sum of the squares of three consecutive odd 
numbers increased by 1 is divisible by 12, but not by 24. 

7 2 

104. Shew that — is the greatest or least value of a.%^-\-2h.v-{-c, 
according as a is negative or positive. 

If x*+y* + ^^ 4 -yV-^ + 22x2 + :r2^2^2.z2^2(x+y4'i:), and x, y, 2 are all 

real) shew that x^y^z. [St John’s Coll. Camb.J 
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105. 



Shew that tlie 


expansion of 



2 2.4* 


1 . 3 . 5 . 7 . 

6 ^4T'0 • To'*' 


106. Tt ri, (i are roots of the equations 

>v- -\-px + q = 0, x-^ = 0 , 

where 7i is an even integer, shew that are roots of 

P a 

.r" + l+(.r + l)'‘ = 0. [Pemb. Coll. Camb.] 

107. Find the difference between the squares of the infinite 
contniued fractions 

,, , J_ ^ ^ . 1 , d 

2a+ 2rt4- 2t/+ ’ ^"^2^,*+ 2c.--f- 2c4- 

[Christ’s Coll. Camb.] 

108. A sum of money is distributed amongst a certain number of 
[lei-sons. Tlie second receives Is. more than the first, the third 2s. 
more than the second, the fourth 3^. more than the third, and so on. 
If the first i)cr.son gets 1^. and the last person £3. 7s.y what is the 
number of persons and the sum distributed? 


109. 


Solve the equations : 


^ ^ a^6-fc b^c-^-a 



a-hb~ ’ 



X^ + V- 

-- •^-+A^+y-^=i3.b 





110. If a > 6 > 0, and n is a positive integer, prove that 

n - 1 

- h** > 3t (« — h) (ah) 2 . 

[St Cath. Coll. Camb.] 

111. Express as a continued fraction; hence find the least 
values of x and y which sati.sfy the equation 396^-- 763y = 12. 

112. To complete a certain work, a workman A alone would take 
m times as many days as B and C working together; B alone would 
take n times as many days as A and C together; C alone would take 
p times as many days as A and B together : shew that the numbers of 

days m which each would do it alone are as 771 + 1 :n+l ip + \. 

Prove also — ^ + —P = 

771 + 1 71+1 /)+! 


[R. M. A. Woolwich.] 
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113, The expenses of a hydropathic establishment are partly con- 
stant and partly vary with the number of boarders. Each boarder 
pays £65 a year, and the annual profits are £9 a head when there are 
50 boarders, and £10. 135. 4<i. when there are 60: what is the x^rofit on 
each boarder when there are 80? 


114, x^y — ^x ’-yy and is not greater than 1, shew that 






•••) = 




[Peterhouse, Camb.] 


.t- y 1 


115 If ——A — . — and xy=ic\ shew that when a and c 

a^ — y^ a^ — ar b 

are unequal, 

(a^ — — 5^c® = 0, or -f* - 5- — 0. 


116. If (1 ..., 

and 1 )®'' = ~ ^ — ... ; 

l>rove that (1) X—k^ + k.^- = 1, 

(2) 1-V, + V2- = ±^- 

[R. M. A. Woolwich.] 

117. Solve the equations : 

( 1 ) (.r — y)2 -f 2a5 = ax + xy -X-ab = bx-\- ay. 

( 2 ) j^—y^ + z^ = Qj 2yz — zx + 1xy = \^y x — y-\-z = ‘l. 


118. If there are n positive quantities aj, a.,, ... a„, and if the 
square roots of all their products taken two together be found, i^rove 
that 

/ — / n—\, . 

+ V + < ^ (aj -h a2 + + «n) ; 

hence prove that the arithmetic mean of the square roots of the 
products two together is less than the arithmetic mean of the given 
quantities. [R. M. A. Woolwich.] 

119. If b’^x^ + = a^b\ and a'^ + })~=x‘^-X-y‘^=\y prove that 

b^x^ + a^={b^x^ -X- a^y^Y. [India Civil Service.] 

120. Find the sum of the first n terms of the series whose terms 

2r 4- 1 

are (1) (2) (a + r^b) 

(St John’s Coll, Camb.] 

:r-f2 

^T3x + 6* 


121. Find the greatest value of 


i)u:i 
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122. Solve the equations : 

(1) 1 + 7(1 +^^4 

(2) 3xy + 22 =.r2 + 6y = 2y2 + 3x = 0. 


123. If Oj, a^j, 

expanded binomial, 


03, are any four 
prove that 


consecutive 


coefficients of an 




a 


a 


3 


2a. 


+ ^3 + ^4 <*2 + ^3 


[Queens’ Coll. CAiiB.] 


124. Sepal ate “^^2 ^ ^ ^ j j ^^5 _ 3^; _ j ^ partial fractions; and 

find the general term when is expanded in ascending powers 

of .V. 


125. In the recurring series 

T) 1 


r" ’'\u expression; determine the imknowi 

coethcient of the fourth term and the scale of relation, and give thi 
general term of the series. ^r. m. A. WoI^wich 

126. If .r, y, 2 are unequal, and if 


then will 

127. 


2a-3y = ^i-^', and 2a - 3^ = 

y 2 ’ 

{v — zY 

2a-3.v= - ^ and x+y +2 = a. [Math. Trii*os.J 

Solve the equations : 

(1) .zy + 6 = 2x-x2, xy-9 = 2y-y2. 

(2) (cu:)*OB«=:(i^)lo(f6^ b^ogx — Qlogu, 




128. Find the limiting values of 

(1) xslaP--\-a^~ + a^, when oc . 

Va + 2.f - \/3a' , __ 

^ Jv ' A’=a. [London University.] ^ 

-V-^ f 

- There are two numbers whose product is 192, and the quotient 

of the arithmetical by the harmonical me.an of their greatest common 
measure and least common multiple is ; hnd the numbers. 

[R. M. A, Woolwich.] 
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130. Solve the following equations : 


( 1 ) ^ 13 ^ + 37 - lJl3x-37= i/2. 

(2) feVl -z^ + c^/l -3/2 = a, 

c Vl — ^ + a 1 ~ z^ — b, 


a >\/l ^2/^ + b ^/\ — x' = c. 

131. Prove that the sum to infinity of the series 

1 1.3 1.3.5 23 _2 

^ 2^j4 25|5 *** 24 3"*^ ‘ 


[Math, Tripos.] 


132. A number consisting of three digits is doubled by reversing 

the digits; prove that the same will hold for the number formed by 
the first and last digits, and also that such a number can be found in 
only one scale of notation out of every three. [Math. Tripos.} 

133. Find the coefficients of and in the product of 

^-4-^- i 1 —^ + x^. [R. M. A. AVoolwich.T 

(1 -.r^)(l - A’) ^ -* 

134. A purchaser is to take a plot of land fronting a street ; the 

plot is to be rectangular, and three times its frontage added to twice 
its depth is to be 96 yards. What is the greatest number of square 
yards he may take? [London University.] 

135. Prove that 

{a-\-b + c + dy-\-(a + b-c-cr)^ + {a~b + c-d)^-^(a-b-c + d)* 

-(a-\-b + c~d)*-(a-\-b-c + d)^- (a-b + c + dy -{-a-\-b + c + dy 

~ \ 92abcd. 

[Trin. Coll. Cams.] 

136. Find the values of a, 6, c which will make each of the ex- 

pressions x^ + aa^ + bx^+cx + l and x^ + 2aj^ + 2bx^ + 2cx + \ a perfect 
square. [London University.] 

137. Solve the equations : 


( 1 ) 


( 2 ) 


Jx+y+ 

V 2x2 _j_ 1 ^ 2x2 _ I = ■ ^ . 

\/3 - 2x2 


138. A farmer sold 10 sheep at a certain price and 5 others at 10^. 
less per head ; the sum he received for each lot was expressed in pounds 
by the same two digits : find the price per sheep. 
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139. Sum to n terms : 

(1) (2n-l) + 2(2n-3) + 3(2n-5)+.... 

(2) The squares of the terms of the series 1, 3, 6, 10, 15.... 

(3) The odd terms of the series in (2). [Trin. Coll. CAiiB.] 

140. If a, /3, y are the roots of the equation + r=0 prove 

that 3 (a2 + ^2 + (^6 _ 5 (^3 ^3 + ^3) (^4 + + ^4), 

[St John’s Coll. Camb.] 

141. Solve the equations : 

(1) j:(3y-5}= 4| (2) .^•3+y3^.^^495 

y(2,f-f 7) = 27J * 15 

ay^=105 

[Trin. Coll. Caaib.] 

142. If a, 6 , c are the roots of the equation + r = 0 , form the 

equation whose roots are a + 5 — c, 5 + c — a, c + a-b. 

143. Sum the series : 

(1) n4-(n-l).r + (w-2).v2+... + 2.i»-2+j'"-'i; 

(2) 3-.r-2^:2_i6j,J_28j:<-676.t‘& + ... to infinity; 

(3) 6 + 9 + 14-h23 + 40 + ... to n terms. 

[Oxford Mods.] 

144. Eliminate x, y, z from the equations 

•i''“^+y“* + 2 “' — a~*, x'+y + z—b. 

^.2 + y 2 ^2 _ jX 4.^3 4 . ^3 _ 

and shew that if x, y, z are all finite and numerically unequal, b cannot 
be equal to d. [R. M. A. Woolwich.] 

145. The roots of the equation 3 .r 2 (.r 24 _Q^ ^ Ig^jj _ 1 ^_q jjqJ 

all unequal : find them. [R. M. A. Woolwich.] 

146. A traveller set out from a certain place, and went 1 mile the 
first day, 3 the second, 5 the next, and so on, going every day 2 miles 
more than he had gone the preceding day. After he had been gone 
three days, a second sets out, and travels 12 miles the first day, 13 the 
second, and so on. In how many days will the second overtake the 
first ? Explain the double answer. 

147. Find the value of 

111111 
3+ 2+ 1+ 3+ 2+ 1+'"* 
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148. Solve the equation 

4,-3 + 3 (a^ — be) a' + — 3a 6c =0. 

[India Civid Service.] 

149. If n is a i)riine number which w'ill divide neither a, 6, nor 

a + 6, prove that a"--6-a»*-®62 + a"-*65- ... + a6-*-=* exceeds by 1 a 
multiple of n. [St John’s Coll. Camd.] 

150. Find the term and the sum to n terms of the series wliose 

sum to infinity is (1 - ahj^){\ — hx)~^, 

[Oxford Mods.] 


151 If a, 6, c are the roots of the equation j^-\-px-\-q = 0^ find the 

+ a-^ + 62 

equation whose roots are — ^ — , — - — . 

[Trin. Coll. Camh.] 

152. Prove that 

(y + z - 2.r)* + (^ + ^ - 2y )* + (a.- +y - ^zY = 18 {x ^ + + z^ -yz~zx- xy)\ 

[Clare Coll. Camb.] 

153. Solve the equations : 

(1) .r^ — 30x4-133 = 0, by Cardan’s method. 

(2) - lOx^ 4 - 40x2 + 9 ^. _ 36 = 0, having roots of the form 

+6, c. 

154. It is found that the quantity of work done by a man in an 
hour varies directly as his pay ijer hour and invei*sely as the square 
root of the number of hours he works i>er day. He can finish a jjiece 
of woi’k in six days when working 9 hours a day at Is. per hour. How 
many days will he take to finish the same piece of work when working 
16 hours a day at 1^. 6c/. per hour ? 

155. If denote the sum to n terms of the series 

1 ,24~2. 3 + 3. 4 + ..,, 

and o-n-i that to ?i- 1 terms of the series 

1 1 1 
1.2.3.4"‘"2.3. 4. 5"^3.4.5. 

shew that 1 8»„(r„ _ ^ + 2 = 0. 

[M.\gd. Coll. Ox.] 

156. Solve the equations : 

(1) (12x-l)(6x-l)(4x-l)(3x-l) = 5. 

/ON 1 (.r4-l)(:r-3) 1 (x4-3)(x-5) 2 (x4-5)(x-7) 92 

^ ^ 5 (x4-2Kx-4)'^9 (x+4)(x-6) 13 (x+6)(x-8) ~ 585 * 

[St John’s Coll. Camb."* 
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157. A cottage at the beginning of a year was worth £250, but it 

was found that by dilapidations at the end of each year it lost ten per 
cent, of the value it had at the beginning of each year : after what 
number of years would the value of the cottage be reduced below £25? 
Given logj^S^ '4771213. [R. A. Woolwich.] 

158. Shew that the infinite serie.s 

i 1*4.7 , 1 .4.7.10 
4 4.8'^4.8.12'*'4.8. 12. 

.,2,2.5, 2.5.8 , 2.5.8.11 

G 6 . r2 6 . 12 . 18 6 . 12 . 18 . 24 ’ 

are equal. [Peterhouse, Camb.] 


159. Prove the identity 


■r .r{x - u) _ x(.v-a ){.v -fi) ^ 

<■ cifi aBy I 


aBy '"j 

r ^ g- ^ x(x+a) ^ .r(x+a)(x+B) ^ I 

la a^y "j 


= 1 




a-2 (.t'2 - a2) ^2 (0,-2 - a2) (.r2 - ^2) 






.... 


[Tkix. Coll. Camb.] 


160. If n is a positive integer greater than 1, shew that 

— 57*2 ^ 607*2 _ 50 „ 

is a multiple of 120. [AVadham Coll. Ox.] 


161. A number of persons were engaged to do a piece of work 
which would have occupied them 24 hours if they had commenced at 
the same time; but instead of doing so, they commenced at equal 
intervals and then continued to work till the whole was finished, the 
payment being ijroi)ortioual to the work done by each : the first comer 
received eleven times as much as the last; find the time occupied. 

162. Solve the equations : 

^ '' y2_3 ^.2_3 

(2) y2^22-j;(y + 2) = a2^ 

Z“ + x^ — 7/(z-^x) = 5-, 

^•2 -^y2 _ 2 = ^2^ 


[Pemb. Coll. Camb.] 


MISCELLANEOUS EXAMPLES. 


507 


163. Solve the equation 

a3(6-c)(j7-6)(j?-c) + 63(c-a)(:i;-c)(x-a)H-c3(a-6)(j;-a)(.T;-6) = 0; 

also shew that if the two roots are equal 

Jl + -L + 4- = 0. [St John’s Coll. C.vmu.] 

va v6 i^c 


164. Sum the series : 


(1) 

( 2 ) 


1. 2. 4 + 2. 3. 5 + 3. 4. 6 + .. . 

12 s)2 ‘32 


to n terms. 


165. Shew that, if a, 6, c, d be four positive unequal quantities and 
s— a-t-6 + c+c^, then 

(5 - a){s — b){s — c) is — d) > Slahcd. 

[Pltluhouse, Cams.] 

166. Solve the equations : 

o 3 

(1) *s/a: + a-tsly -a = -Ja, ^ *Jy -{‘a=^ -^^a. 

(2) X +y ^ z — a;'^ -^y'^ z^ — \ (a:2+3^ + ^®) = 3. 

[Math. Tkipos.] 


167. Eliminate /, m, n from the equations : 

lx + my + 713 = mx +ny-\-lz — nx + ly-\- mz = k- (^- + + n^) — 1 . 

168. Simplify 

g (6 + c — + . ■ . + ■ . . + + f - g) (c + g — - c) 

g- (6 + c — a) + . . . + . . . — (6 + c - g) (c + g — 6) (g + 6 - c) * 

[Math. Tripos.] 

169. Shew that the expression 

{x^ - yz)^ + (y ^ + ( 2 ® -xyY-Z (x^ - yz) (y 2 _ zx) ( 3 * - xy) 

is a i>erfect square, and find its square root. [London University.] 

170. There are three towns A, and C\ a i^erson by walking 
from A to B^ driving from B to <7, and riding from C to A makes the 
journey in 15j hours ; by driving from A to By riding from B to (7, and 
walking from C to A he could make the journey in 12 hours. On foot 
he could make the journey in 22 hours, on horseback in 8^ houi*s, and 
driving in 11 hours. To walk a mile, ride a mile, and drive a mile he 
takes altogether half an hour: find the rates at which he travels, and 
the distances between the towns. 
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171. Shew that —7n°+l4n^~S7i is divisible by 840, if n is an 
integer not less than 3. 

172. Solve the equations : 


(1) V*^"+12y + \/y^+ 12.C = 33, a +^ = 23. 


z-'u x-y .r-v 




y 


173. 


[Math. Tripos.] 

If 5 be the sum of n positive unequal quantities ayhyC..., then 


s s 8 

H T + h . >■ 


n 


s~a 8—b s~c 


71 - 1 ’ 


[Math. Tripos.] 


174. A merchant bought a quantity of cotton ; this he exchanged 
for oil which he sold. He observed that the number of cwt. of cotton, 
the number of gallons of oil obtained for each cwt., and the number of " 
shillings for which he sold each gallon formed a descending geometrical 
progression. He calculated that if he had obtained one cwt. more of 
cotton, one gallon more of oil for each cwt., and Is. more for each 
gallon, he would have obtained £508. 9 j. more ; whereas if he had 
obtained one cwt. less of cotton, one gallon less of oil for each cwt., and 

Is. less for each gallon, he would have obtained £483. 13^. less : how 
much did he actually receive V 

175. Prove that 

2 (6 + c - « - :r)<(6 - C-) (a - i’) = IG - c')(c - a) (a - b) (j: - a) (a: — b) {a; — c). 

[Jesus Coll. Camb.] 

176. If a, /3, y are the roots of the equation joa:' + r=0, find the 

equation whose roots are m. >x. A. Woolwich.1 

a ^ y *- 


177. If any number of factors of the form are multiplied 

together, shew that the i)roduct can be exj^ressed as the sum of two 
squares. 

Given that + find p and q in 

terms of a, 6, c, d, e,/, y, /t. [London University.] 

178. Solve the equations 

.r3-y3_()P [R. M. A. Woolwich.] 

179. A man goes in for an Examination in which there are four ’ 
j)apers with a maximum of m marks for each paper; shew that the 1 
number of ways of getting 2m marks on the whole is 

^ (m + 1 ) (2 m ^ + 4 m + 3). [Math. Tripos.] 
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180. If n, /3 are the roots of a^+px^\=0y and y, b are the roots 
of .r2 + ^.r+l=0; shew that (a — y)(/3 — y)(a + 5)(^ + 5) = J^— 

[R. M. A. Woolwich.] 


181. Shew that if bo the coefficient of .r"* in the expansion of 
(l+:r)”, then whatever n be, 


^in - 1 — 




(- 1 ) 


m — I 


[New Coll. Ox.] 


182. A certain number is the product of three prime factors, the 
sum of whose squares is 2331. There are 7560 numbers (including 
unity) which are less than the number and prime to it. The sum of 
its divisors (including unity and the number itself) is 10560. Find the 
number. [Coupus Coll. Camb.] 


183. Form an equation whose roots shall be the products of every 
two of the roots of the equation - ax^ + b.v + c=0. 

Solve completely the equation 

2.t*^ 4- + .X’ + 2 = 1 + 1 2x^. 

[R. M. A. Woolwich.] 

184. Prove that if w is a positive integer, 

71" - 72(7t - 2)” 4 (vi - 4)" - = 2"LZi. 

185. If (6;^6+ 14)-'*'*' W, and if be the fractional part of A\ 

prove that W7^=20"'* + ^ [Emm. Coll. Camb.] 

186. Solve the equations : 

(1) J7+y + 2 = 2, -i- — 0, x^+y-^-hz'^= — 1. 

( 2 ) x-^-(y- zY = 7/2 - (2 - xY = h-y 2 - -{x- yY = c-. 

[Christ’s Coll. Camb.] 

187. At a general election the whole number of Liberals returned 

was 15 more than the number of English Conservatives, the whole 
number of Conservatives was 5 more than twice the number of English 
Liberals. The number of Scotch Conservatives was the same as the 
number of Welsh Liberals, and the Scotch Liberal majority was equal 
to twice the number of Welsh Conservatives, and was to the Irish 
Liberal majority as 2 : 3. The English Conservative majority was 10 
more than the whole number of Irish members. The w'hole number of 
members was 652, of whom 60 were returned by Scotch constituencies. 
Find the numbers of each party returned by England, Scotland, Ire- 
land, and Wales, respectively. [St John’s Coll. Caiib.] 

188. Shew that a^(c — 6) + 6®(a — c) + c®(6 — a) 

= (6 — c)(c - a){a — b) (Sa^ + ^a^b + abc). 
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189. Prove that 3a- 3a 1 = (a — 1 )®. 

a2 a2 + 2a 2a + l 1 ! 

I a 2a+l a + 2 1 

13 3 1 [Ball. Coll, Ox.] 

190. If i + i H j H prove that a, 6, c are in harmonical 

a c a—b c—b ^ 

progression, unless h = a + c. [Trin. Coll. Camb.] 

191. Solve the equations : 

M; 13.r2+ 15i*+ 189=0, having given that one root ex- 

ceeds another root by 2. 

J) .i *-4.r2-j-S.r + 35 = 0, having given that one root is 

2 + \/^- [R- -A.. Woolwich.] 

102. Two numbers a and h are given ; two othei-s oTj, are formed 
by the relations 3a, = 2a + A, 36| = a4-26; two more o.^, are formed 
from «!, in the same manner, and so on ; find a„, in terms of a and 
6, and prove that when ?i is infinite, a„ = 6„. [R. A. Woolwich.] 

193. If .r-f + = shew that 

u\v(w-\-x)“+yz {lo — x)“ + {w y)'^ 

4- zx{w — yY + wz{w-¥ z)- + -vy {iv ~ z )- -h 4xyzw = 0. 

[Math. Tripos.] 

194. If a + -TT-^, be not altered in value by interchanging a 

a-H-o-H-c- 

nair of the letters a, c not equal to each other, it will not be altered 
oy interchanging any other pair; audit vtII vanish ifa-f 6 + r=l. 

[Math. Tripos.] 

195. On a quadruple line of rails between two termini A and By 
two down trains start at 6.0 and 6.45, and two up trains at 7.15 and 
8.30. If the four trains (regarded as points) all pass one another 
simultaneously, find the following equations between 

rates in miles per hour, 

3j:._, Am + 5x^ __ 47n H- 1 Oa’^ 

where Mis the number of miles in AB. [Trin. Coll. Camb.] 


196. Prove that, rejecting terms of the third and higher orders, 

= 1 + 1 (a:+j/) + ha«.=+:iy + 3y2). 

[Trin, Coll. Camb.J 
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197. SheAv that the sum of the products of the series 

a, a — h, a — 9.bj , a — (h — 1)6, 

taken two and two together vanishes when n is of tlie form 3/u- — 1, 
and 2a = (3wi - 2) (ni + 1 ) b. 

193. If n is even, and o + ^, n-^ are the middle x^air of terms, 
shew that the sum of the cubes of an arithmetical progression is 

na {a-i + ( 7 i 2 _l) 32 }. 

199. If a, 6, c are real x>ositive quantities, sliew that 

111 + + 

a 6 c a^b^C'^ 

[Trin. Coll. Casib.] 

200. -1, and C start at the same time for a town a miles distant ; 
A walks at a uniform rate of u miles an hour, and B and O drive at a 
uniform rate of v miles an hour. After a certain time B dismounts 
and walks forward at the same pace as A , while O drives back to liicet 
A ; A gets into the carriage with C and they drive after i? entering the 
town at the same time that he does: shew that the whole time occupied 

^-as - . hours. [Peterhouse, CAiiB.] 

V 3ii + v 

201. The streets of a city are arranged like the lines of a chess- 
board. There are m streets running north and south, and n east and 
west. I'ind the number of ways in which a man can travel from the 
N.W. to the S.E. corner, going the shortest possible di.stance. 

[Oxford Mods.] 

202. Solve tjie equation 27 - a' = 4. 

[Hall. Coll. Ox.] 

203. Shew that in the series 

a6 + (a + a’)(6 + ;r) + (a+2.*:)(6 + 2j;)-f- to 2>t terms, 

the excess of the sum of the last n terms over the sum of the first h 
terms is to the excess of the last term over the first as n'^ to 27i - 1. 


204. 


Find the convergent to 
1 1 1 


( 1 ) 

( 2 ) 


2 — 2 — 2 — 
4 4 4 


3-f 3+ 3 + 


205. Prove that 

(a - x)* (y - zf -t- (a - y)* (2 - +{a- zf {x - yf' 

= 2 {(a - y'fia - zY{x-yY{x - zfA-{a - 2)2 (a - xf{y - 2)-(y - ^)- 

+ (a - ;r)2 (a - y )2 {z - x)- {z - yf} . 

CPeterhodse. Camb.1 
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206. If n, y are the roots of + r = 0, find the value of 


ma + n m0 + n 
'ma — n in^ - n 


my-hn 

my — Ji 


ill tei’ins of ?«, w, q, r. 


[Queens’ Coll. C^uib.] 


207. In England one pei-son out of 46 is said to die every year, ^ 
and one out of 33 to be born. If there were no emigration, in how 
many years would the population double itself at this rate? Given 

log 2 -*3010300, log 1531 = 3*1849752, log 1518 = 3*1812718. 


208. If {\ — + , l>rove that 





71 (« — 1) 

~iT2“ 




+ (-!)’• 



n ! 

(n ~ r ) ! 



unless r is a multiple of 3. What is its value in this case? 

[St John’s Coll. Camb.] 

209. In a mixed company consisting of Poles, Turks, Greeks, y 
Germans and Italians, the Poles are one less than one-third of the 
number of Germans, and three less than half the number of Italians. 
The Turks and Germans outnumber the Greeks and Italians by 3; 
the Greeks and Germans form one less than half the company; while 
the Italians and Greeks form seven-sixteenths of the company: deter- 
mine the number of each nation. 


210. Find the sum to infinity of the series whose term is 

(n-hl)?i“^(?i + 2)-*(-x)"'*'k [OxKOiiD Mods.] 

211. If n is a positive integer, ju'cve that 


n - 


n («2 _ ^ - 1 )(n2 - 22) 




|2.3 


n(n2-l)(n2-22) (n2-r2) , 

+ C-G L7*|r+1 


[Pemb. Coll. Cams.] 

212. Find the sum of the series : 

(1) 6, 24, 60, 120, 210, 336, to n terms. 

(2) 4 - 9j; + 1 6.r2 - 25.r^ -i- 36jr* - 49^* -f to inf. 


1.3 3.5 5.7,7.9 

2 22 2^ 2^ 

+ 

to inf. 

213. Solve the equation 

1 4.r 

6.r-f-2 

8x-f-l 


6.V -|- 2 

9.r-|-3 

12:f 


8x-\-l 

12x 

16.i:-f-2 


0 . 


[King’s Coll. CAafB.3 
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214. Shew that 

(1) a2(l + &2)+^,2(i^c2) + c2(l+a2)>6a6c, 

(2) n(a^> + « + 6P + «4-cP + «+...)>(a'’ + &^ + c'’H-...)(a«-f 6« + c«H- ...), 
the number of quantities a, 5, c,... being n. 

215. Solve the equations 

y2 = a(y + 2) + a' 
z.v=a (2-f A’) +3 > . 

= + y [Trin. Coi.i,. Camb.] 

216. If n be a prime number, jirove that 

l(2'‘-i + ]) + 2 ^3»-> +i^ +3^4’‘-i + . + (»-!) + 

is divisible by n. [Queen’s Coll. Ox.] 

217. In a shooting competition a man can score 5, 4, 3, 2, cr 0 

points for each shot: hud the number of different wa^^s in wnich he 
can score 30 in 7 shots. [Pemb. Coll. Camb.] 


218. Prove that the expression ~ b,v^ c.v~ dj: 
product of a complete square and a complete cube if 

l'2b 9d be dr 


— e will be the 


219. A bag contains G black balls and an unknown numbei*, not 
greater than six, of white balls; three are di’awn successively and not 
replaced and are all found to be white; prove that the chance that 


a black ball will be drawn next is 


[Jesus Coll. Camb.] 


220. Shew that the sum of the products of every pair cf the 
squares of the first n whole numbers is n(7i-— l)(4n'-_ 

[Caius Coll. Camb.] 

901 Tf ^-(c-a) y-(a-b) ^ , , 

221. If -| j — ' -\ 0 has equal roots, prove 

a: — a x — b x~c ^ ^ 

that a (6 — c) + ;3 (c — a) + y (a — 6) = 0. 

222. Prove that when n is a positive integer, 

71= QH- 1 _ ^ ~ ^ Ort-S 

1 ^ i2 


(y.-4)(H-5)(7.-6) 

13 




fCLARB Coll. Camb, 


n.R.A. 
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223. Solve the equations : 

(1 ) X- H- ^yz —y- + ^zx = + ^xy + 3 = 76, 

(2) .r+y + z = a + ft + c *] 


^+f + ^ = 3 

a b c 


ax + hy ’^cz^hc + ca + ah 


[Christ’s Coll. Cams.] 


224. Prove that if each of m points in one straight line be joined 
to each of n in another by straight lines terminated by the points, then, 

excluding the given i>oints, the lines will intersect - 7nn(m — l)(n- 1) 

times. 


[Math. Tripos.] 


225. Having given y = x-\-x'^ + x^y expand x in the form 

y + ay'^-\-hy^-\-cy^ + dy^+ ; 

and shew that a^d~ Zahc-\-2b‘^= — 1. [Ball. Coll. Ox.] 


{ 


226. A fanner spent three equal sums of money in buying calves, 
pigs, and sheep. Kach calf cost £1 more than a pig and £2 more 
than a sheep ; altogether he bought 47 animals. The number of pigs 
exceeded that of the calves by as many sheep as he could have bought 
foi’ £9 : find the number of animals of each Kind. 


227. Express log 2 in the form of the infinite continued fraction 


1 1 22 32 


n 


1 + 1 + 1 + 1 + 


l-f 


[Ecler.] 


228. In a certain examination six papers are set, and to each arc j 


assigned 100 marks as a maximum. Shew that the number of ways ^ 


in which a candidate may obtain forty per cent, of the whole number ^ 
of marks is / 


144 


II \|245 



[Oxford Moos.j 




229. Test for convergency 

X 1.3 1.3. 5. 7 1.3.5. 7. 9.^1 .r 

2 2.4‘G ^2. 4.6.8* 10^2.4.0.8.10.12* 14 


230. Find the scale of relation, the n‘** term, and the sum of n 
terms of the recurring series 1 -f 0 + 40 4- 288 + 'J 

Shew also that the sum of n terms of the series formed by taking 
for its term the sum of r terms of this series is 


|,(22»-l) + i(2=»-l)- 


bn 

^* 


[Caius Coll. Camb.] 
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231. It is known that at noon at a certain place the sun is hidden 

by clouds on an average two days out of every three ; find the chance 
that at noon on at least four out of five specified future days the sun 
will be shining. [Queen’s Coll. Ox.] 

232. Solve the equations 

+ (z — xY = 62 ( 

= c~ \ [Em.m. Coll. Cams.] 


233. Eliminate x, y, z from the equations : 


2 __ ■»/> — ■»/'»' r2 5*7. — ~ 


X — xy — xz — yz—yx z- — zx — n/ , ? . /% 

^ ^ . and CLV+hy-\-cz = 0. 

a 0 c 

[Math. Tripos.] 

234. If two roots of the equation x^-{'pa^ + qx-\-r = 0 be equal and 
of opposite signs, shew that = [Queens’ Coll. Camd.] 

^ 235. Sum the series : 


zx — zy 


( 1 ) 1 + ^x -f 3^x2 4 - -f- 

^ ^ 12 . 23 . 32 ^ 22 . 32 . 42 ^““ 


57t2+12/t + 8 
{n + 1 )■* (h + 2)2 * 
[Emm. Coll. 


Camb.] 


236. If (l+a^jr*) (1 +a®j,'*)(l (1 +oe*'j.-2-) 

= 1 + A^x* + + A 12^*2 

prove that + 4 = and yl8„ = a2'‘^44„; and find the first ten terms 

of the expansion. [Corpus Coll. C^umb.] 

237. On a sheet of water there is no current from A to B but a 
icurrent from B to C ; a man rows down stream from A to C in 3 hours, 
and up stream from C to A in 3^ hours ; had there been the same cur- 
rent all the way as from B to (7, his journey down stream would have 
occupied 2j hours ; find the length of time his return journey would 
have taken under the same circumstances. 

238. Prove that the convergent to the continued fraction 


3 3 3 . 3« + » + 3(-ir + * 

2-1- 2H- 2-\- + + i • 

[Emm. Coll. Camb.] 

^ 239. If all the coefficients in the equation 

' ^ ~ ^ + A-pn = 0> 

be whole numbers, and if ^(0) and /"(I) be each odd integers, prove 
that the equation cannot have a commensurable root. 

[London University,] 
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240. Shew that the equation 

*>/ ax-\-a + <\/hx + ^ + \/cx + y = 0 
reduces to a simple equation if ja + ^fb-¥jc = 0. 

Solve the equation ^ 

_ ^ 

\/ Q.v- - 1 b.v - 7 + V4.r- - 8.c - 1 1 - 5 = 2.r — 3. 

241. A bag contains 3 red and 3 green balls, and a person draws 

out 3 at random. He then drops 3 blue balls into the bag, and again 
draws out 3 at random. Shew that he may just lay 8 to 3 with 
advantage to himself against the 3 latter balls being all of different 
colours. [Pemb. Coll. Camb.] 

242. Find the stun of the fifth powers of the roots of the equation 

x ^-‘ ix ^ + 4 . v - 3 = 0 , [London University.] 

243. A Geometrical and Harrnonical Progression have the sam<^^ 
pth^ ^tii^ tei-jns a, bj c respectively : shew that 

a (b-c) log a + b (c~a) log b-\-c(a-b) logc = 0, 

[Christ’s Coll. Cajib.] 

244. Find four numbers such that the sum of the first, third and 
fourth exceeds that of the second by 8; the sum of the squares of the 
first and second exceeds the sum of the squares of the third and foiiith 
by 36; the sum of the products of the first and second, and of the 
third and fourth is 42; tlie cube of the first is equal to the sura of the 
cubes of the second, third, ami fourth. 

245. If T’n + i, be 3 consecutive terms of a recurring series , 

connected by the relation X -f 2 = I'l'ove that V 

^ + 1 “ + 1 + b T^) = a constant. 
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248. A can hit a target four times in 5 shots; B three times in 4 

shots; and C twice in 3 shots. They fire a volley : what is the pro- 
bability that two shots at least hit? And if two hit what is the pro- 
bility that it is C who has missed ? [St Gath. Coiii.. Camb.] 

249. Sxim each of the following series to n terms: 


(1) 1+0- 1 -hO-f T + 28-{-70-f 


2.2 


1 . 2- 


6.2^ 


] .2.3.4‘^2.3.4.”5'''3.4.5.6 ' 4 . 5 . (> . 7 


13. 2‘ 

+ ■: — — ;; + 


(3) 3 + .r + 9x-’ + + 33^-^ + + 1 29^*^ + 

[Second Pubi.ic ExA>r. 0.\.] 


250. Solve the equations : 

(1) y^-\-yz-irZ“ — aux^ 


^2 


+ zx + = ay, 

.r^ + .1^ +y- = az. 


1 


251. lfi + i+^ = - . 

a o c a+6+c 


(2) .r(y + 2-x*) = a, 
y{zA.v~y) = h, 
z(x-\-y-z) = c. 

[Peterhousk, C.!am[k] 

, and n is an odd integer, shew tliat 


1 1 1 
+ »“. 4 — :: = 


1 


a 


n 


c'* a« + 6'* + c'*' 


If + — v‘^) + 4uv(l — u*v^) = 0, prove that 

~ v~)^='\6u~v^{l — u^){\ —V®). [Pemb. Coll, (’a.mil] 

252 . If .t‘+y + 2 = 3 ^), y2 + 2.^•+.^'y = 3 y, xyz = ry prove that 
(y + ^ — A’)(z + x — y)(.r+y — 2)= — 27/*® + 3(J/)f/ — 8/*, 
and CV 4" ~ + {z + x — y)® + {x4-y — zY = 27/?® - 24/*. 


253. Find the factors, linear in x, y, z, of 

{a {h 4- c) x^ b (c a) y^ c {a 4 - b) z^Y — 4 abc (a‘®+y2+2®)(a.r- + iy® + c2‘-). 

[Caius Coll. Camb.] 


254. Shew that 




+y2 + 2^*-^t'^^ /^x+y4-zY^y^^ 


x4-y+z 


x^yyzi^ 




255. By means of the identity - 


1 - 


r=)i 


— r 


(1+ 
(n + r — 1 ) ! 


[St John’s Coll. Camb.] 
4x ]-i l+.r , 


2 ^ — 1V‘ 

,,_i' ^ r ! 0*- 1) ! (n -r) ! 


= 1 . 


[Pemb. Coll. Camb.] 
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256. Solve the equations : 

(1) ax-\-hy-\-z = zx-\-ay-\‘h—yz-\-hx-\-a — 0. 

(2) X -\-y +2 - w = 12,' 

+y^ - z^ — u^— 6 , 

w^=2i8, r i 

xy-i-zu— 45.) 


257. If p~q nearly, and ti > 1, shew that 

2 

{n-\-'i)p + (n—\) q _ fp\^ 

{n-l)p-\-{n+\)q \qj 

If - agree with unity as far as the r**" decimal place, to how many 
places will this approximation in general be correct? [Math. Tripos.] 

258. A lady bought 54 lbs. of tea and coffee; if she bad bought ^ 
five-sixths of the quantity of tea and four-fifths of the quantity of 
coffee she would have spent nine-elevenths of what she had actually 
spent; and if she had bought as much tea as she did coffee and vice- 
rersdj she would have spent 55. more than she did. Tea is more ex- 
pensive than coffee, and the price of 6 lbs. of coffee exceeds that of 

2 lbs. of tea by 55.,* find the price of each. 


259. If 5„ represent the sura of the products of the first n natural 
numbers taken two at a time, then 


2 11 
3 ! ■*'4 ! 


5 . 


+ -”-V + 

n ! 


11 

= 2“4 "• 


[Caius Coll. Camb.] 


260. If 


Q 


li 


pa^ + 2qab pac -|- q {be — a'^) — rab pc^ — 2qca -f- ra^ * 


prove that p, Qy q\ and 72, r may be interchanged without altering 
the equalities. [Math. Tripos.] 


261. If a-h/3H-y = 0, shew that 


1 




[Caius Coll. Cams.] 

262. If a, j8, y, S be the roots of the equation 

ar* -f- px^ 4- qx^ -|- rx -I- 5 = 0, 

find in terms of the coefficients the value of w(a - p)^{y - S)^- 

[London University.] 
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263. A farmer bought a certain number of turkeys, geese, and 
ducks, giving for each bird as many shillings as there ^’ere birds of 
that kind; altogether he bought 23 birds and .si>eiit £10. lU. ; find 
the nuinl>er of each kind that he bought. 


264. Prove that the ctiiiation 

(y + z - 8.r)^ + (2 + .r - + (.r +y - 82)^ = 0, 

is equivalent to the equation 

.r (y - 2)^ +y (2 - .r)- + 2 (.V — yY = 0. 

[St John’s Coll. Camb.] 


265. If the equation 


a h 


+ 


d 


have a pair of 


x-\- a x-\-h x-k-c x-\-d 
equal roots, then either one of the quantities a or 6 is equal to one of 

the cuiantitics c or d, or else - + =• = - + -? . Prove also that tlio roots 
^ abed 

are then — — f/, 0 ; — 6, — />, 0 ; or 0, 0, — - 


[Math. ’I'uii’os.] 


266. Solve the equations : 


(1) x-^-y-^z = ah^ X '+y“^-l-2 ^ = xyz=a^. 

(2) ayz + 6y + C2 — bzx + C2 + ax ~ cxy -\-ax-\-hy=a-\-b-\-c. 

[Second Public Exam. Cxkoud.] 

267. Find the simplest form of tlie expression 

(a - (i){a - y)(a - S)(« - ^ (j3 - n)^ - y)(/a - 8)0 - c) ^ ' 

^ - «)(« - /^)(« - yj{^ - 6) ’ 

[London University.] 

268. In a company of Clergymen, Doctors, and Lawyers it is 
found that the sum of the ages of all present is 2160; their average 
age is 36 ; the average age of the Clergymen and Doctors is 39 ; of the 
Doctors and Lawyers 32jSj ; of the Clergymen and Lawyers 36)5. If 
each Clergyman had been 1 year, each Lawyer 7 yeai*s, and each 
Doctor 6 years older, their average age would have been greater by 
5 years: lind the number of eacli profession present and their average 
ages. 


269. Find the condition, among its coefficients, that the expression 

a ^^ + ^ a ^ x^y + 6c/ + Aa ^ y ^ -P a ^ y ^ 

should be reducible to the sum of the fourth ])owei’s of two linear 
expressions in x and y. [London University'.] 
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270. Find the real roots of the equations 

w- , vw + u(y + z)=hCf 
y^-\-w^-\-u^=b-^ icu + v(z + x)—ca, 
z^ + -\-v'^ = c^, uv + w(x + y) — ab. 

[Math. Tripos.] 

271. It is a rule in Gaelic that no consonant or group of consonants 
can stand immediately between a strong and a weak vowel ; the strong 
vowels being a, o, w ; and the weak vowels e and i. Shew that the 
whole number of Gaelic words of w + 3 letters each, which can be formed 

of n consonants and the vowels aeo is ^ where no letter is re- 

» + 2 

pcated in the same word. [Caius Coll. Camb.] 

272. Shew that if x"^ = where a:, y, z are integers, then 

2x - r{l^ + 2lk - il-2), 2y = r(k^ + 2lk - 1% 2z = ?-(/2 + k^) 

whore r, /, and k are integers. [Caius Coll. Camb.] 


273. Find the value of 


1 1 


6 


to inf. 


1+ 1+3+ 5+ 7 + 

[Christ’s Coll. Camb.J 


274. Sum the series : 


n) 




.2 


2.r 


7^ + T 


+ 


3.1-* 


2.3 3.4 4. h 


. + 


to inf. 


1 2 
,'2) - A 

a + 1 (<a + 1 ) (a + 2) 


! n 


+ 


+ 


(« + !)(« + 2) ...(« + 7e) 


275. Solve the equations : 

(\) 2.42/z + 3 = (2.r- l)(.3y+l)(4z-l)+I2 

= (2.r+l)(3y- 1)(42 + 1 ) + 80=0. 

(2) 2}y = t\v vy = 3u~ -h = 14 ; .Ty — 'iOuv. 


276. Sliew that 


a2 + x 

ah 

ac 

ad 

ah 

&-' + X 

he 

hd 

ac 

he 

c2 + X 

cd 

ad 

hd 

cd 




divisible by and find the other factor. 


[Corpus Coll. Casib.] 
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277. If a, 5, c,,., are the roots of the equation 
find the sum of + shew that 


a2 




•,-H 1 1 H hi — h... — Pi 

b a c a c b 


P 


n 


[St John’s Coll. Camb.] 


1 +2.r 


278. By the expansion of ^ , or otherwise, prove that 


1-3/1 + 


(3/t - 1 ) (3n - 2) (3n - 2) (3/i - 3) (3n - 4) 
1.2 1.2.3 

(3/1 - 3) (3/1 - 4) (3/4 - 5) (3/1 - 6) 

^ ' 1 . 2 . 3. 4 


— <S:c. ■= ( — 1 )**, 


when 74 is an integer, and the series stops at the first term that vanisiics. 

[Math. Tripos.] 


279. Two si^ortsmen A and B went out shooting and brought 
home 10 birds. The sum of the squares of the number of shots was 
2880, and the product of the numbers of shots fired by each was 48 
times the product of the numbers of birds killed by each. If A had 
fired as often as B and B as often as Ay then B would have killed 5 
more birds than A : find the number of birds killed by each. 


280. Prove that 8(a^ + 6® + c^)2>9(a2 4-5c)(6^ + ca)(c- + a6). 

[Pemb. Coll. Camb.] 

281. Shew that the 74‘** convergent to 

2 4 6 . „ 2 ^-^^ 

— — — lO V » - 

3-4-5-- S'- ->•)!■ 

What is the limit of this when /i is infinite? [King’s Coll. Camb.] 


j) 

282. If “ is the n*** convergent to the continued fraction 

7n 

_l 1_ 1 J ^ 1 

a+ 6+ c+ a+ 6+ c + 

shew that j93„.^3 = 6jc?3„ + (6c+ 1) 93„. [Queens’ Coll. Camb.] 

283. Out of n straight lines whose lengths are 1, 2, 3, ... 74 inches 
I'espectively, the number of ways in which four may be cliosen which 
will form a quadrilateral in which a circle may be inscribed is 

^ {27i(74-2)(2n-5)-3 + 3(-l)"}. [Math. Tripos.] 
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284. If W 3 are respectively the arithmetic means of the squares 
and cubes of all numbers less than n and prime to it, prove that 
— + = unity being counted as a prime. 


[St John's Coll. Cams.] 


285.^ If n is of the form iSm~ 1 shew tliat (y — 2)" + (2 — .r)" + (a'— y)" /i 

form 6771+1, ' 


is divisible by a*^+y- + 2 -—y 2 — 2 X — . 2 ^; and if n is of the 
shew that it is divisible by 


U'^ +y- z* — i/z — za; — j:y)-. 


286. if >S' is the sum of the powei’s, P the sum of the products 
77i together of the 7i tiuantities aj, a.,, ag, ... a„, shew that 


!?i - I . jS > ^ 71 - 7n , \ m . P. 


[Caius Coll. Camb.] 

287. i'rovc that if the equations 

rjx’ — ?• = 0 and rx'^ — 2(jV ~ 5(jrM — 2(j^ ~7'^=^0 

have a common root, the first equation will have a pair of equal roots; 
and if ciicli of these is a, find all the roots of the second equation. 

[India Civil Service.] 

288. If a- - 3x^+y V^«-"-’3y^ + 2 \/ 2 ^^^= 0 , 

where a- stands for prove that 

(.v+y + z)(-x’+y-hs) (x'-y + z)(x;+y- 2 ) = 0. 

[Trin. Coll. Camb.] 


.1 


289. Find the values of 
system of simultaneous equations: 


a\ which satisfy the following 




*"1 _ + 




+ • . . + 


X‘ 


- K 


- = 1 

7. — *y 




4 - - 4 - - ^ — 1 

^2 - ' a.^- l>., a., - b. ' 


+ 


n 


•r, Jo 

— j - + f — h ... + 






a„-b 


- - - = 1 


n 


[London University.] 


290. Shew that 


yz- 


zx-y- 

xy ~ 22 

r 

;.2 

W2 


zx~ 


xy-z^ 

yz - x^ 


«2 

r2 

m2 


-22 

yz — X“ 

zx — y2 


«2 


; 






where + z^y and u-=y 2 + zj; + xy. 


[Trin. Coll. Camb.] 
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291. A piece of work was done by at first A worked alone, 

but after some davs was joined by Ji, and these two after some days 
were joined by C. “ The whole work could have been done by B and C, 
if thev had each worked twice the number of days that they actually 
did. The work could also have been completed without B's help if A 
had worketl two-thirds and C four times the number of days they actually 
did; or if A and B had worked together for 40 days without C; or if 
all three had worked together for the time that B had worked. Tlie 
number of days that elapsed before B began to work was to the 
number that elapsed before C began to work as 3 to 5 : find the 
number of days that each man worked. 


292. Shew that if /SV is the sum of the products r together of 


then 


1. .r 


.r-. 




i 



1 

- Diu- 2r) 

[St John’s Coll. 


293. If by c are positive and the sum of any two greater than 
the third, prove that 



[St John’s Coll, ('amil] 

294. Resolve into factors 

(a + 6 + c) (t + 0 - a) (c H- a — b) (a + ^ - c) -H - Sa~b~c^, 

Prove that 

4 + 7^ + (« + /3 4 - 7 )''} = 0 + 7 )^ + (7 + 0 )^ 4- + 

4- G O 4 7)-' (7 + a)2 + 6 (7 4- «)■-' (« + + 0 (a 4 (/3 4- 7)-. 

[Jesus Coll. Ca.mu.] 


295. Prove that the sum of the homogeneous products of r dimen- 
sions of the numbers 1, 2, 3, ... and their powers is 


/i U . 1 _ . 2'- . 3" + >--1 - 


n-\ y 


1 


1 . 2 


... t(; a terms 


a. 


j 

[Emm. Coll. Camh.] 


296. Prove that, if ri be a positive integer, 

3w (3n - 3) 3/1 (3n - 4) (3?i - 5) 


+ -172 


1.2.3 


4-... = 2(-1)4 

[Oxford Mods.] 


297. If j; (2a — y)=y (2a — z) = z (2a - u) = u (2a — j:) = b'^y shew that 
r—y = z — u unless o- = 2d^y and that if this condition is satisfied the 
equations are not independent. [Math. Trifos.] 
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298. Shew that if a, c are positive and unequal, the equations 

a.'r+y3 + 2 = 0, 2 -f- 2 = 0, ^z-\-zx + c = 0j 

give three distinct triads of real values for x^y^z\ and the ratio of the 
products of the three values of x and y \‘Ah{h — c) \ a (c — a). 

[OxFOKD Mods.] 

299. It A~ax~hy — cz^ J) = l}Z‘^cyy 

B = hy — cz — axj E=cx-\- 
C = cz- ax — hyy F— ay + hXy 
prove tluit .1 UC - A D‘^ - BE'^ - CF'^ + 2DEF 

= («2 + 6^ + c^) {ax + byA- cz) {x^ + z^)- 

[Second Public ExamJ Oxford,] 

300. A certain student found it necessary to decipher an old ^ 
manuscript. During previous experiences of the same kind he had 
observed that the number of words he could read daily varied jointly 

as the number of miles he walked and the number of houi's he worked 
during the day. He therefore gradually increased the amount of daily 
exercise and daily work at the rate of 1 mile and 1 hour per day 
respectively, beginning the first day with his usmil quantity. He found 
that tlie manuscript contained 232000 words, that he counted 12000 
on the first day, and 72000 on the last day ; and that by the end of half 
the time he had counted 02000 words : find his usual amount of daily 
exercise and work. 
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-12. 
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(1) 545 : rt. 

(2) 9 : 7. (3) bx ; ay. 

O 
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18. 3, 

. 385, 660. 

4. 

11. 

6. 5 : 13. 

6. 
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5. 

10. 

or- = -^ =-. 17. 

4“2”3’1 -1 0 

abc -t- 2fyh — «/- — 

bg“ — cJir~0. 

20. 

3, 4. 1. 

21. -3,4,1. 22. 

7, 3, 

2. 23. 

3,4, 1. 

25. 

±a (5-^-C'), 

± 5 (c® - «-), ± c (a- — h~). 




26. 

be {h - c), ca 

(c-rt), ab (a -5). 





II. Pages 19, 20. 



2. (1) 12. (2) 300a^6. 3. 

14. 0. 3, 8. 15, 


* 

a 

cm — bin — 2an * 


18 . 8. 19 . 6, 9, 10, 15. 20. 3 gallons from A ; 8 gallons from B. 

21. 45 gallons. 23. 17:3. 24. a = 46. 

25. 64 per cent, copper and 36 per cent. zinc. 3 parts of brass are taken to 

5 parts of bronze. 26. 63 or 12 minutes. 


III. Pages 2G, 27. 


1. 

5i. 2. 9. 

3. 1^. 

4. 2. 


8 

36 

11. 

9. 

i/ = 2x — . 

10. y~ox-\-—i . 

X 

12. 

22 2 

X — _ _ z -f , > . 

15 loz 

14. 36. 

15. 

16. 

22^^ cubic feet. 

17. 

4 : 3. 



4. 

1610 feet; 305-9 feet. 


18. The regatta lasted 6 days; 4*’*, 5‘'‘, G‘*» days. 

20. IG, 25 years; £200, £250. 21. 1 day 18 hours 28 minutes. 

22. The cost is least when the rate is 12 miles an hour ; and then the cost 
per mile is £A» journey is £9. Is. 6d. 
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5 . 

6 . 
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22 . 
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1 
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153. 3 . 

0. 4 . 

n(10- 

3 

■n) ^ 

5. 

30. 

-42. 7. 

-185. 8. 

1325s/3. 9. 

75^5. 




820a -16806. 

11 . n(n + l)a - 71 ^ 6 . 

12. 

21 Ml 

-96). 


1 3 




4U 



4* 4*”* 

-9J. 14 1. - 

li» •••» “ 39. 

15 

-33x, 

-Six, 

• ••f X 9 

- x + 1, - 

« 

2 x + 2 ^ z. 
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V 

18. 

3. 

19 

5. 

612. 21. 

4, 9, 14. 

22. 1, 4, 7. 

23 . 

495. 

24. 

160. 

P{V^ 1) , ^ 


t 

71* 




2a 


26. n(7i + l)(j 

! — • 
a 





IV. b. Pages 35, 36. 


10 or -8. ^ 2 8 or -13. 

First term ^number of terms ^ 

First term 7J, number of terms 54^^^ 

Instalments £51, £53, £55. ... fT 12. 


n 

2{r^) 


(2 + 71-3 . sjx). 





2 , 5 , 8 


> • • • 



12 . -ip-hg). 


3, 5, 7, 9. [Assume for the numbers a - 3rf, a - <f, a+d, a + Zd,] 

2. 4, 6, 8. 15. p^q-m. 16. 12or-17. 17 . 6r-l. 

21 . 8 terms. Series 1^. 3, 4^, . 

3, 5, 7 ; 4, 6, 6. 23. ry = (n + 1 —r)x. 





V. a. Pages 41. 42. 


2059 

2 . 

1281 

1458 

512 

1093 


1 

45 

6 . 

^( 5 ^- 1 ). 

^( 585^2 

- 292 ). 



12 . 

8 27 

2 f ^9 • • • > ^ . 

13 . 

-7 1 
+ 2» • 

15 . 

27 

58 ’ 

16 . 

- 999 . 

19 . 

7(7 + ^42)y^ 

20 . 

2. 

23 . 

2. 

24 . 

8, 12, 18. 


3 . 

1911. 

4. 

-682. 

7 . 


8 . 

364 (s/3 + 1) 

10 . 

463 

• 

11 . 

3 2 

7 

32 

192 

• 

14 . 

^ f 0 

64 

65 * 

17 . 

1 

16 . 

3(3+s/3) 

21 . 

2 

16, 24, 36,... 

22 . 

2 

2. 

25 . 

2, 6, 18. 

26 . 

6, 3, 1|,.... 



answers. 
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1 . 


1 

(i 


— a 


n 


4. 4 - 


-ay 
1 


?ui" 

r^a 

n 


2, 


8 

3 


6 . 


3. 


6 . 


9. 


12 . 


14. 


20 . 


1 

(1-r) (l-br)' 

, n{n + l)a 
2 

(IC - 1 


1 4*:r 

(T^- 



1.1 -X) 


■i * 


10. 40, 20, 10. 


13. 


16. 


21 . 


11 . ^ ^ ' 


jrMx-'‘-l) . xj/(x»?/"-l) 
X’-l Xf/ - 1 
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a 

7^1 


r{r-'>-\) I 

_ — /I • 

7-'-i - 1 i 
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18 
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5. 4:9. 


2 2 2 ^ 

5’ 7’ 9’ 11 
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19. i< 
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22. ^ {‘.2a + n-ld) |a- + (71 -1) ad ■{ ^ | * 
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1. 
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2. 

1140. 3. 

6. 
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7. 

11879. 8. 

11. 

300. 

12. 
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15. 

120. 

16. 

n - 1. 
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11. 

30034342. 

12. 

710te3. 13. 
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125*01^5. 

20. 
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Four. 22 . 

25. 
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26. 
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31. 
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14. 

18. 

23. 


•2046. 

5 

8 ‘ 

Eight. 


16. 

19. 

24. 


15‘H6. 

2 5 

3 ’ 8* 
Eleven. 


VIII. a. Pages 72, 73. 


6 . 


2 + j^/2 -f- ^6 

4 
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+ V 15 - 12 - 10.^2 
7 


7. 


8 . 


9. 


11 . 


12 . 


14. 


16. 
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4. 
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5 
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6 
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- 1 ) 
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3 6 1 
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2 1 
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2 1 

1-3 ^*+ 33 


31 




SI 


18 11 
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31 


8 
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20. 
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21. 

1 + S./3 - ^/2. 

22. 


V 2' 

23. 
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24. 
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- v/3. 26. 

1 + ^/3. 

26. 
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27. 

3-2^2. 

28. 

^a>t-2V2. 


29. 2^/3 + ^/5. 

/ / 

30. 

3n/3-n^6. 

31. 

/2// - .c /x 

V 2 V 2" 


- h 

2 ■ 

33. 

/l +a + a2 /l - 

V 2 +\/ 

a + a* 

2 

34. 

- f /^+«- 

\/l — \ \/ 2 

* y-i^o ■ 
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36. 

289. 

37. 

0 VS- 
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11 
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7 14 
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• 
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1 
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• 

45. 

±1. 

46. 

13. 

47. 4. 


48. 

0 

05 ' 

49. 

. f^/a-V^»)=^-4 

60, ±5. 


61. 

, l±^-75 

0 , 4 , - . 


1 


ANSWERS. 
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X. b. Pages 106, 107. 


1. 

- 8 , 15 

j?— 1 2 * 

2. 

^ 8 

* = 2. -Jg; y 

3. 

53 _ 25 

88* 22’ 

4. 

=t= 5, ± 3 ; 

6. 

x = S, 2; i/ = 2, 8. 

6. 

ar = 45, 5; ?/ = 

7. 

x = d, 4; ?/ = 4, 9. 

8. 

a:= ± 2, — 3 j 

9. 

a;=±2, =t 3 ; y— ±3, ±4. 

10. 

a:= ± 5, ± 3 ; 

11. 

a:=±2, ±1; 7/=±l, ±3. 



12. 

a: = ± ,1^/3, ± IQ ’ 2/ “0, 

-75 

• 

13. 

a: = 5, 3, 4 ± — 97 ; y = 3. 

5, 4=F^,/-97. 

14. 

x = 4, —2, ±^ — 15 + 1; 7/ 

= 2, -4, ± 

7-15-1. 

15. 

x = 4, -2, ±7-11 + 1; 2/ = 2, -4, ±7-11-1. 

16. 

. = g;,, = 20.o. 

17. 

a: = 2, 1; y = i 

18. 

ar = 6, 4 ; ?/ = 10, 15. 

19. 

a: = 729, 343; ; 

20. 

x = 16, 1 ; y = 1, 16. 

21. 

x = 9, 4; ?/ = 4 

22. 

a; = 5; y= ±4. 

23. 

^ = 1, J/ = 2 

24. 

26. 

a: = 9, 1; y = l, 9. 

a; = G, 2, 4, 3; ?/ = l, 3, 

25. 

2. 

a:= ±25; y = 

27. 

5 

x=±5, ±4, =fc^, ±2; y 

= ± 5, =i= 4, 

±10, ±8. 


9^7 

19 


2 

3 


. 107 , 48 

28. ^ = 4. y = l, 

. I±s/“143 „ li3V^143 

29 . x= -c, — >2 — > y= — 4 


30. x = 0, 9, 3; y—0, 3, 9. 


32. 

S4. 

36. 

36. 


- n 4 

23* 23* 7* 

* = 1 . ^l;y = 2.3^l. 

x=±3, ±^“18; 2/=±3. ~18. 

x = y= ±2. 

h^a 


31. X — 0, 1, 2>7 > 2/ “ 0, 2, ^2 • 

33. x=2, 4 / 4 , 2; 2/==2, 2^4, 6 . 


37. a; = 0, 


h^!a ^ aJh 

— — ; 2/=o, ^ 


a ^/b 


38 


39 


x=^h, ; y = a, a (l=f^^3). 


a- 

^==17’ 


a {2b -a) b^ b{2a-b) 
'b * '^-a * a 


5:52 


HIGHER ALGEBRA. 


40. 

41. 


1 . 

3. 

6 . 

6. 

8 . 

10 . 

12 . 

13. 


15, 



1 . 

2 . 

3. 

6. 

7. 

9. 

11 . 

13. 

16. 

17. 

18. 

19. 

20 . 
21 . 


jr = 0, ±a^l3, ± 3a, ±a; t/ = 0, ±i;^/13, =f6, =f36. 

, 2^2 a 

j = ± 1, ± — ; y=. ±2a, 



-- a- — 1 


Vl6a'‘-a2-l 


X. C. PA(iKS 109, 110. 


X — y — z — i- 4 . 

x = o, -1; 2/--1, -5; z = '2. 

a’ = 4, 3, ^ ; y = ^, 4, — 


2. x = 5; T/= - 1; z = 7. 

4. x = 3, - 3; 2/ = 3; ^ = 3. 


- 8 , 


X 


= ±3; ^=t 2; 2=i5. 


_n 

3 ’ ’ 3 • 

7. a:==!=5; 7/=d=l; 2=il. 


.7: = 8, -8; 7/ = 5, -5; z = 3, -3. 9. x = 3: y = 4; z = \\ ^ = 


j: 


= 1; 7/ = 2; 2 = 3. 


11. x = 5, -7; t/ = 3, -5; 2 = 6, -8. 


= 1, -2; y = 7, -3; 2 = 3, 


jr =: 


p f\ pp 

4, Y : y = *>, y : 2 = 2, - 6. 14. x = a, O, 0; y = 0, a, O; 2 = 0, 0, a. 


a 


X — 


w3±^/-9 a - 5^3±^-9 

;73’ 6 


«; 


a 


^/3±v^-9 


3 


a. 


X 


= a, - 2rt, 


7i v/- 1'- 


a; y = 4a, «, 


- 11±^-15 


a; 


2 = 2a, — 4a, (1 ± ^ - 15) a. 


X. d. Page 113. 


x = 20, 21, 13, 5; ?/ = 2, 5, 8, 11. 


x = 

1, 3, 5, 

7. 9; 

; y = 24, 

19, 14, 

9, 4. 





x = 

20, 8; 

y = l, 

8. 


4. 

x 

= 0, 20 

, 31; y 

= 27, 14, 1. 

x = 

30, 5 ; 

y = 9, 

, 32. 


6. 

x 

= 50, 3 

: y = 3, 

44. 

x = 

7p - 5, 

2; y 

= 5p-4, 

1. 

8. 

X 

= 13p- 

-2, 11; 

• 

1 

II 

x = 

21p-9 

, 12; 

y = ^p~ 

5, 3. 

10. 

X 

= 17p, 

17; y = 

13p, 13. 

X = 

19p- 16, 3; 

y - 23p - 

-19, 4. 

12. 

X 

= 77p- 

74, 3; 

y = 30p - 25, 

11 

horses, 

15 cows. 

14. 

101. 


15. 

56, 25 or 16, 65. 


To pay 3 gaineas and receive 21 half-crowns. 

1147 ; an infinite number of the form 1147 -f- 39 x 56/>. 
To pay 17 florins and receive 3 half-crowns. 

37, 99; 77, 59; 117, 19. 

28 rams, 1 pig, 11 oxen; or 13 rams, 14 pigs, 13 oxen. 
3 sovereigns, 11 half-crowns, 13 shillings. 



ANSWERS. 


5 ; 3:5 


. a. Pages 122 — 124. 


1. 

12. 

2. 224. 

3. 

40320, 6375000, 

10026, 11028. 

4. 

0720. 

6. 15. 

6. 

40320; 720. 

7. 

15, 300. 

8. 

0. 

9. 120. 

10. 

720. 

11. 

10020, 177L 

12. 

1440. 

13. 0375600. 

14. 

300, 144. 

15. 

230300. 

16. 

1140, 231. 

17. 144. 

18. 

224, 890. 

19. 

848. 

20. 

50. 

21. 300000. 

22. 

2052000. 

23. 

369000. 

24. 

21000. 

[4d 

;10|15[20' 

26. 

2520. 

27. 

5700. 

28. 

3156. 

29. 2903040. 

30. 

25920. 

32, 

41. 

33. 

1950. 

34. 7. 







XL b. Pages 

131, 132. 



1. 

(1) 1003200. (2) 129729000. 

(a) 

3326400. 

2. 

4084080. 

3. 

151351200. 

4. 300. 

6. 

72. 

6. 

125. 

7. 

7(**. 

8. 531441. 

9. 


10. 

30. 






\ 

il + 2// •!“ oC + il 

11. 

1200. 

12. 3374. 

13. 

455, 14. 



16. 

4095. 

16. 57760000. 

17. 

. 1023. 18. 

720; 

3028800. 


19. 127. 


24. 

25. 
27. 


20. 315. 


mn 

91 » — 

■ ('?«)»* u ' 


22. 04; 325. 


23. 42. 


(1) _ 7 (7 - 1) ^ . -2) (j^-2 ) _ {q- 2) 

2 2 6 (> * 


^ (v - 1) (9 - 2) . 

0 O' 


113; 2190. 28. 2454. 


1. 26. {2? + l)"-l. 

29. 0000000. 30. 5199900. 


XIII. a. Pages 142, 14.3. 
x'* - 15jr* + 90x=* — 270x2 + 405x - 243. 

81X^ -h 210X^2/ + 210x2^2 ^ + 1 Gy*. 

32.r® - 80x*y + SOx^y^ _ 40x’-^y » + lOx y * - y-*. 

1 - 18a- + 135a* - 540a® + 1215a® - 1458a'" + 729a'-. 
x'® + 5x® + lOx® + 10x7 ^ 5 ^G + 

1 - 7xy + 2lxhj- - 35x3y3 + 35x*y* - 21x-''y'^ + 7x®y® - x^y^ 

10 - 48x2 + 54x* - 27x6 + . 

10 

729a6 - 972a5 + 540a* - lOOa^ -f- + — 

3 27 729’ 


1 + 


7x 21x7 35J.3 35^.4 21x5 Tx® x^ 


4 8 


“*■ 10 '32 


04 128* 



HIGH l*:u ALGEBKA. 






16. 


19. 


22 . 



27. 


30. 



r)4x« S2x* 20x- ^ 135 243 729 

720 ~27 ' 3 “ “^4^' 


1 a 7a‘ 

25G l(i 10 

7(1^ 35(/-‘ T7 ^ ^ n j 7 K 

— — [- — ; — 1 7a® + ^«® + 4a^ + a®. 

4 b 


, 10 45 120 
1 h -.T — { 

X X- X* 

210 

x^“ 

252 , 210 120 

X® * x** x^ 

45 

4- — 

X® 

10 1 

x'** x^® ' 

- 35750x>0. 

14. 

- 112G40,r^ 

15. 

- 312x2. 

130 

27“3 

17. 

40a'5®. 

18. 

4/4 

81 “ • 

logo's 

x-‘ ’ 

20 . 

lOx^'Y^ 

■ 

21. 

2x^ + 2 lx- + 8. 

2x (Ifix^- 20 x 2 ^ 2 - 1 - oa^). 


23. 

140^/2. 

2 (3G5 - 3G3x + G3.c2 - x'^) 

26. 252. 

26. 

16 ■ 

llOdOSa"*. 

28. 

84a35«. 

29. 

1365, - 13G5. 

180a’2 21 

8 ’ IG • 

31. 

7 

18* 

32. 

18564. 

\n 



34. 

|3» 

'4 - /•) i (n + r) 

• 



XIII. b. Pagk.s 147, 148. 

1. The 9'\ 2. The 12^'*. 3. The G‘\ 4. Tlic lO'^ and 11"'. 

6. The3''" = (» 5 . 6. The 4'** and 5^^ = -^ . 9. x = 2, t/ = 3, h — 5. 

14-i 

10. 1 + 8x + 20x2 _J, _ 2Gx-* - Hx^ + 20xfi - 8x" + x» 

11. 27x« - ry-iax^ + 1 1 Trt^x-* - 1 iCmV + llln^x^ - 54rt»x + 27/i«. 

I n 2n + 1 

12. , ' , 13. (-1)'’ — j.i7» u.ifi, 

|r-l ;i-r+l j/)4-l|2«-^ 

14. 14. 15. 2/=«. 


XIV. a. Page 155. 


1. 

' + 2" 

1 2 . 1 . 

-8" -lo" - 

2. 

.3 3,1 

l + 2^ + 8^ 16^ 

3. 

l-?x 

•} 

25 125 • 

4. 

1 -2x2+3J4-4x^ 

6. 

l~x- 

- 3 ^ • 

6. 

14 

1 X4- 2.r2 + x^. 

t5 

7. 

l - x + 

2 2 • 

8. 


9. 

1 + X + 

X- 

6 “ 54 

'.0. 

1 - 2a + 2 a^ - 1 a^. 


ANSWERS. 
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11 . 


13. 


15. 


1 3 3 2 ^ 3 

1 / X 3 :r2 5 

‘2a'^ \ a 2 a- 2 J 


®'1 + U - i 52 ^'+ 1158 ^ 


1040 

18. - - a 


lt9 


19. 


106* 


21 . 


gl ■ *243a®* 

(;-+l) :r + 2)(r ^3) 

1.2.3 


x’^ . 


27 (l + -^ + i;^- + 


51 ■ 


420 . 

_ ... — Y* 
10 ' 


77 


1 7 

256 • 


22 . (- 1 ) 


20. (r-^-l)x^ 

1 . 3 . 5 ■■■ (2r-3) 


2^ ir 


x»-. 


23. (- 1) 


24. 


11 . 8 . 5 . 2 . 1 . 4 ... (3r- 14) ^ 

- 1 - - ..,T ^ • 

3*^ |r 

10712 

-1848x’3. 


25. - 


3 


x*. 


XIV. b. Pages 161, 162. 


1 . (- 1 ) 


1_._3.^,..(2^) , 


2'’ r 


3. ( 


6 . (- 


1.2.5...(3,--4)^, 

' r 

1)^ ... 

A 


^ (r+l)(r + 2)(r + 3)(r + 4) 

2 . - 


4. (-1) 


3'- r 


7. 


9. 


( -1)^ 


6 . 


8 . 


3.5.7... (2r4-l) 

- - • 

r 


a 


r + l 

Ori-2 




13. 

17. 

20 . 

24. 


2.1.4... {3r-o) X 


3r 


O'* \r 


a 




10. (-1) 


_,^,1.3.5^..j2r- 1) 

Ir 


11 . — 


‘ 2 . 5 . 8 ... 03r-l) ^ 

x^. 

r 


12 . 


(/t + 1) ( 2» + l) ..._(r- l.« + l) 

The 3'**. 14. The 5^**. 15. The 13“*. 16. The 7“*- 

The 4“' and 5*^. 18. The O*--'. 19. O'SOOIO. 

21. 1000990. 22. G-00927. 


9-99333. 

1*00133. 


28. - 


2 

3 


(- 6 )' 


25. *00795. 

, ox 
29. 1 - 


26. 5*00090. 


1 • 


8 


1 5 

30. - - -xx. 

4 0 


1 71 

32. „ 

5 3o0 


35. 1 — 4x 4- 13x“. 


23. *19842. 

, 23x 

27. 1--. 

0 

^ TJO"*"' 


„ 29 297 . 


1. - 197. 


XIV. c. Pages 10 < — ICO. 


2. 142 


3. { - l)«-i 


4. (-l)»(;i2 + 2/i + 2). 


6. ./S 


=(-r- 


.T^ 


580 


inOHKR ALGKBRA. 


1 -- 




12 . 


{2n 


n n 


14 

18 


20 . 


Deduced from ( 1 - (1 _x)3 = 3a:- 3x=. 16. (1) 45 . (2) 

(1) Equate coefficients of x*" in (1 +x)" (1 + x)“* = (1 + 

(2) Equate absolute terms in (1 +x)” + -^ =x-(l+x)"~-. 

Series on the left H- ( - 1)" g„- = coefficient of x-” in (1 - 
1 


6561, 


2n 


21 . - 


2 • 


n n 


[Use (co + Cj + C 2 + . . - 2 {c^c^ + CjC.^ + . . ) = .f c,2 + c/ + . . 


XV. Pages 173, 174. 


1. 

- 12600. 

2. 

- 168. 

3. 

3360. 


4. 

- 1260a^'*c\ 

6. 

-9. 

6. 

8085. 

7. 

30. 


8. 

1905. 

9. 

- 10. 

10. 

3 

"2* 

11. 

-1. 


12. 

4 

81* 

13. 

59 

16* 

14. 

-1. 

16. 

211 

3~* 


16. 


17. 

1 - 2.rV ■l.r'* + 

5x* 

- 20.r \ 

18. 16 1 







XVI. a. 

I'.VGES 

178, 179. 



1. 

8, 6. 

2. 

2, -1. 

3. 

16 

3 ' 

1 

2* 

4. 

«> 

-4, -2- 

6. 

4 1 

;r 5* 

6. 

2 1 

5 ’ 2 ’ 

I- - 

? -3 
3’ 

4 

~3 ’ 

2 

3’ 



8. 0 log a -t- 9 log 5. 


9 . 


2 3 

3 log« + - logt. 


4 1 

10. --loga + ^log5 


11 . 


- I log rt - i log b. 


12 . 


12 


log a - log h. 


13. .^logu 


14. - 5 log c. 


16. log 3 


18 . 


logc 


20 . 


log a - log b * 
log a + log h 


19 


5 log c 


2 log c - log a + log b 


21. x = 


2 log a + 3 log b ' 
4 log rn 


Ion m 


log a 


y= - 


22 . 


1 


log x = ^(a + 35), log 7/ 


= ^(a-2b). 


24 . 


log 5 

log (a - b) 
log (a + 5)' 


ANSWERS. 
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XVI. b. Pages 185, 186. 


13, 

17. 

31. 


4, 1, 2. 2, 1, 1, 1. 

-8821259* 2*88212o9, 3*8821259, 5*8821259, 6*8821259. 

5, 2, 4, 1. 

Second decimal place; units* place; fifth decimal place. 


1-80G1800. 

1*1583620. 


6. 1*9242793. 

10. *6690067. 

14. *44092388. 


1*5052973. 14. *44092388. 
1*1998692. 18. 1*0039238. 
9. 23. 301. 24. 3*46. 


7. 1*1072100. 

11. *3597271. 

15. 1*948445. 

19. 9*076226. 


8. 2*0969100. 

12. *0563520. 

1$. 191563*1. 

20. 178*141516. 


28. 4*562. 


29. x = 


log 3 


25. 4*29. 26. 1-206. 27. 14*206 

losj 2 


log 3 - log 2 ’ ^ log 3 - log 2 * 
log 3 


_3 log 3-2 log 2 log 3 

^ “ 4 (log 3 - log 2) ’ ^ ~ 4 (log 3 - log 2 ) ' 

= 1 781 ; = 5 - 614 . 

2 log 7 log 2 


31. 1*61601. 


XVII. Pages 1 95— 107. 

1 . log, 2. 2. log, 3 -log, 2. 6. *0020000006666670. 

9 . 10. -8150980; 1*0113927; 1*1139434. In Art. 225 put 

71 = 50 in (2); ?i=10 in (1); and n = 1000 in (1) respectively. 


12 . (- 1 ) 


r-l 


2»--i-l 


— 


13. 


(_ l)r-l3»-^2»* 


a-**. 


( (*2.r)2 (2.c)^ (2J;)-*- } 

12-^ 14 |2;* 


X* 


My t 4 \ M 

15. 1 - ^ + ”i " ui + ••* + (" ) [27‘^'“' 


18. +log,(l-.T). 

L ^ X 


24. *09314718; 1*00861229; 1*60943792; «=- log, f 1 - = *105360516 ; 


5= - log. (^1 -^^ = *04082199.1; c = log. (^1 + = *012422520. 


XVIII. a. Page 202. 


1. £1146. 14s. lOd. 2. £720. 3. 14*2 years. 

4. £6768. 7s. lO^d. 6. 9*6 years. 8. £496. lOs. 

9. A little less than 7 years. 10. £119. 18s. S^d. 


6 per cent- 
3 per cent. 5 
£6755. 13s. 9 

£1308. 12s 44d. 


XVIII. b. Page 207. 

2. £3137. 2s. 2^d. 3. £110. 

28^ years. 6. £1275. 7. 

£183. 18s. 10. 31 per cent. 11. 

16. £4200 


£926. 2s. 
£616. 9s. l.^d. 
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XIX. a. Pages 213, 214. 

8. a^ + 2P is the greater. 12. or <ar- + .r + 2, according as x:> or 

14. The greatest value of x is 1. 16. 4; 8. 

22. 4^.5'’’; wheua: = 3. 23. 9, whenj:=l. 


b. 


10 . 


^ /3 y2 

28 ^ 5*a/ 5* 


Pages 218, 219. 


XX. Page 228. 


1. 

10 9 

2. 

0. ^ 

” 9* 

3. 

1 0 

7 ’ 4' 

2' .3’ 

4. 

15 . 

- 8 •’ 

6. 1 ; 0. 

6. 

• 

o 

1 

o 

- 3 

7- -o^ 

8. 

log a - log h. 

9. 2. 

10. 

ine^^. 11. 

1 

2V«* 

12. 

1 

13. -1. 

14. 

s/2« 

15. s,^u. 

3* 

0^3 + 1 ■ 

16. 

0. 

17. ?. 

18. 

2 

e". 




XXI. 

a. Pages 

241, 242. 


1. 

Convergent. 

2. 

Convergent. 

3. 

Convergent. 

4. 

.r < 1, or x = l, 

convergent; .r>l, divergent. 


6. 

Same result as Ex. 4. 

6. Convergent. 7. 

Divergent. 

8. 

.rd, convergent; ar>l, 

or .r = 1, divergent. 


9. 

Divergent except when p 

>2. 



10. 

.r <1, or x = l, 

convergent; x > 1 , divergent. 



11. If .T< 1, couvergent ; a: > 1, or .r — 1, divergent. 

12. Same result as Ex. 11. 13 . Divergent, except \vhoii^»>- 

14. x<l, or:r = l, convergent; .t> 1, divergent. 

15. Convergent. 16. Divergent. 

17. (1) Divergent. (2) Convergent. 

18. (1) Divergent. (2) Convergent. 


XXI. b. Page 252. 


1 . 

2 . 

4 . 

5 . 


x<lf or x = l, convergent ; ar>l, divergent. 
Same result as Ex. 1. 3 

- t or x = - , convergent ; a:> i , divergent. 

xc e, convergent ; a;>e, or x = e, divergent. 


Same result aa Ex. 1 


ANSWERS. 




8 . x<l. convergent; or a: = l, divergent. 7. Divergent 

8 . T<-, convergent; or divergent. 

9 x<l, convergent; divergent. If x = l and if 7 -a-^ is positive, 

convergent ; if 7 - a - /3 is negative, or zero, divergent. 

X 10. x<l. convergent; x>l, or x = l, divergent. The results hold for all 

values of g, positive or negative. 

11 . a negative, or zero, convergent; a positive, divergent. 


xxn. a. Page 256 




1 . -7i(4n2_l). 

3 . n (n + 1) {a + 2) (3n4-5). 

6. {2n + l) (3«2 + 3n- 1) 

7 . ^3^27a2cf, cS = 27ad2. 

13. ahc + 2fgh - ap - hg^ - ch^ = 0 . 


2. 7 n (« + l) (n + 2) (n + 3) 

4 

4 . «*-^( 2 n‘-^-l). 

6 . p=q-. 

8 . ad = bfy 4a-c~h^ = Sa^f. 




9. 

11 . 


xxn. b. Page 260. 


1 . 

l + 3x + 4x- + 7x^. 

2 . 

1 — 7x — X® - 43x^. 


113 1 


3 5 11 , 21 „ 

3. 

1 + ^x-5X» + ^x5. 

2 4 8 16 

4. 


5. 

1 - ax + « (a + 1) X- - (a3 + 2a2 - 

1 ) x^. 


6 . 

a = 1, 5 = 2. 

7. 

rt = l, h = - 1, c = 2. 


The next term is + -00000000000003 


a 


n 


( 1 -a) (i -a 2 )(l-a 3 ) (1 - a") 


► 


o 


1 . 


4. 


G. 


l- 3 x l- 2 x 
2 3 4 


2 . 


. Pages 205, 2GG. 
7 


5 


3. 


a-l'x — 2 x- 3 ‘ 

1 1 3 


3 x - o 4 x + 3 ’ 1 - 2 .C 1 - .X 

11 8 
6 . 1 H _ 


X 5(x-l) 5(2x + i:) 


x -1 x + 2 (x + 2 )* 

17 11 


17 


7 . X-2 + ,-7r 


8 . 


10 . 


lOfx+1) 4(x+l)-' 10 (X- 3 )* 

41 x + 3 15 3 x 


X- + 1 X + 5 ’ 
.5 7 


9. 


X- + 2 x — 5 X — 3 * 


1 3 

+ ■; —r, + 


(x- 1 )^ 
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.r- 1 .r + l (x+l)-' (x + lp*^ {.r-f 1)4' 

^a + 7x) “ 37r+4x) ’ ~3~~ ‘ ■^'‘* 

11 4 1 / ^_ nr-l\ 


.’Ml-r) 3(2+x)’ y^'* 

1+-^ ^ - (-I)r7/J__ J_\^. 

:i (x -t- 3) 3 (X + 2) ’ ' ^3 2'-'-* / ’ 

l-x“l!.-l-^r^ Jl+(-l)r-._2-.J,r 

3 ( r +2^ “ 3~(T~ *x) (1-x)^ ’ y { + 8 + (- I)"" 2^+^ X’-. 

4 (1 -li) ■^4(1- 4x)2 ’ '^'■’^12 + Hr) x*". 

2 3 6 / 3»-+i \ 

1 + x {1*+^ ~ 2 + 3x ’ + j ^’■• 

2(iVl) + 2aT^)’ rodd. - ? {1 + {- 1)"^^ '} 

2 3 2 

fl-x)-'" (l-x)-’^ r-T^’ (^"^-l)x^ 






- (_ l)r ^ ^ 

2) ’ ' ^3 2»-^7 * 


16. 


17. 


18. 


19. 


20 . 


21 . 


22 . - 


23. 


1 + X ( I 4- x) 


r - \ 


I //M-J ^r+2 

j (a - h) [a - c) ^ {h - r) (h - a) ^ (r — o) (c - h) ) * 

_ _Jl ^ , 1 ,2 ( or + fl 

(2 - X)-* 2 - X (1 - x)2 1 - X ’ '2^+^' 

( ] ) ^ _ J-__ / 

' ' .r (I -.r) /l+x’^-ti l+.rj; ' 


.r +2 


5r + 9 


x**. 


(2^ 


1 j 1 1 1 ) 

- a)- ) 1 + r/"x 1 + rt^+ix 1 + X '*’ 1 + axj ' 


24. 


(l-x)(l-x*) 


j Z X 


.n +1 




(1 - x)= )i - X ” r:^ + iTx'* • 


XXIV. Page 272. 


1 + 3x 

» (lr4-l)x*'. 2. 

l-3x+2x2’ (l + 2'').r^ 4. 

3-12x+11x2 ^ 

1 -6x + llx='-Gx*’ f -'■M)x^ 6. 

(2 . 3"-> - 3 . 2«-’)x’*“* ; ® _ 

1 — Hx 

1 An^n 1 on^n 

(4"-i .i- 3'‘- ») x«-J ; — * + ^ " - . 

^ ’ l-lx l-3a; 


2 4- X 

1-2x-3x 2’ M ^ ^ 4j: 

3»-i + 2«-i; ^ (3«- l) + 2«-l. 
3(l--2”x") 

1 - 2x “ • 


answers. 


rAl 


1 — t" 1 — 3”x'* 

-1 _On-l\ ^n-l. i- 


1 — X 


1- 3x 


1 - 2"x*‘ 
1 - 2x 


9. (l + 3« 

11. V„-3w„_, + 3«„_2-W„-3 = 0; «n-4w„-l + GH„_2-4H„_3-i-»,.-4-0. 

12. S =S*-2, where 2 = sum to infinity begmninR with term 

This niay easily be shewn to agree with the result in Art. 325. 

13. (2h + 1)- + |(22"+' + 1). 

XXV. a. Pages 277, 278. 


1. z 


3. ^ 


7. 


8 . 


10 . 


16. 


2 

1 

1 

2 

3 

1 


13 


.• 1 


2 

2. X t ^ 


15 

7 

7 


28 323 

13’ 150 

9 43 


^'1 j 
1 1. 

^ ■ 

95 613 


4. 1 


.. > 
o 


10 

3 

1 


17’ 22’ 105’ 232’ 1497* 
13 30 85 121 1174 

T’ U’ 20’ 
1111 


37 ’ 359 * 

1 1 17 


6. 5 + 


6 . 


2 + 2 + 2 + 1 + 1 + 2 + 2 ’ 12 * 

1 1 1 1 1 157 

44-3+2+1+3* 30 * 

1111111 33 

^ .^+ iTh ^ ^ 3 + 3 ’ 109 * 

1 1 1 1 1 1 1 1 11 


3+ S-h 1+ 1+ 6+ 2+ 1+ o 35 
1111117 
2+ 1+ 2+ 2+ 1+ 3’ 19' 
11111111 


9. 1 + 

63 


1 1 254 


7+ 5+6+1+ 3’ 223 


11. 4 + : 


3 + 3 + 3 + 6 + 1 + 2 + 1 + 10 
1 1 1 259 


208 


60 * 


3+ 0+ 3 
n-l + 


1 

4 


8 


39 47 


29* 33’ 161’ 194* 


; and the first three convergents are 

(n + l)+ (7i-l)+ ?i + l 


71 — 1 


1 

n 


77* - + n — 1 


1 ’ 77 + 1 ’ 


77- 


XXV. b. Pages 281—283 


1 . 


4 . 


1 , 1 
(203)2 2(1250)2* 

11 11 


2 . 


151 


115’ 
a* + 3a + 3 


a+ (a + 1) + (a + 2)+ a + 3 a* + 3a^ + 4a + 2 


HIGHER ALGEBRA. 


1 . 

2 . 

3. 

4. 

7. 

8 . 
11 . 

13. 

14. 

15. 

17. 

18. 

19. 

20 . 
21 . 


Pages 290, 291. 

a:=711^ + 100, y=775« + 109; x = 100, y = 109. 
x = 519?-73, y = 455f-C4; x=446. y-3dl. 
x = 393i-H320. y = 43Gt + 3oo; x=3:0, y = 3oo. 

6. Seven. 


6 ^ ^ 
7’ 9' 


o 


11 


7 


12 ’ 8 ’ 12 ’ 8 ’ 8 ’ 12 ’ 8 ’ 12 ' 

9- a: = 0, t/ = 8, 2 = 3. 10. x = 5, y = 6, z 

a:=4. 7/ = 2, 2 = 7 . 12. a: = 2, y = 9. 2 = 7. 

x = 3, 7, 2, r>, 1 ; y = ll, 4, 8, 1, 5; 2 = 1, 1, 2, 2, 3. 
x=l, 3, 2; ?/ = 5, 1, 3; 2 = 2, 4, 3. 

280^ + 93. 16 . 18], 412. 

Denary 248, Septenary 503, Nonary 305. 
a = 11, 10, 9, 8, 0, 4, 3; 5 = 00, 30, 18, 12, 6, 3. 2. 

The 107'** and 104'** divisions, reckoning from either end. 

50, 41, 35 times, excluding the first time. 

*^20. 22. 899. 23. 1829 and 1363. 


= 7 


XXVII. a. Pages 294, 295. 


1 . 


3. 


6 . 


7. 


8 . 


9 . 


11 . 


12 . 


13. 


14 . 


16 . 


1 + 

1 

l4- 

1 

2 + 

• 

• • • t 

20 

15* 



2. 


« 

• • • » 

2889 
1292 * 

24- 

1 

2 + 

1 

4 + 

• 

... 9 

485 

Pj8 



4. 


1 

4 + 

% 

’ ' • • > 

99 

35* 

3 4- 

1 

1 


3970 




1 

1 

1 

1 

3 4- 

O4- 

• 

• • • ♦ 

1197 



6. 

^ + 1 + 

1 + 

1 + 

1 + 

34- 

1 

1 

1 

1 

• 

110 






14- 

2 4- 

i-f- 

O 4 - • 

• • • 

31 * 






4 4- 

1 

1 

1 

1 

1 

1 

197 

» 





1 -t- 

2 4- 

4 + 

2 4- ; 

14- 

84 - ' 

" ’ 42 ■ 






1 

1 


1351 




- 1 

1 

1 

1 

3 4 - 

2 4-' 

0 4- 

. . . 9 

390 

• 


10. 


1 + 

1 + 

10 + 

C.+ 

1 

1 

1 

1 

1 

1 

101 

« 





1 4- 

24- 

24 - 

24 - 14 - 

12 + 

’ 24 * 





12+ y 

1 

1 

1 

1 

1 

1 1 

253 

• 





14- 

■ 14- 

i-f 

04- 

14- 

1 + 

1+ 24 + 

’ 20 * 




1 

1 

1 

1 

1 

1 

1 

12 





4 + 

1 4- 

1 + 

24 - 

I4- 

1 + 

8+ ■ 

DO 





1 

1 

1 

1 

1 

i 

47 

» 


^ e 1 1 

1 

1 

5 4 - 

1 

_ 

1 4- 

1U4- 

♦ # « 

’ 270 

A 

X 

*^10+ 2+ • 

1 

1 

1 

1 

1 

1 

1 

1 1 

1 

280 


I 4 - 

3 4 - 

14- 

10 4- 14 - 

34- 

• 2 + 

3 + 1 + 

16+ ••• 

' 351 ‘ 



119 

33 


198 

• 

9 o ^ 

00 


52^1 

4830 
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i 


1 


17. 

(65)2 

“ 2 (528)* 

19. 

4030 

401 

20. 

22. 

‘+ 

1 1 1 

1 + 1 + 4+ ■■■ 

24. 

-3V 

1 1 1 

3+ * ’ 1+2 + 

26. 

Positive root of x* + 3x - 

28. 

4^2. 



18. 


(191) 


and 


1 


1677 

433 


2 (240)2 
1 1 


1 


21 . 


2 + 2 -f- 2 + 


1 


23. 1 + 

1 1 


1 1 


2+3+ 1 + 

25 . ^no. 


-4=0, 


1 

30. ^ 


XXVII. b. Pages 301, 302. 

1 1 8a-* + 8tf2 + 1 

^^'*'2a+ 2a+ 2a+ 8a^ + 4a 

1 1 1 1 8«2_8a + l 

“ ^"^2+ 2 (a-l)“+ 2+ 2(a-l)+ ~8^4 ‘ 

1 1 1 1 2a2 - 1 

а. a_ ...J . 

_1 1 1 3_ ^ 8a^ + 8a + l 

^2a+ 2+ 2a + 2+ 8a- + 4a 

J_ ■ 1 L 2a^6‘^ + 4afo+l 

^ b -h 2a + Zj + 2a + ' " * 2aZ*- + 26 

C 1,1 1 1 1 2an - 1 

1+ 2(n-l)+ 1+ 2(a-l)+ ■■■’ 2n ' 

432a» + 180a3+15a 
144a^ + 3Ga2+l' ' 

XXVIII. Page 311. 

1, a: = 7 or 1, ?/ = 4; a: = 7 or 5, i/ = 0. 2. x = 2, y = ]. 

3. x = 3, y = l,ll;x = 7,y = 9, 19; a- = 10, 7/ = l8, 22. 

4. x = 2, 3. 6, 11; ?/ = 12, 7, 4, 3. 6 x = 3, 2 ; ?/ = 1, 4. 

б. x = 79, 27, 17, 13, 11, 9; y = 157, 51, 29, 19, 13, 3. 

7. x=15,ij = 4. 8. x = 170, v = 39. 

9. x = 32, ?/ = 5. 10. x = 164, t/ = 21. ii. .r = 4, 7 / = l. 

12. 2.T = (2+V3)"-^(2-V3)^ 2^3 . y = (2 + ^/3)” - (2 - ^/3)- ; « bein- any 
integer, 

13. 2x = (2 + ,^5)" + (2 — ,y5)” ; 2,^/5 .?/ = (2 + ^/5)" — (2 — ; « being any 

even positive integer. 

14. 2x = (4 + ^/17)” + (4 - ^17)” ; 2>^/17 . y = (4 + ^/17)“ - (4 - ^/17)’^; ii being 
any odd positive integer. 

The form of the answers to 15—17, 19, 20 will vary according to the 
mode of factorising the two sides of the equation. 


544 


HIGHER ALGEBRA. 


16. 

17. 

19. 

21 . 


a: = 7n2-37i2, y^m^-2mn. 16. a:= - + 2mn + n^; y = m*-n» 

= xj^bm^-v?, 18. 53, 52; 19,16; 13.8; 11,4. 

m- - 7(2 ; 277771 ; 77i2 + 20. Vl^ - ; 277171 + n®. 

Hendriek, Anna; Claas, Catiiin ; Cornelius, Geertruij. 


1 . 


3. 


XXIX. a. Pages 321, 322. 

^77(77+ 1) (71 + 2) (71 + 3). 2. ^ 77 (77 + 1) (77 + 2) (77+ 3) (7t+ 4) 

— (377 — 2) (377 + 1) (377 + 4) (3/7 + 7) + ^ = - (27/7^ + 90/7® + 45/7 - 50). 


n 


4. t(77+1)(77+G){77 + 7). 


77 


5. - (77 + 1) (77 + 8) (71 + 9). 


6 . 


77 


77 + 1 
1 


; 1 . 


7. 


n 


8 . — - 


1 


10 . . - 


12 . 


14. 


IG. 


17. 


12 4 (2/7+1) (2/7 + 3) 

5 2a + 5 5 

4 ■ 2 (a + 1)(;7 + 2) ^ 4 
3 2 1 


1 

12 


11 . 


3a+l ' 3* 

111 

24 6(377 + 1) (3/7 + 4) ’ 24 ■ 

11 2 1 
+ 


9. ^ - 




3 


15. 


4 7/ + 2 2 (7i + l)(;7 + -_) ’ 4* 

i/7®(/7®- 1). 

^ (;i + 1) (77 + 2) (3/7^ + 30/73+ 151/7 + 240) -32. 
{n ~ 1) n {ti + 1) (n + 2) 


6 77 + 3 ^ (77 + 3) (a + 4) ' 6‘ 

13. {n + !)(» + 2) (77 + 3) (2/7 + 3) 

10 («-!)(» +!)(« + 2) (2h + 1). 


0 (2/7 + 1) 

77 (77 + 3) 3 2 

'2 


18. 


77 (77 + 1) (a + 2) 77 


3 


19. 'u:: ^ . 


■ 2 a + 2 ( 77 + 1) (77 + 2)* 


77 + 1* 

20. 77 + 1 - 


77+1* 


. b. Pages 332, 333. 


1 . 8/73 + 77 ; 77 (a + 1)3. 


2. 577® + 3a; - a (77 + 1) (oa + 7). 


3. 

4 , 

6 . 

6 . 

9. 

12 . ^ 


773 (a + 1) ; _ a (a + 1) (a + 2) (3a + 1). 

-4/7® (a -3); - a (a + 1) (a® - 3a - 2). 

77 (a + 1) (a + 2) (a + 4) ; A ^ („ + l) („ + 2) (a + 3) (4a + 21). 

2-x + x^ 

{l-xy* ' 


1+^® 

1 — a: + 6 j:® — 2x^ 

8. 

(l-:r)3' 

(1-X)3 

1 — X 

l + ll.r + llx® + x« 


(1+X)3* 

25 

(l-x)» 

11. 

54* 

13. 3 . 2” + a + 2 ; 6 (2 


9 

4 


a (a + 5) 
2 
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14. 


n 


— ( 3«3 + 2 /| 2 - 15 «- 2 G). 

1. A 


16. 3"-* + «; 


3 ^ + ,l 2 ^ 1 

2 " 


16. 


17. 


18. 


22 . 


24. 


2»+» - ,i2 - 2n ; 2«+2 _ 4 - - » (u + 1) (2« + 7). 

3'‘ - 1 + 2 n (n + 3) ; i (3»+i - 3) + H . ” + 5) _ 


1 — X 


n 


71X 


n 


20 . 1 


1-x 
1 1 


n + 1 ‘ 2’^ • 

n (^^ + 1) (3?z3 + 27^2 + o87i f- 2) 

15 

»{7t + l)(9n2 + 1371 + 8) 

'12 ‘ 


26. 1 - 


2 »t+i 


/t + 2 ‘ 


28. (m-1)3«+i + 3 


dO. 


32. - - 


. 2 «. 


7t 

7 ^ + i 
1 71 + I 

2 " j;r +2 


19. - 


21 . 


6 

1 -x" 


7 w; 


n 


n (/i + 1 ) X 

„ _ 1 4 »+i 2 

7TT2 ' “3 ' 


23. 


7i(j7H 1) (12/13 + 33, i2 ^ 37;, + 

r>o 

25 1 

■ 2 ^ ' 1-3. 5. 7 (2« + l)* 

27. (/(2-h + 4)2''-4. 


29. - 


31. 


1 

2 

1 

•I 


33. 1 - 


_ 1 ■ 3 . 5 ( 2 /i + l) 

- . -4 ■ G ( 2/1 + 2 ) 

1 1 
2 (;i f 1) (71 + 2) ■ 3"* 
77+4 1 

(7t + l)“(77T2) ‘ 2'‘ + i * 


XXIX. c. Pages 338 — 340. 


1 . 


3. 


8 . 

11 . 

14. 

15. 

19. 

20 . 

22 . 


-[e^ - e-^) - X. 


(« 


X _ />— _ !/>ix 




6. (l + x)e*. 


6 . 


7i(27l- 1). 
log.2--^. 


(p + 7 ) 

II 

9. 0. 


, 1 — , 

1 + “ — log(l-^}- 

1 

(r-2) | 7-- 1 ■ 

7. ]. 


12. 3(e-l). 


10 . 4 . 

13 . e^' - log ( 1 + .r) 


n 


7i® 71® 7i^ 


W #*. /fc fl' 

y '^2 + 2 ’G'^ 

15c. 


77 

42 


(2) 


77 

8 


s 


7776 7/7^ 77 


+ 12 


24 +12' 


O' o) 


17. (1) n + 1. 

2 + (-l)n 


(1 + ,t)- 3 x + 2 

2,. log(l+x)-— - 


+ 1 • 

21 . 77 (77 + 1 ) 2 "-=*. 


0 ) sl‘++‘f+)- ra }. 

n.n.A. 
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XXX. a. Pages 348, 349. 

1. 3, C, 15, 42. a. 1017, 180, 1859. 6. 48. 

7. 23. 33. 8987. 

XXX. b. Pages 356—358. 

20. a: = 1.39i + Cl, where i is an integer. 

XXXI. a. Pages 367 — 369, 

2. 1 + ^ . 18. 1; it can be shewn that 

X - 4 + X 


XXXII. a. Pages 376, 377. 


1. 

(1);;(2)3V 2. 

8 3 

663 * 

1 

56' 

• 

3 

8* 

5. 

2 to 3. 

6. 

4 

270725 * ®' 

43 to 34. 

9. 36 : 30 ; 26. 

10. 

2197 
20825 ' 

11. 

952 to 715. 14. 

1 

6* 


16. -y . 


11 

1 7 

n (n — 1) 




lo. 

4105' 

X 1 » 

{m + 7i) {m + n-l) 

• 





XXXII. b. Pages 383, 

384. 


1. 

5 

36* 

16 

5525 • 

3 

77 

4. 

16 

21* 

6. «. 
lo 

0. 

72 

289 ■ 

2197 2816 

20825’ 4105' 

8. 

4651 

7776' 

209 
®* 343* 

10. 

1 

7* 

91 

216’ 

10 

13. jg. 

14. 

63 

256* 

1 

32 • 

16. 

16 12 9 

37 ’ 37 ’ ^ ■ 

22 13 

35’ 35* 


18. « - 3 to 2. 

19. 

13 to 5. 


45927 

50000 ■ 






XXXn. c. Pages 389, 

390 


1. 

2133 

3125 ■ 

2 A 

16' 

3. y. 

4. 

Florins. 

1 

2* 

6. 

17«. 2|d. 

4 

6.3* 

®- ^7- 

9, 

11 to 5. 

10. g. 
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11 . 

A £5; B £11, 


20 

^7- 

13. 


250 

276 

3 

14. 

( ) . (2) 

7776’ 

15. 4d. 

4- 


13. 4} shillings. 


17 • il/ + — 7H. 


. d. P.\GEs 309, 400. 



2 


1 

12 


2 

1. 

5* 

2. 

35* 

1-7- 

4. 

^5 = 


2 


32 

377 



6. 

n (ft + 1) ' 

6. 

41' 

7 

550* 

8. 

2s. 3d. 


1 


40 

11 



10. 

8’ 

11, 

4i' 

12. 

oO 

13. 

£1. 

16. 

£8. 

17. 

n — 1 

• 1 

n - 1 

_ • 

18. 

13 

A 




vin — 1 

in n - rn ~ 1 


14 


9. 

o 

14- (1) I ; (2) I 


32. 


7 to 5. 

13 
28' 

i- 


28. ^ 


. e. Pages 405 — 108, 


126 ■ 


5\3 


ry\< 


16. 


20. One guinea. 22. 


e; • vc; 

343 
1695 ■ 

2l6- 

2 

141 • 

1 

9 - 4 * 


29. ^ 


12393 
’ 12500 ■ 

7 

21 * 

11. 11 to 5. 


. 275 

* 504’ 

8, 6 ; each equal to ^ • 

o 

,, . 1G9 135 

‘ 324’ -iU' 


17. 


23. 


30. 


149 
2401 ■ 

shill. 

1265 50S7 

1236* "*"5144 


33 


’ 1000 ’ 60 • 
shillings. 26. 19tol. 
5087 A/ - h\ a 


5144' 


If g , the chance is 1 - 3 ; 

Tf the chance is . 




1 . 

6. 

10 . 

20 . 


2 . 0 . 


a. Pages 419, 420, 421. 
3. 1. 4. uhr.A-O.i 


l+x‘'- + y^ + z-‘. 6. x,j. 7. 0. 8. iahc. 9. 0, 

3. 11. 3abc-a^-b^-c^ = 0. 13. (1) x = a,orb; (2) x = 4. 

i- + c2 ab ac . 22. X’ (\= + a= + 62 + <,2)3_ 

ha c- + a® be 

ea cb + b'^ 
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26. 'Die determinant is equal to 


27 




w 


U' 

V 


r' =0. 
/ 


V u 


u 

w 



a 

1 

X 


b 

1 


o 

c- 

c 

1 



28. 

1 

u 


1 ~2x 

1 -21/ 


X 


y 


1 


w' v' 


w V 


t/ u' 


n 

w 


n 


w 




V 

a 


%v 

V 

b 


V 


u 

w 

c 


a 

b 

c 

0 


4 


XXXm. b. Pa(;ks 427 , 428 . 


1 . 

3. 

5. 


2. 0; add first and second rows, third and fourth rows, 

(a + 3)(^i- 1)^ 4. a--{-h- + c’^-2bc-2ca-2ab, 

6 ; from the first column subtract three times the third, from the second 
subtract twice the third, and from the fourth subtract four times 
the third. 


6 . 


/. 1 1 1 1\ 

abed + •■■;)• 

V a b c a J 


7. 

8 . 


-{x + y-^z)(y + z-.v){z + x-y){x->ry- z). 


{ax - l y -\-czY. 


9. a*. 


12. .r = ; ( ; Ac. 

(a — b) (a - c) 


13. 


k(k-h)(k-c)_ 

X — — ; TT"/” \ * 

a {a — b) {a — c) 


14. x = 


{h -b)(k- c) {k - (1) 


(a — h) {a — c) {a - d) 


; Ac. 


XXXIV. a. Wu.Kii 439, 440. 


» 1 . 
8. 

5. 

6 . 

7. 

8 . 
10 . 
11 . 

13. 

14. 


28. 


_ 10*2. 2. 3a + & = 27. 

x"* - 2x“ + .r + 1 ; -15x + ll. 4. u = .3. 

x-^ 4- 5.r-3 -1- 18x-« 4- 54.r-7 ; 147x * - 356x-5 4- OOx"® 4- 432x'^ 

{b ~c){c-a) {a-b) (a 4- i 4- c). 

- {b- c) (c — a) {a - b) {b -h c) (c 4- «) (« 4- b). 

2iahc. 9- (^>4-c){c4-a) (a4'2'). 

(6 — c) (c - a) (a - b) [a- + b~ + c‘^ + be + ca-\- ub). 

3abc {b + c) (c4-a) (rt4-^^). 12. 12«6c {a-vb + c). 

QOabc (a- 4- b'~ + c“). 

3 (6 — c) (c - a) (a — b) (x - rt) (.c - 6) (.c - o). 

X 


30 


{x - rt) (x — b) [x — c) ' 
(p-x) (q-x) 


29. 2. 


{a + x) {b-\-x) (c4-x) * 


31.- 1. 


32. a4fe4*c4-d. 


XXXIV. b. Pages 442, 443. 


5 . 0 . 

28. {a'^’\-bc) (6^4-ca) {c^-\-ab). 


7. A=ax-¥by‘Yayt Ji^hx-' ay. 
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XXXIV. c. Pages 449, 450. 


1 . 

4 . 

7 . 

9. 

11 . 

13. 

15. 

17. 

20 . 

22 . 


23 


ac^ + a:jr4-ay- = 0. 2. 

2/^ = a(x — 3a). 6. 

h^c* + c*a* + a^tj* = 
a* — 4gc^ + 36^ = 0. 
abed 


ar + a = 0. 
a® - a* = 1. 

8 . 
10 . 


+ 




1+a ■ 1+6 
a6=: 1 + c. 

(« + 6)^ — (rt - 6)^ = 4c^. 
a6(; = (4 - a — 6 — c)^. 

t- (a + 6 - 1)2 - c (a + 6 - 1) {a^ - 2a6 + 6^ - a - 6) + a6 = 0. 

1 


12 . 

14. 

16. 

18. 


3. ar + y'^ = a^. 

6. x2 + 2/2 = 2a2. 

- 4a.r= k- (x + a)®. 
a*-2a^b^-h^ + 2c*=0. 

5a^h^ = Gc'^. 

+ 6® + c® + a 6c = 0. 

a® + 62 + c2±2a6c = 1. 

— 4a6c + ac® + 46^ — b^c- = 0 


(a - 6) cr+{a - c) bq (6 - c) ap + (6 - a) cr {c - a) bq + {c - 6) ap 

_ 1 

"" beqr + carp + ahpq ' 


ah' - a'b ac' - a'c ad' - a'd 

ac' — a'c ad' — a' d-\-bc' — b'c bd' — b'd 
ad' -a'd bd'-b'd cd'-c'd 


= 0 . 




XXXV. 

a. 

Pages 

456, 

457. 




1. 

G-r"* • 

- 13x3 - 12x2 + 39x- 18 

= 0. 

2. 

X® + 2.i 

:®-llx^-12x® + 3G.r* = 

3. 

X® - 

5.C® - Bx^ + 40x3 + 10x2 . 

-80x 

= 0. 






4. 

X* - 

2(a2 + 62) x2 + {a2-62)2 

• 

B. 

1. 3, i 

i, 7. 




6. 

3 

r 

, -4. 7. 

2’ 

1 ] 
2’ i 

!’ 


8. 

6, 2, 

2 

3* 


9. 

3 

“2 

, -2,4. 10. 

3 

2’ 

3 1 
”4’ 3 


11. 


3 

’ 4’ 

1 

2 * 

12. 

8 

U’ 

3’ 2 

1 1 
4’ 2 

3 

’ 4- 


14. 

4 3 
3’ 2 

, 1 + 

n'2- 




8 4 




4 

3 

m 

0 

16. 

-4, 

, -1, 2, 5. 16. 

0’ 3 

, 2. 3. 


17. 

"3’ 

2’ 


18. 

(1) 

a— V*. fo. 


19. 

(1) - 

G-y; 

(2) 1 ■ 



20. 

— 2r/, — 3r. 


21. 

2qK 







XXXV 

. b. 

Pages 4G0, 

, 461, 




1. 

3, 

•2 l±s/-3 

3’ 2 


2. 

3 

2’ 




3. 

-1±V2. -1=>=V-1- 


4. 

^ V- 

-1> - 

■2+ V 

~1. 


5. 


, ±,^3, ld=2^-l. 


6. 

x^-2x2 + 25 = 0. 



7. 


-8x2 + 36 = 0 


8. 

x*+16 = 0. 





= 0, 
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9. 

11 . 

13. 

15. 

16. 

21 . 

24. 


+ 1 = 0. 10. X* - 10x» - 19x2 4- 480x - 1392 = 0. 

X-* 6x +18x2- 26x + 21=:0. 12. x® - 16x« + 88x-‘+ 192x2+ 144 = 0. 

One positive, one negative, two imaginary. [Oompare Art. 5A4.] 

One positive, one negative, at least four imaginary. [Compare Art. 564.J 

17 * ( 1 ) pq = r; ( 2 ) p^r=q^. 20 . q-~~2pr, 

pq - r. 22. — - 3. 

r 

25. 2^^~‘ip~q + 2q^ + ipr -As. 


23. pq - 3r 


1 . 

3. 

6 . 

10 . 

13. 


19. 

22 . 


XXXV, c. Pages 470, 471. 

.r-* - 6x2 + 15^,2 _ i2x + 1. 2. x*- 37x2 _ 123^; _ no. 

2x'* + 8x2- x2 - 8x - 20. ^ x^- 24x2-1, 

lG«x/i (x« + 7xVt2 + 7x2^^ + Afi) + 25/* (5x* + 10x2/i2 + h*) + 2c A. 

2, 2, -1, -3. 1^ 1, 1, 1, 3. 12. 3, 3, 3, 2, 2. 

-o 1 =^n/^ 1±v/-3 1 1 1 

2 ’ 2 “ * 2’ 2’ 2’ 


16. 1, 1, 1, -1, -1, 2. 
17. < 7 , <7, — o, 5. 


18 . 





16. ±V3, ±n/3. 

3 i±y-7. . /3 i±y 

4 




~23 


n 1 3 ^ . 3 5 

~2’ "2’ "2’ ”3* »'+**~^ = 4p-‘(a-2r-2. 

(1) -2; (2) -1. 27. 5. 28. 99,70.5. 


14. 

15. 

17. 

19. 

21 . 

23. 

26. 

26 . 


1. 

y‘’-24y2 + 9^_24 = 0. 

<• 

2. 

3. 

1 , 1 , - 2 . - 2 . 

4. 

6. 

, l+^/-3 3±^5 
’ 2 ’ 2 ' 

6. 

7. 

4 , 2 , 1 . 8. 

6, 3, 2. 

11. 

7/3-2y + l = 0. 12. 

y4 - 4y2 + 1 


XXXV. d. Pages 478, 479. 

2/^-5*/3 + 3y2_9^^.27=0. 


®' 2 ’ 2 ’ 2 ^ ~ 


10- 5. 1. -2. 


5 


13. 7/«-7y3 + i2y2_7„_o^ 

2/6 - 607/<- 320i/^ - 717*/^ - 773*/ - 42 = 0. 

2 13;/ -l.'i 

16. ?/» + 1 hj-^ + 42?/^ + 57y3 - 13*/ - 60 = 0, 

2/^-87/2 + 102/ -15 = 0. 

7/3 + 337/2 + 12?/ + 8 = 0. 


I 07/2 13w -1.5 ^ 


7j^-qY-2qr^y-j-^==0. 


rp^ + q (l~r)y^-h(l~ry'^ = 0. 
i/^-h3ry^+(q^+3r-)p + r^=:0. 

r3y3 + 3r33/2 + (3^2 ^ ^3) ^ 2^3^ _ 0^ 


18. 7/-* + 3 7/3 + 4y2 + 37/ + 1 = 0. 

20. ry 3 ^ ^2 + ^3 _ 0 

22. ry-* - 1 = 0. 

24. 7/3. 27y2 + ^2y + ;.2^0. 


28. abl, ^2, 5 


XXXV. e. Pages 488, 489. 


5, 


— 5 3 


4 . -6, 3±4v'-3. 


7. - 


1 
2’ 


1± 


10 . 

13. 

16. 

17. 

22 . 

25. 

28. 


4, -2, -1± 

1 — 1 “ 1 * 

2 2^- 
2 ’ 2 * 

-4. -4, -4. 3. 


2. 10, — 5±7 ^ — 3. 3. 4, — 2±5^ — 3. 


1 2±J~S 
6- -4’ -7”~ 


6. 11, 11, -7. 


9. 4, - 1, -i(3±x/-31). 

11. ±1,-4±V6. 12. 1,2, -2, -3. 

14. 1, -3, 2=tv'5. 

16. 1, 4*^15. -^^• 

18. g^ + 8r==0;|, 


-2=t^6, ±^/2, 2±^2. 23. + f/.s (1 - s)^y^ + r (1 - + (1 - s)-‘ = 0. 

5±^13 
2“* 


2iV3. 


26. 


x*-8x3 + 21x2-20x + 5 = (j2-5j: + 5) {j:2-3x+ 1) ; on putting' x = 4 - y, 
the expressions x^ — 5x + 5 and x'-^ — 3x + l become — 3?/ + l and 
yi - oy + 5 respectively, so that we merely reproduce the original equation. 


MISCELLANEOUS EXAMPLES. Pages 490—524. 


2. 

6, 8. 




3. Eight. 

» 


4 . 

(1) 

1±V5; 1±2V'^ 

• 






(2) 

x = l, y = S, 2 = 

-5; 

or X 

= -1, y = 

— 3; z = 5. 


6. 

(1) 

~2a + b- ^ J 

1 3,3, 

1. 7. 

. First term 1 ; common difference ^ . 

4> 

8. 

p2_ 

q; ~p{p^-'^q); 

{P'- 

■q){p 




9. 

i(a6 + a*‘6 *). 

Ji 

10. 

7 

13’ 

13. 

A, 7 minutes; 

JS, 8 minutes* 

14. 

a- = 

6- = c-. 








d 

X 


.V 7 



16. 

x^ = 

y*= . ; or 


-^=k\ 




*' a + O + c 

c — 

a a - 0 




where k^a {a^ + 5 ’ + c 

'^-bc 

: - ca 

_ ab) = (l. 



16. 

One mile per hour. 






17. 

(1) 

(5 + c)(c + a)(a4 

h). 

(2) 

/o - 4x 

V 2 

/2x-3 

+ V 2 • 

18. ~ : 2268- 

•i 

19. 

(1) 

2i^J\m 

14 







(2) 

x = y= ±,^05; 

X 

2a + b 

y 

- (3a + 2b) ■ 

- ± . / “ 
V b'^ + ab 


!19,. 

- lefo ; nine. 

23. 


+ 2 + 3 + . • ♦ 

+ »)•■'- (1» + 2'' + 32 + ... + »t2)K 
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24. 

26 . 

29. 

31. 

32. 
35. 


37, 


43 . 


Wage-s 15s.; loaf 6 d. 26. 6, 10, 14, 18. 

ab{c + d) - cd(a + 5) 

28. 88| miles. 

Either 33 half-crowns, 19 shillings, 8 fourpenny pieces; 
or 37 jjalf-crowns, 6 shillings, 17 fourpenny pieces. 

33. 40 minutes. 


(1) 1 (2) 

*a(6-c)* ab-cd 

cc = ‘Sk, 7/ = 4A-, 2 = 5A; where A-3 = 1, so that A' = l, w, or 


= 0, 5-7 


1 ^ .r 4- - X- - - - 


13 


2 “ 2 
- V-^3 


X 


2 


or 


8 
1± 


38 . a = H 


X ~ 4 
X - 5 


41. 13, 0. 


(I) 3, - 2 , 

2 


[.r^ - .r - 5 (x-’ + X + 1) = 0.] 
40. The first term. 


42. 


1 +452f2+9e2a2_,.^2^2 
^'-\b^ + c^ 


[Add x- 4-4 to each side.] 


48 . 


61. 


63. 

68 . 

60 . 


x=l, 

2 ’ 

- 1 . 

0 , 

0 ; 

y=^ 1 , 

1 

2 ’ 

0 , 

- 1 , 

0 ; 

r=l, 

1 

2 ‘ 

0 . 

0 . 

- ]. 


47. 5780. 

(1) 0. 

[ l‘u t (a - c) (A - d) = { (X - r) - (.C - „ ) . ; (X _ j) - (x - A) ) ; then square. ] 

“Tio • 66- m = —'■'“ 2"^/* 


n/« + ^,/5 ’ ” ^/h 4- * 


( 1 ) 1 ( 2 ) ±4^/2[puttingx-'-l(; = ^*.wefindy‘-l(;- 4 „(„=_ 4 ) = 01 

males; ' ^ females. 


63 . 0 , <i 4 - 5 , 


a - +52 


<1 + 5 


64. Common difference of the A. I*, is ^ 


« - 1 = common difference of the A.P. 

which is the reciprocal of the H.P. is [The r'- term is 

« («-r)+6(r- 1 ) , i/ 

: the (M-r + l)'^* term is 

68. 19 a(«-,.)4-5(r-l)*J 

69. £78. 

70. 0 \/^3 ^ ^3 

’ 2 ’ 2 ~ ' 

{(a + 5 ) 3 -a 3 _ l»* = 3 a 6 (a + 6 ), and (« - 5)3 - nS 4 - = - 3 « 5 (a- 5 ).] 
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72. 

73. 

79. 

80. 

86 . 

86 . 

95. 

100 , 


W <2) 1-139. 


7. 2. 

(1) ? = ?=^ = o. 


74. 8 hours. 


or 


tt + 5 + c 


(2) x=^y~z=\. 


a h~ c~''^ abc 

a = 3, 5 = 1. 81. [Put j:-a = M and ^-5 = w.] 82. x = 3. 84. i2G. 

Sums invested were £7700 and £4200: the fortune of each was £1400. 
503 in scale seven. 91. 25 miles from London. 

t 

1 


._r. 1 15=tGV-l^ 3 25±10V-1 

.T — o, 1, , y — 3, — . 


107 

109 

111 

117 


120 . 


124. 


126 


29 • 5 ’ 29 ' x/s- ®®- 2^ 

Generating function is — ^ ; sum = ^ ~ ^ 

1 - X - 2x-* ’ 1 - 2x 1 + .r 

term = {2" + ( — I)"} x"“^. 

a- + 5 - c2 - d. 108. 12 persons, £14. IS*-. 

(1) x = a, y = bt z = c. (2) x=±3, or ±1; ^=±1, or ±3. 

1111 

— 5 ; x = 948, y = 492. 


rr 1^ 1+ 1+ 1+ 9 

(1) x = a, y~h\ x = a, i/ = 2a; x = 25, y = 5. 

(2) x = 3or 1, y = 2, z — \ or 3; 

^Zl±^ „==_3. 

2 * 2 


113. £12. 15*. 


X 




121 . -- 


1 

3* 


X - 1 ' (x^ny» + 2/i - 1) X - n'-*} . 

loo -3±^5 

122. (1) or (2) x = y = 2 = 0; 

a: = 2, y=±l, 2 =:f 3 ; a:= - 2. y=±l, z=±3. 

13X-23 lOx-1 r + 4 


3 (x'-^ - 3x - 1) 3 (x‘^ + X + 1) ’ • 

i = 1; scale of relation is 1 — x — 2x- ; general term is { 2^-3 ^ ijn-i ^ 

( 2 ) 


127 . 

(1) 


-6, 

2; y = % - 

-3. 

128. 

(1) 

a- 

2 • 

(2) 

2^3 

9 ■ 

129. 

130. 

(1) 

x = 

±7. 




(2) 

X 

a 

t-i 

5 c 

-- " . 
2a5c ’ 

where 

133. 

11, 

4 

r — 

1. 

134. 

384 sq. 

137. 

(1) 

x= 

s/2 


(-2) 

138. 

£3. 

2 k . 

at the first sale 

and £2 




136. a==fc2, 5 = 3, c=±2. 

/- 

V 10* 
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139. 


141. 


142. 


143. (1) 


(1) in(H + l)(2/i + l). (2) ^n(7i-f.l)(/i + 2)(3n2-f 6n + l) 

(3) 1). 

/7\ 1 14 ,15 

(1) j:= 1 or — ; y = S or -- . 

(2) X. 7/, z may have the permutations of the values 3, 5, 7 

y^ + qy- - q-y - q * - 8r = 0. 

X (.r” - 1) 71 


145. 

146. 


147. 


150. 


156 


167 


{X - 1)2 x-1' 


( 2 ) 


3 + 14x - 157x2 


1 + ox - Sbx-' - 8x2 * 

144. 2{h^-(P) = S (62 - c2) (6 - a). 


miles. 


(3) 2-+^+~n{n + 7)-2. 

-■J, - 2, - 2, g . 

A walks in successive days 1, 3, 5, 7, V, 

walks 12. 13, 

so that B overtakes ^1 in 2 days and passes him on the third day; A 
subsequently gains on B and overtakes him on B’s 9*^ day. 

V57-4 

7 

;/“* term is - - - 


11,13, 15, 17. 19,21,23, 
14. 15,16,17,18,19,20, 


148. — (a + 6 + c), ~ {a + wb + uj^c), — (« -f w’-6 + wc). 


a-b 


X 


; Sum = ^ - B, 


. rt (1 - )<a"x") rt2.r (1 - x""*) 

where A — - I (1 - flx)2 * ^ denotes a corre^ 


spending function of B. 

151. qtf - 2p^\f- - Tyyqy - 2p^ - q^=^. 


153. (1) 


_ 7±3v'-5 

2 • 


(2) ±1, =t3. 4, 


164. 3 days. 


( 1 ) ^ 


5 ±, 7-39 


12 ’ 


24 


[(12x - 1) (12x - 2) (12x - 3) (12x - 4) = 120.] 


[585 = ^^r 3 -] 


22 years nearly. 

- 7 ± 
4 


162. (1) x^ = y- = 


163. 


164. 


161. 44 hours. 

;x=±l, ±2;7/==f:2, ^l;x= - y=. 

(2) x = k{b* ■\-c* - a^b"^ - Ac., where 2A-2(n« + 6** + c** - 3«2ftV-‘) 
[It is easy to shew that (t^x + b^y -^c-z — i), and 

a-y + 62^ + c2x = x^ + y^ -{■ - 8xyz = 02 ^ + ^ chj.] 

2 (a -f 6 + c)x = (6c + ca + a6) ± ^ (be + ca + a6}2 - 4a6c (a + 6 + c). 
[Equation reduces to (a + 6 + c) x2 - (6c + co *fa6) x + a6c = O.J 

(I) ]^n(« + l}(n + 2)(3fi + 13). (2) 2c - 5. 


= 1 . 


ii 
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V 


166. 


167 

170, 


174 

177 


178. 


186 


87 


,,, ^ 51 + 30^2 17 a 

(1) * = a, y = _ 


[Eliminate x.] 


(-) 2 /, 2 are the permutations of the quantities 2 ^ 

’ 2 ’ 2 * 

{x + y + z)^= 31:2. 168. 2. 169 . + 

. 7 ^ per W. 

= i>C = oO, C-i = lo miles. 


172. (1) a:=13 or 10, i/ = 10 or 13. 


(2) a: 


= „_«(«-*'). ,_b{,l~c) a{d-c) 

d-c ^7 _/. ♦ — »“’» ; — • 


d -■ c 


£3200. 


a - • ' Q _ ^ 

176. + 


191. 


202 . 


206. 


209. 


210 . 


212. 


p = (ac ± ijcfl (ey =h//i) + (6c =f ad) ( /p t c6) ; 

5 = (6c ^ a<f) (ey ±/6) - (ac ± 6rf) ^ c6). 

x = 6, -5; -14 ±^-74 

2 ’ 2 ■ 

y = o, -0;Z2l±jyni. 

2 ’ 2 ‘ 

[Putx-7/ = u and .ry = i*, then »2 + 2y = 61, » (01 + r) = yi.j 


182. 8987. 


183. — /jy- — acy — c- = 0. —1 —2 -i 

’ ’ 2’ 2 ' 

(1) a;, y. 2 are the permutations of the quantities 1 

’ 2 ’ " • 

Conservatives; English 286, Scotch 19. Irish 35, Welsh 11. 

Liberals; English 173, Scotch 41, Irish 68, Welsh 19. 

(1) 7, 9, -3. (2) 2±V~3, -2±,yri. 


192, 2a„ = fl + 6 4- 


a - 6 
~3^ 


oi , « — 6 

26, j — a + 6 — . 


201 . 


54. -20 14±840^-1. 

Srm^ + nm^y- 3/i^ 


r7)i^ •+■ nm^fj + n 


.a 


;w + n - 2 
j77l- 1 j7l - 1 ■ 
4n+1^.4 ijn+l 

« + 1 ’ 4 «+ 1 _ iy»+'r 

207. 81 years nearly. 


204. 


n 


7 Poles, 14 Turks, 15 Greeks, 24 Germans, 20 Italians 

1 x 1 + x^ 

2 4 


'lx 


log (1+x). 


( 1 ) 4»(n + l)(7H-2)(« + 3); (2) 


‘i + Sx + x^ 


» 3 . - 


il 

■ 97 ’ 




(l^-j-ja J (3) 23. 


217. 420. 
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223 


(1) ^ = 2/ = g (±15^7-3), 2 = .^(±15 t 2 Vrs); 






orx = 4, G, -4, -G; 
^ = G, 4, -G. -4; 


(2) _ g"C _ 

6(c-«) 


where (i - e) (c - «) (« - i) ,\ = „= + V^ + c"- - be - ca ~ ab. 


226 


230 


12calves, ISpigs, 20 sheep. 229. Lim i^j =3. 


Scale of relation is l-12x + 32x=; term = i {4’>-> + S"-'*; 

2 ^ ^ 


'^n = 


2-n-i 

+ - 


a 


V 


21 * 


231 


11 

24a' 


232. •>x=^ J a- ~ h- + c~ rt Ja^ + />-* _ c-. *fec. 


233. 

235. 


«■* + = a2 ( + c) i- 6-’ (c + a) + c-=^ (a + 6). 

(1) (1 - .r)^.S’= 1 -4. 4.r -i-.r2- (// l)^j:” + (3^3 + G«2 _ 4 j^n+i 

- (3n3 + 3/i2 _ 3 h + l)x"+3 + 


7 

r 


236. 

237. 
244. 
247. 


(2) ^ - - - 

8 ('M-l)^(/< + 2)'‘' 


1 H + .<=x3 (- ,, Vr + u^x's + ui^x^" 4 u'-ix-* + «>-x=8 4- „17x“ 4- u'JOxM. 


3 Jjour.^ T)! min. 


240. 2 or - - . 

2 


242. ~ 140. 


3. 4, 5, <;. 
2, 0, 1, 3. 


246. O'' {c^-3d^)^=(ab^ + 2<l^) 


0 


248. -. 


249. 


(1) {2n + 1). 


( 2 ) 


2'i+i 


(•^) - 


(n + 1) (/7+3) 3* 

I - 2(1- 2V) 


1 - X 

wlien n is odd. 


1 _ 4x2 K )s even ; — — + lAi - f 


1 -4x« 


250 


(1) X or - . If however x"- -t if ^ ^ yz \ = then 


(2) 


^ "^y ^ ~ «, and the solution is indeterminate. 

V z 

a{-a + b + c) b(a~b + c) c (a + 5 - c) 

1 


203 . 


^ fJi- <i + b + c) (a - b + c) {a -^b ~ c) 

-( Ax^By + Cz)(Ax~By + Cz){Ax + By~Cz) where. 

A= w'at6-c), Ac 
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6 . 


257. 

262. 

266. 


268. 


(1) x= w, a;- ; 

2/=l. (ij2, w; 

2=— (« + 6), — (aw + /yo)-), — (aw“ + fow). 

(2) j; = 3, or 7 > z = fi, or — 4 | 

?/ = 7, or 3 ) « = 4, or — 6 i ' 

To at least 3/ — 2 places. 258. Tea, 2s. 6c/.; Coffee, Is*. 8rf. 

2q- — G/)r + 2-is. 263. 11 turkeys, 9 geese, 3 ducks. 

(1) jr, ?/, z have the permutations of the values 

Cl, + ^b-'~-2fr- ;i), i a(/c-l- 


270. .c= ± 


^ . n -hb -he 

(2)^=,j = z = l; x= — Ac. 

16 Clergymen of average age 45 years ; 

24 Doctors of average age 35 years; 

20 Law^’ers of average age 30 ^ ears. 

(ciocz.^ - (/j-) (a.,a4 - a/) = (c/jCJa - ; 

or + 2/iia.jrrj - - aj = 0. 

6c 


267. 0. 


a- 




^/a-^+b- + c^ 


tfec. 


u = i 




<fec 


273. c?~i. 


274. (1) 




(cf + 1) {a + 2)...(« + 7j)» 


276. (1) x = |, ?, 2; 


-3. -1; 

4» .f 



(2) X = 4, 7/ = ± 5, 7/ 

= ±2, v = 


5 /2 

■^=^3 V3’ ^ = 

=^2 \/| 

276. 


277. 

279. 

A, 6 birds; J3, 4 birds. 

281. 

287. 

a, — 5 c2, — 5ci. 

289. 


VS- 


:i 


2. 


‘ -''h) ■ 

291. -4 worked 45 days; //, 24 days; C, 10 days. 

294. (/.a + c2 - a2) («= - 52 ^ c^) (a'-’ + 5-’ - c‘-). 

300. Walked 3 miles, worked 4 hours a day ; 
or walked 4 miles, worked .3 hours a day. 
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